W7 OMT( ISSN 2410-2547

MIHICTEPCTBO OCBITH I HAYKU YKPATHU

KUIBCbKUI HALIIOHAJIbHUIA YHIBEPCUTET
BYAIBHULITBA I APXITEKTYPU

OITIIP MATEPIAJIIB
I TEOPIA CIIOPY L

HaykoBo-TexHiunuii 30ipHHK

Bunyck 100

3acHoBaHuil y 1965 p.

KMIB 2018



YK 539.3/6
BBK 30.121+38.112
0-61
I'onosuuii penakrop B.A. baoicernos, I-p TeXH. HAYK
3actymHuk ronosHoro pepakropa C.O. [TuckyHnos, o-p TeXH. HAyK
Bingnosigansauii cekpetap O.B. I epawjenxo, KaHJl. TEXH. HAyK

Penaxiiiiina Koneris:

11.B. Anseoin, n-p Texu. Hayk (Ilonpma) A.B. Ilepenvmymep, I-p TEXH. HAYK
1O. Amkouuynac, n-p Texs. Hayk (JIurBa) 0.D. Jlawenxo, O-p TEXH. HAyK
O.M. Benocmoyxuii, o-p TexH. Hayk (Pocis) I1.B. Acniti, o-p TexH. HayK

1. Eniwaxos, n-p Texu. Hayk (CILIA) B.B. I'auioaiiuyk, I-p TEXH. HAYK
C.H. Kpusowanxo, 0-p TexH. Hayk (Pocis) I'M. Iganuenko, 0-p TEXH. HAYK
C.1O. Dianxo, 0-p TexH. Hayk (Ilonpma) 1111 JIi3ynos, I-p TEXH. HAyK

Yan [lux Tine, n-p TexH. Hayk (B’eTHam) LI Conooeii, i-p TEXH. HaAyK

JI.M. Jlobanog, i-p TEXH. HAyK, aKaJeMiK

HAH VYxpainn

PekomenmoBano 10 Bumycky BueHoiwo pagoro KwuiBchkoro HaIlioHamBHOTO
yHiBepcuTeTy OyIiBHUITBA i apXiTekTypH 25 TpaBHs 2018 p. (mpotokon Nel4).

Omnip matepianiB i Teopist cnmopya: HayxoBo-texuiunmii 36ipHuk. — Bum. 100 /
I'onos. pen. B.A. baxenos. —-K.: KHYBA, 2018. — 216 ¢. — Ykp. Ta aHTI. MOBaMH.

V 30ipHHEKY HaBEJECHO CTATTi 3 pe3yAbTaTaMH AOCIIPKEHb Y Tally3i OIOpy MaTepiais,
OyniBesnpHOI MEXaHIKH, Teopil MPYKHOCTI 1 mIacTudHOCTi. OCOONNBY yBary IpHIICHO
po3podIi i pO3BUTKY METO/IB PO3PaxyHKy MIITHOCTi, CTIHKOCTI, TMHAMIKH IPOCTOPOBHX
KOHCTPYKIII 3 ypaxyBaHHSM T€OMETPUYHOI HENiHIHHOCTi, TUIACTHYHUX BIACTHBOCTEH
pylHYBaHHS MaTtepiamiB; IHUTAaHHAM 4dHCENbHOI peamizamii pimens Ha EOM;
JIOCTII/KEHHIO HaNpPY:KeHO-Ae(OPMOBAHOIO CTaHy Ti CKIAJHOI CTPYKTYPHU IPHU CTATHX 1
3MiHHUX Yy Yaci HAaBaHTA)KEHHSX, BKITIOYAIOYH BUITAJKOBI BILTUBH.

[Mpm3Hadennii OIs HAYKOBHX  IIPAIliBHUKIB, BHKJIAJA4iB, BHPOOHWYHHKIB,
JIOKTOPAHTIB, aCMipaHTIiB Ta CTYJCHTIB.

IHﬂeKcaHiﬂ i ma THEDH “¥Ykpalnika HaykoBa” ) Yupalucennh pegeparnaunii xypnan

p p \ Haylonansta pepeparnsna 6asa JaHux "ﬂ HKEPENO”

INDEX@COPERNICUS ULRICHSWER" DOA, erevaccess
GLOBAL SERIALS DIRECTORY JOURNALS

I NTERDNUATIONA AL

| iNFOBASE INDEX | Goog[e WEB OF SCIENCE"
scholar ‘THOMSON REUTERS.
http://opir.knuba.edu.ua/ VYJIK 539.3/6
@ Anipeca peakuiitHoi KoJerii: BBK 30.121+38.112
KHYBFA, IlositpoduoTcskuii mp., 31. 0-61
M. Kuis, 03037 © KHVYBA, 2018

Ten.: (044) 248-3040
E-mail: omtc@knuba.edu.ua



ISSN 2410-2547
Omip MarepiaiiB i Teopist cropys/Strength of Materials and Theory of Structures. 2018. Ne 100

UDC 539.3

INVARIANT TORUS BREAK-DOWN IN VIBROIMPACT SYSTEM —
ROUTE TO CRISIS ?

V.A. Bazhenov,
Doctor of Technical Sciences, Professor, Academician of the Ukraine National Academy of
Pedagogical Sciences

O.S. Pogorelova,
Candidate of Physico-mathematical Sciences, Senior Research Officer, Senior Research Officer

T.G. Postnikova,
Candidate of Engineering Sciences, Senior Research Officer, Senior Research Officer

Kyiv National University of Construction and Architecture, Kyiv
Povitroflotsky ave., 31, Kyiv, 03680

Abstract. Chaotic vibrations of dynamical systems and their routes to chaos are interesting and
investigated subjects in nonlinear dynamics. Particularly the routes to chaos in non-smooth
dynamical systems are of the special scientists’ interest. In this paper we study quasiperiodic route to
chaos in nonlinear non-smooth discontinuous 2-DOF vibroimpact system. The break-down of
invariant torus or of the closed curve occurs just under the quasiperiodic route to chaos. Is it route to
crisis? In narrow frequency range different oscillatory regimes have succeeded each other many
times under very small control parameter varying. There were periodic subharmonic regimes —
chatters, quasiperiodic, and chaotic regimes, the zones of prechaotic and postchaotic motion. The
hysteresis effects (jump phenomena) occurred for increasing and decreasing frequencies. The
observed chaos was the transient one.The chaoticity of obtained regime has been confirmed by
typical views of Poincaré map and Fourier spectrum, by the positive value of the largest Lyapunov
exponent, and by the fractal structure of Poincaré map. These investigations confirm the theory by
Newhouse, Ruelle, and Takens who suggested a new bifurcation scenario where a periodic solution
produces subsequently a torus and then a strange attractor.

Keywords: vibroimpact system, dynamical behaviour, quasiperiodic, chaotic, subharmonics,
Poincaré map, Fourier spectrum, Lyapuno v exponent, fractal structure.

1. Introduction

Nonlinear dynamics is relatively young science. It has begun to develop
rapidly only at the end of 20-# century. One of the most interesting and explored
subjects on nonlinear dynamics are the chaotic vibrations. The routes of
dynamical systems to chaos are of the special scientists’ interest. There are many
papers, monographs and textbooks about dynamic behaviour in general and
routes to chaos in particular in nonlinear systems [1-6].

Just deterministic chaos is not the exceptional regime of dynamical system
behaviour. On the contrary such regimes are observed in many dynamical systems
in mathematics, physics, mechanics, biology, medicine. Recent such investigations
appear in economics and sociology more and more often. For example Professor
D. Volchenkov (Texas Tech University) is doctor of sciencies, expert on
theoretical physics, mathematics, and nonlinear dynamics. He is editor in chief of
International Journal “Discontinuity, Nonlinearity, and Complexity”. Nevertheless
at present his studies devote to sociology problems [7, 8].

Therefore the investigations on nonlinear dynamics in general and on chaotic
dynamics in particular are one of the arterial ways in the contemporary natural
science development.

© Bazhenov V.A., Pogorelova O.S., Postnikova T.G.
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The term crisis was one of the new words coined by C. Grebodgi et al. [9]. It
is used to denote a sudden change in the chaotic state when some system
parameter is changed. For example a system initially in a chaotic state may
suddenly become periodic. Or chaotic motion which was originally confirmed to
a limited range of x(¢) may suddenly expand to a broad range x(z).

It is known that the studying of non-smooth dynamical systems with
discontinuous right-hand side has some difficulties. So dynamical processes in
non-smooth systems are studied less. In works [10,11] authors divide non-
smooth discontinuous dynamical systems into three types according to their
degree of discontinuity. There are among them Fillipov systems and the
impacting systems with velocity reversals. Moreover the systems with impacts
between its elements have the grossest form of nonlinearity and the non-
smoothness. Many new phenomena unique to non-smooth systems are observed
under variation of system parameters. Recently the investigations of such
systems are developed rapidly. Especially systems with impacts are of the
particular interest for scientists. Exactly in such systems the discontinuous
dangerous bifurcations are arising under system parameters variation. Just such
hard bifurcations can portend the crisis.

Vibroimpact system is strongly nonlinear non-smooth one; the set of
differential equations of motion contains the discontinuous right-hand side. The
studying of vibroimpact system dynamic behaviour both in general and for
concrete system is of the special interest. In particular the routes to chaos in such
systems also are of the special interest. It is well known that completely
deterministic dynamic system may begin to behave by unforeseen chaotic manner
when any accidental influence is absent. However, in this unpredictability it is
possible to identify a number of regularities in the system behaviour which
distinguishes this phenomenon from the classical random processes. Moreover, in
contrast to the classical random processes, the phenomenon of deterministic chaos
can be reproduced in natural, laboratory and numerical experiments. It is known
three main routes to chaos in dynamical systems [1,3]:

- period-doubling route to chaos — the most celebrated scenario for chaotic
vibrations;

- quasiperiodic route to chaos;

- route to chaos via intermittency by Pomeau and Manneville: the long
periods of periodic motion with bursts of chaos; as one varies a parameter the
chaotic bursts become more frequent and longer [12].

The invariant torus break-down, or breakup of the closed curve provides just
quasiperiodic route to chaos. In [13] the authors consider the mathematical side
of this problem. They suggest some hypotheses and formulate theorem where
three possibilities are given:

- The stable and unstable periodic orbits vanish through a bifurcation.

- Stable and unstable manifolds of the unstable periodic orbit intersect
tangentially to form a homoclinic orbit.

- The stable periodic orbit looses stability.

The authors write at the paper end:”The further experimental and numerical
studies of mentioned problems have to confirm or to refuse these hypotheses”.
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In [4] there is section “Universal properties of the route from quasiperiodisity
to chaos”. The author considers this problem in the main via maps. Recently the
problem of torus break-down was considered for example in [14-17].

We use different characteristics in order to be sure that obtained oscillatory
regime is chaotic one.

Poincaré maps are one of the principal ways of recognizing chaotic vibrations
in low-degree of freedom problems. Poincaré maps and phase plane portraits can
often provide graphic evidence for chaotic behaviour and the fractal properties of
strange attractors. Poincaré maps help to distinguish between various qualitative
states of motion such as periodic, quasiperiodic, or chaotic. But quantitative
measures of chaotic dynamics are also important and in many cases are the only
hard evidences for chaos. One of the significant characteristics is Fourier
distribution of frequency spectra. The difference between chaotic and
quasiperiodic motion can be detected by taking the Fourier spectrum of the
signal. A quasiperiodic motion will have the well-pronounced peaks at basic
frequencies and at their combinations, chaotic motion — a broad continuous
spectrum of Fourier components.

Chaos in dynamics implies a sensitivity of the outcome of a dynamical
process to changes in initial conditions. Small uncertainties in initial conditions
lead to divergent orbits in the phase space. Small changes in initial conditions (or
in some other parameters such as, for example, the amplitude or frequency of
exciting force, damping coefficient) can dramatically change the type of output
from a dynamical system.

Lyapunov exponents characterize the kind of dynamical system motion
because they measure the divergence rate of nearby trajectories. In order to have
a criterion for chaos one need only calculate the largest exponent A which tells

whether nearby trajectories diverge (A >0) or converge (A<0) on the

average. Its sign is chaos criterion. For regular motionsA <0, but for chaotic
motion A >0 that is positive Lyapunov exponent imply chaotic dynamics.

There are some difficulties with Lyapunov exponents determination for non-
smooth systems especially for discontinuous systems with impacts. These
difficulties are caused by the discontinuity of motion equations right-hand sides.
The Jacobian matrix which is used in Benettin’s algorithm of Lyapunov
exponent calculation is also discontinuous. At present there are several
propositions for Lyapunov exponents calculation in non-smooth systems. The
authors of these propositions describe their own methods for such estimation
[18-20].

One can consider the fractal structure of Poincaré map as visit card of chaotic
motion. When the motion is chaotic, a mazelike, multisheeted structure in
section may appear. This threadlike collection of points seems to have further
structure when examined on a finer scale. The term fractal characterizes such
Poincaré patterns. So the fractal dimension of chaotic attractor is one of the
principal measures of chaos.

In [1] the author advises not to rely on one measure of chaos in dynamical
experiments, but to use two or more techniques such as Poincaré maps, Fourier
spectra, Lyapunov exponents or fractal dimension measurements before
pronouncing a system chaotic or strange.
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When we say about quasiperiodic route to chaos we have to bear in mind that
in this case the whole picture is found sufficiently complicated. Its many aspects
remain not studied to the end so far. Attractor evolution under governing
parameter changing may be various and complicated. Quasiperiodic and periodic
regimes may alternate and undergo different bifurcations.

The goals of this paper are the following:

1) To study by numerical simulation the picture of invariant torus (or closed
curve) break-down that is the quasiperiodic route to chaos in 2-DOF two-body
vibroimpact system.

2) To evaluate the chaoticity of obtained oscillatory regimes by several
quantitative and qualitative characteristics such as Poincaré maps, Fourier
spectra, the largest Lyapunov exponents, and fractal structure of Poincaré map.

3) To confirm or to refuse the hypotheses about breakup of invariant torus
formulated earlier.

2. The background for studying of quasiperiodic route to chaos in
vibroimpact system
We have studied the dynamic behaviour of 2-DOF two-body vibroimpact
system (Fig. 1) in our previous works [21-23]. Therefore we’ll give only short
problem description.
F(@) This model is formed by the main body
m; and attached one m, , which can play the
role of percussive or non-percussive
m m; dynamic damper. Bodies are connected by
k, I linear elastic springs with stiffness k| and &,
and dampers with damping coefficients ¢,
X and c¢;. (The damping force is taken as
Fig. 1 proportional to first degree of velocity with
coefficients ¢; and ¢;.)
The differential equations of its movement are:
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External loading is periodic one: F(¢) = Pcos(wt+@y), T =271/ is its period.
Impact is simulated by contact interaction force F,,, according to contact
quasistatic Hertz’s law:
3/2
Foon(2) = K[H ()01,
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where z(¢) is the relative closing in of bodies, z(¢)=x, —x;, 4, B, and ¢ are
constants characterizing the local geometry of the contact zone; y, and E, are
respectively Poisson’s ratios and Young’s modulus for both bodies, H(z) is the
discontinuous step Heviside function. The numerical parameters of this system
are following:

m; =1000 kg, ©,=6.283 rad/s, &,=0.036, E;=2.1-1011 N'm*, 1,=0.3,

my= 100 kg, ©,=5.646 rad/s, &,=0.036, E,=2.1-1011 N'm*, 11,=0.3,

P=500 N, A=B=0.5m, g=0.318.

We have obtained loading curves [22] and amplitude-frequency response
[23] in wide range of control parameter by parameter continuation method.
Periodic motion stability or instability was determined by matrix monodromy
eigenvalues that is by Floquet multipliers’ values. The periodical solution is
becoming unstable one if even though one Floquet multiplier leaves the unit
circle in complex plane that is its modulus becoming more than unit.

Global view of amplitude-frequency response for both vibroimpact system
bodies is presented at D
Fig.2 in wide range of Am‘”{;’
excitation frequency. The
upper curve corresponds
to attached body (mj,), 0.1 1

E / M
the lower one — to main B/ ¢ M{ L
body (m;). Unstable N5
_——_/
0 ; ; T >§_

regimes are dotted by
0 2 4 6 8 10 orads’

grey colour. At axis of
ordinates we have semi-
amplitude  A4.,,. It
means half the peak-to-peak amplitude. For the nonharmonic oscillation it is
calculated by the formula 4, = w .

There are some regions of instability of main (1,1)-regime' (7-periodic
regime with 1 impact per cycle): BC, DE, KL, MN. In this paper we study
dynamic  behaviour of vibroimpact system in frequency range
7.45 rad/s<®<8.0 rad/s that is at region KL. Partial view of amplitude-frequency
response in instability zone KL is presented at Fig. 3(a). At points K and L stable
(1,1)-regime is losing stability, the quasiperiodic regimes are arising as a result
of Neimark-Sacker bifurcations. The two complex conjugate multipliers | and

Fig. 2. Amplitude-frequency response

1 are leaving the unit circle (Fig. 3(b)).

! The mark (n,k) means nT-periodic vibration with & impacts per cycle [24], T is period of
external loading 7 =2n/o.
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Amax, m 1l I (1,1)-regime Im(p) -
0.12 - { T 11 different regimes

8 111 quasi

S instability

x>
11
| n
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0,04 - B o 5 » . —1‘,5 - - ‘ R;(p)
o E_Z_________; \ W
73 7,6 7,9 8,2 Ll
o, rad-s! 15
(a) (b)
Fig. 3. Partial view of amplitude-frequency response (a) and multipliers behaviour (b) in

KL region

After the stability loss at bifurcation points K and L the second basic
oscillatory frequency is arising mlz%(arg W+2km), £=0,£1,22,... (the

argument of complex number is determined with accuracy +2km) [3]. This
frequency ®; is not commensurate with first basic frequency ®. So the
branching dynamical state is quasiperiodic one. Simultaneous time trace of phase
plane motion and Poincaré map of this regime for ® = 7.46 rad/s are depicted at
Fig. 4. Here and further phase trajectories and Poincaré maps are presented for
the main body m,. Its Fourier spectrum in logarithmic scale is also shown at
Fig. 4. We see Poincaré section to be closed curve, and Fourier spectrum has the
well-pronounced peaks at two basic frequencies ® and ®; and at their
combinations, what is typical for quasiperiodic motion.

X,m-s” G(f) 0]

[a]

1
O \ 20—,
1,E+05 - / 20

(|J+(rJI /
0 1LE+03 1 \
=,
LE+O1 - ! H L
0,1 : 1.E-01 '
20.013 0 v m 0.00 7.00 14,00 f rad-s"
i i

Fig. 4. Poincaré map and Fourier spectrum for quasiperiodic regime

Now we’ll look at the system dynamic behaviour between points K
(w=7.45 rad/s ) and L ( ®=8.0 rad/s ) that is after Neimark-Sacker bifurcations.
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3. Vibroimpact system dynamic behaviour after Neimark-Sacker

bifurcations

We’ll see that soon after these bifurcations the quasiperiodic motion will be
destroyed. We’ll observe the breakdown of closed curves and of invariant torus
which are typical for quasiperiodic motion. We’ll see new regimes and their
alternation — subharmonic periodic vibrations that is regimes with long period
and big impact number per cycle (“chatter”). The appearance of subharmonic
periodic vibrations is one characteristic precursor to chaotic motion. And the
chaotic motion on strange attractor will not keep it waiting as a matter of fact.
One of the signs of impending chaotic behaviour in dynamical system is a series
of changes in motion nature as control parameter is varied. We’ll see some
transitional zones of prechaotic or postchaotic state. What do “transitional zones”
mean? We cannot call these regimes both periodic or quasiperiodic and chaotic
because their characteristics are contradictory ones. So we call they as
transitional zones as Prof. F. Moon writes in his famous textbook [1]. We think
maybe we’ll be able to “catch” intermittency at some frequency? It is future
work. Prof. A.Yu. Shvetz (National Technical University of Ukraine "KPI")
[6, 25] identifies intermittency with invariant measure helping. We think that it
would be nice to fulfill the wavelet analysis of these signals in order to obtain
sure quantitative characteristics of intermittency [26, 27].

Now let us have a more detail look at vibroimpact system states which are
realizing in this frequency range between Neimark-Sacker bifurcations that is
between points K and L. It is known that the sign of largest Lyapunov exponent
A determines sufficiently well the kind of oscillatory motion: the negative sign
A <0 corresponds to periodic regimes, the positive sign A >0 — to chaotic
ones, and A=0 — to quasiperiodic oscillatory regimes. It is known that
Lyapunov exponent estimation for non-smooth nonlinear systems has some
difficulties because just discontinuity of the right-hand side of motion
differential equations. We have written about the largest Lyapunov exponent
estimation in non-smooth vibroimpact system in [28]. Now we use the Benettin’s
algorithm. So far as step Heviside function H(x; —x,) is discontinuous one we
must take into attention zero and nonzero for this function under integration both
initial equations (1) and equations in variations that are used in Benettin’s
algorithm. We integrate these equations by the program ode23s (MATLAB®
ODE solvers). This program integrates the systems of stiff differential equations.

So the plot of the largest Lyapunov exponent dependence on control parameter
shows clearly the whole motion picture at this frequency range (Fig. 5). At this
Fig. we see the change of system dynamic states when the control parameter
(exciting frequency) is varied. The frequency ranges where the largest Lyapunov
exponent is negative (A < 0) correspond to periodic regimes, where A >0 — to
chaotic ones, and where A =0 — to quasiperiodic oscillatory regimes.

Let us now discuss more in details the route to chaos from quasiperiodic
regime.
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Quasiperiodic Prechaos
0 ......> '....] I }f..n?. o.'...' T.ola.-...]
7.42 7,}} Pk | 1mp 'l 7,82 7,92 o rads!

0,09 - '\ : . \ ©6)
(19,12)

-0,18 -
Fig. 5. The largest Lyapunov exponent dependence on control parameter

We observe the hysteresis effect (jump phenomenon)’ in very narrow
frequency range 7.52 rad/s <® < 7.53 rad/s , where quasiperiodic and (19,12)-
periodic regimes are existing. The arising of one or the other regime depends on
history that is on initial conditions. It is the region where both periodic and
quasiperiodic motions can exist and the precise motion that will result may be
unpredictable.

The (19,12)-periodic regime is existing some more under short frequency
varying.

Then we see the short zone of transition from (19,12)-periodic regime to other
periodic regimes with long periods and big impact numbers per cycle (“chatter”
or “rattle”). Transition is beginning at ® = 7.55 rad/s when thirteenth impact is
adding to 12 existing ones. At Fig. 6 we clearly see this thirteenth impact. Then
there are regimes with very long periods, the Poincaré maps show big points
numbers  which  after all form almost closed curve under

7.59rad/s<®w<7.61rad/s.

Feon:N The largest Lyapunov exponent

4,E+05 is decreasing tenfold. So this

regime looks highly

2 E+05 quasiperiodic one if we look at

its Poincaré map. But its Fourier

| | | | | | K | §pectmm (in 1oge.1ri.thmic scale)

0,E+00 G i = & Eg is board and continious, such as

’ under chaotic motion

Feon-N (Fig. 7,(d)). These

W characteristics contradicts one

another, therefore we think that

2,E+05 we cannot call this regime both

| | | ‘ | quasiperiodic and chaotic. It is

0,E+00 ! | | | transitional motion. At Fig. 7
0

10 20 30 .S H H
’ we show phase trajectories and
Fig. 6. Contact forces for (19,12)-regime . . P ;
Poincar¢é maps for (19,12)-

-1 .
(©=754rads ") and for (_%9,13)-reg1me periodic regime, chatter, and
(0=7.55rads ) transitional regime.

% We consider hysteresis effect as dependence of the system state on its history (the system
manifests hysteretic features in the transition between different types of motion) [1].
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-0,04 0 x,m 20,04 0 X, m
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/ ) 1,E+031
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X \ 1,E+01
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Fig. 7. Phase trajectories and Poincaré maps for: (a) (19,12)-periodic regime @ = 7.54 rad/s ,
A =-0.081; (b) chatter ® = 7.58 rad/s , A =—0.020 ; (c) transitional regime ® = 7.61 rad/s,
A =0.0027 ; (d) Fourier spectrum for transitional regime, A = 0.0027

When we are following the Fig.5 from the left to the right we see the
relatively big frequency range where periodic regimes are realizing up to
hysteresis phenomenon. There are subharmonics — (14,10) and (23,17)-periodic
regimes which sharply replace each other under ® = 7.72 rad/s . Subharmonics
play an important role in prechaotic vibrations so far as their appearance in
frequency spectrum often is a characteristic precursor to chaotic motion. There
may be in fact many patterns of prechaos behaviour.

We again observe the hysteresis effect in very narrow frequency
range 7.77 rad/s < @ < 7.79 rad/s, where transitional (prechaos) and (9,6)-
periodic regimes are realising. In this frequency range the Poincaré map for
transitional (prechaos) motion is becoming a set of points generally arranged in
almost closed curve. It is the breakup of the quasiperiodic torus before the
chaotic motion. At very narrow frequency range 7.80 rad/s < < 7.815 rad/s
there is a chaotic motion (A =0.018).

After that we see the zone with complicated motion picture
under 7.80 rad/s < w < 7.89 rad/s . Here chaotic motion alternates with prechaos
and postchaos behaviour.

For example at Fig. 8 phase trajectories and Poincaré maps in such states are
depicted.
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Fig. 8. Phase trajectories and Poincaré map for: (a) @ = 7.80 rad/s, A =0.018;(b) ® =7.82 rad/s,
A =0.0092;(c) ® =7.83rad/s, A =0.031;(d) o =7.845rad/s, A =0.0086

X,m-s" Eventually there is really chaotic motion
in narrow frequency range

when frequency is decreasing. Chaotic
motion is characterized by the breakup of the

7.90 rad/s < ® < 7.92 rad/s . At first we see

0,03 - O how Poincaré map for quasiperiodic motion
} is deforming under ®=7.93rad/s (Fig.9)

quasiperiodic torus structure as the control

0,17 arameter is decreasing.
-0,025 0,005 X,,m p &
(a)
x,m-s’ . P
v X,m-s
0 -
0.2 ; 0,24 ;
0,026 0,004 X,,m 0,032 0 X, m
(b) ()

Fig. 9. Phase trajectories and Poincaré map for: (a) @ =7.94 rad/s , A = 0.0086 ;
(b) ® =7.93 rad/s , A =0.0069;(c) ® =7.92rad/s, A =0.014
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Let us have a look at chaotic motion under
®w=792rad/s, A=0.014. At Fig. 11 Poincaré
map for main body m; and Fourier spectrum in
logarithmic scale are depicted. Poincaré map does
not consist of either a finite set of points or a
closed orbit. Prof. F. Moon [1] have called his
Poincaré map “Fleur de Poincaré” (Fig. 10). There
is not the word “fleur” in English. There is word
“Fleur-de-lis” which means “ipuc” in Ukrainian.
His Poincaré map is similar at fleur-de-lis. Prefix
“de” is used in French, Poincaré was Frenchman.
Therefore we call our beautiful map as “Leaflet de
Poincaré¢” (“nemoctka” in Ukrainian).

At Fig. 11 we see a broad continuous spectrum
of Fourier components what is typical for chaotic

motion. The generation of a continious spectrum of Fig. 10 Poincaré map —
frequencies is one of the characteristics of chaotic Fleur de Poincaré [1]
vibrations.

Our vibroimpact system is the damped one. Poincaré map is the singular
characteristic of chaotic vibrations in such system. The Poincaré map appears as
an infinite set of highly organized points arranged similar to parallel lines.
Chaotic motion is not a formless chaos but one in which there is some order that
is fractal structure.

We enlarge a portion of the Poincaré map and observe further structure. We
see that this structured set of points continues to exist after three enlargements
(Fig. 12). So the motion appears to occur on the strange attractor. This
embedding of structure within structure is a strong indicator of chaotic motion. It
is similar to Cantor set.

We observe the fractal structure of Poincaré map depicted at Fig. 11, at least
this structure looks highly fractal. We have been able to obtain it when we have
had 207000 Poincaré points on the map. It is shown at Fig. 12. We think that just
this fractal structure implies the existence of a strange attractor.

. -1
X, m-s™

G()7

0,08 4
1LE+05 -

0,04 - 1,E+03

1LE+01 -

-0,04 T T 1,E-01 .
0,015 -0,005 0,005 0,015 0,025 X, m 0 7 14 f,rad-s

Fig. 11. Poincaré map (“Leaflet de Poincaré”) and Fourier spectrum for ©=7.92 rad/s, A = 0.014
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Thus Poincaré map, Fourier

0,004 | - spectrum, the largest positive
Lyapunov exponent, and fractal
-0,001 - structure of Poincaré map confirm
Ry the chaoticity of this regime.
‘0’0060,017 0,018 0,019 0,02 So we see three very sholrt
_— freqpency ranges where chaotic
0,004 motions are
realizing:
0,003 7.80 rad/s < < 7.815 rad/s,
®="7.83 rad/s,
—_— . 1 7.90 rad/s < 0 < 7.92 rad/s .
”0,01908 0,01918 0,01928 We think these chaotic
. motions may be considered as
an transient chaos because chaotic
0,003 4 Ky vibrations appear for some
parameter changes and then
—T . e degenerate into a quasiperiodic
70,0191 0,01915 0,0192 motion after a short time

Fig. 12. Fractal structure for Poincaré map [1 »29, 30]' .
from Fig. 11 4. Conclusions

Quasiperiodic route to chaos
in vibroimpact system have been studied under changing of external frequency.

1. At this sufficiently complicated route different oscillatory regimes have
succeeded each other many times under very small control parameter varying in
narrow frequency range. There were periodic subharmonic regimes — chatters,
quasiperiodic, and chaotic regimes. There were the zones of transition from one
regime to another, the zones of prechaotic or postchaotic motion. The hysteresis
effects (jump phenomena) have been observed at two frequency ranges.

2. The chaoticity of obtained regime has been confirmed by typical views of
Poincaré map and Fourier spectrum, by the positive value of the largest
Lyapunov exponent, and by the fractal structure of Poincaré map.

3. Our picture of quasiperiodic route to chaos confirm the theory by
Newhouse, Ruelle, and Takens who suggested a new bifurcation scenario where
a periodic solution produces subsequently a torus and then a strange attractor.
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FBaswcernos B.A., [locopenosa O.C., Ilocmuixosa T.I'.
PYHUHYBAHHS IHBAPIAHTHOI'O TOPY ¥ BIEPOYIAPHIN CACTEMI - IIJTAX 10
KPU3H?

XaoTHyHi KOJHMBAHHSI IMHAMIYHAX CHCTEM 1 CLEHapii [XHBOTO MEPEXOIy O XaoCy —OMIHE 3
HAHO1MBII [IKABYX 1 JOCTIMKYBAHKX MUTAHb B HEJIiHI fHIN THHAMIIH. 30KpeMa, CIIeHapii Mepexoy 10
Xa0Cy B HETNAJKAX AMHAMIYHUAX CUCTEMax MPEJCTaBIIOTh OCOONMBHI iHTEpeC. Y il CTAaTTI MU
BUBYAEMO KBa3iMEpPiOMMIHMN HUIAX 70 XaoCy HEeNiHIMHOI HErmaakoi po3puBHOT BiOpoymapHOi
CHCTEMH C IBOMa CTYNHIM U BIJIbHOCTI. PyiiHyBaHHs 1HBapiaHTHOTO TOpa, 800 3aMKHYTOI KPHBOi, Ma€e
Micue came NpH KBasimepioJudHOMY Tmepexoii mo xaocy. Lle mopora no xpusu? Y By3bKOMy
Jiana3oHi 4acTOT Pi3Hi KOJNMBAJIbHI PEKUMH 0araropasoBO 3MiHIOBAIHM OJIMH OJHOTO MPU AyXKe MaTTii
3MiHi Begydoro mapametpa. Lle Gynu nepioandHi cyorapMOHiuHI pexuMH (CTyK), KBa3inepioAUdHI Ta
XAOTHYHI PEXKUMH, 30HH NEPEAXA0THIHOTO Ta MICIIXa0THIHOTO pyxy. Edexr ricrepesucy (siBumia
[ePeKUIAaHHT) BUHHKQIM OpU 30ijblueHHI 1 3MeHIIeHHI 4yacToTH. CrocTepexyBaHHN Xxaoc OyB
nepexigHuM. XaoTHY HiCTh OTPHMAHOTO PEKUMY HiATBEPHKYBaIacs TUIOBUM BHIOM BiOOpaKeHHS
Ilyankape i ®@yp'e cmekTpy, NO3MTMBHUM 3HA4CHHSIM CTapUIOro MNoKasHuKa JlsmyHoBa Ta
(hpakTampHOI CTPYKTYporo BimoOpaxenns Ilyankape. Lli qocmifkeHHS HiATBEPHXKYIOTH TEOPIIO
Heloxay3a, Proenss i TakeHca, siki 3amporoHyBaau HOBMil OidypkauiiHuil cueHapiii, koum
HePiOAMYHE DILICHHS HAPOIUKYE TOD. @ HOTIM IMBHUI aTTPAKTOD.

KirouoBi cioBa: BiOpovaapHa cucteMa. IMHAMivHA TOBEIiHKA, KBa3iMepioludHi. XaOTHYHI.
cyOrapMoHiky, BinoOpaxenwus Ilyamkape, cmextp @Dyp'e, mnokasHuk JlsmyHoBa, (pakTansHa
CTpYKTypa.

FBaoswcernos B.A., [locopenosa O.C., [locmuukoea T.I'. .
PASPYIIEHUE UHBAPUAHTHOI'O TOPA B BUBPOYJIAPHOU CUCTEME - IIYThH K
KPU3UCY?

XaoTudeckue KojaeOaHus AMHAMHYECKUX CUCTEM U CLEHApUM HX Iepexojia K XaoCy — OJMH U3
HauOoJIee MHTEPECHBIX U HCCIIEAYEMBIX BOIPOCOB B HEJIMHEHHON TUHAMuKe. B uacTHOCTH, clie Hapun
mepexo/ia K Xaocy B HeIJaJKUX JUHAMUYIECKUX CUCTeMax MpeJCTaBIIOT co0oi ocoOblil nurepec. B
9TOM CTaThe MBI M3ydaeM KBA3UIEPUOAMYECKHH IyTh K Xa0Cy HeIMHEHHOW HEeTNaaKod pa3phIBHOM
BUOPOYIApHOIl CHCTEMBI C ABYMs CTEHEHAIMH CBOOOJbL. Paspylienue MHBapUAaHTHOTO TOpa, WIH
3aMKHYTOU KPUBOIf MIMEeT MECTO MMEHHO IpU KBa3UIEPHOAMIECKOM Mepexofie K Xaocy. DTo Jopora
K Kpu3sucy? B y3koM n1uana3oHe 4acTOT pa3IMUHble KOJIeOaTeIbHble PeKUMBI MHOTOKPATHO CMEHSIN
JpyT Ipyra IpU OYeHb MAIOM H3MEHEHMH YHPABIIIOIIETr0 MapaMeTpa. JTo OBUIM NepHoJUdecKue
CcyOTapMOHHMYECKHE PEKHUMBI (CTyK), KBa3HIEPHOJUYECKHE M XAOTHUECKHE PEKMMBI, 30HbI
HPEeIXa0 THYECKOTO U MOCJIEXA0THIECKOro ABIWKEeHI. Db deKTsl rucTepesnca (sSBiIeHIsI nepedpoca)
BO3HUKATH TIPH yBEIMYEHHUM M YMEHbIICHHMM 4acTOThl. HaGmromaeMblii xaoc ObUI MEepexoIHbIM.
Xa0TUIHOCTH MOJyYE€HHOTO PEXXKMMa MOATBEPKIaIach THIIMY HBIM BUIOM 0ToOpaxeHus I[lyankape u
@Dypbe CHeKTpa, MOJIOKUTEIBHBIM 3HAUYCHHEM CTapuiero rnokaszarens JlsmyHoBa M dpakrambHON
CTPYKTYpO it oToOpaxkeHus [lyaHkape. DTH ucciiefoBaHus MOATBEPXKIAIOT Teoprto Heroxaysa, Proans
n TakeHca, KOTOpbIC NPEIJIOKWIN HOBBIl OMGypKalMOHHBIA CIEHApHil, KOTJa MEepHOIHICCKOe
pelIeHre PoXKAACT TOP, a 3aTeM CTPAHHBII aTTPaKTOP.

KioueBble cioBa: BUODOVIApHAs CHCTEMa. JIMHAMUYECKOE MOBEICHHE, KBA3UIIEDHOINYECKUE,
XaoTHYECKHe, CyOrapMoHukH, oToOpaxeHue Ilyamnkape, cnextp Pypbe, mokasarens JlsmyHosa,
(pakTanbHas CTPYKTYpa.
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Abstract. In this study, the stress distribution and the deformation in the foundation improved by
Deep Mixing Method are analyzed using nonlinear FEM in which the stress-strain relation is elasto-
plastic to apply to more detailed specification of the configuration of cement column.

Keywords: Deep Mixing Method, soft soil, cement column, FEM, Simplified Method.

1. Introduction

Main objective of research work is to define a proper design method of DCM
column to overcome the limitation of the method, especially for the soft soil such
as Mekong Delta soil. There are several methods for designing the DCM column
for the soft soil as discussed in the references (Bengt B. Broms, 1999),
(EuroSoilStab, 2002) and (Coastal Development Institute of Technology, 2002).
In these methods, the settlement of the soil layer is calculated by the
consolidation index and the bearing capacity is checked by the strength of the
cement column and the bearing capacity of the soil. However, the method to
define the cement column properly is not specified.
In this study, the method to define the configuration of cement column, i.e. the
dimension and spacing of the cement columns within the soil layers, is proposed.
A nonlinear Finite Element Method (FEM), as programmed as commercial
ABAQUS software, is used for the detailed consideration. By this nonlinear
FEM, the responses and behaviors of the cement column during the stabilizing of
soft soil are clearly shown through the distribution of the stress both in the
cement column and in the soft soil layers. By this method, the history of
settlement for the embankment construction can be displayed.

2. Analysis for embankment

2.1. Model of an embankment

The model to be analyzed is shown in Fig. 1. The model consists of three soil
layers, i.e. 11 m soft soil layer, 4 m silty clay and 5 m silty sand, respectively. A
5m high embankment structure is constructed on soft soil layers. The
embankment is planned to pass a transportation highway. Since the model is
analyzed in two dimensional, only cross section of the model is given in Fig. 1.

The soft soil layer is one of the typical soft soil layers in the Mekong Delta.
The properties of soil are obtained by the tests of the Mekong Delta soils
(Engineering Geological Report, 2000) while the dilatancy angle is referred in
the literatures (Bengt B. Broms, 1999), (EuroSoilStab, 2002) and (CDIT, 2002).

© Nguyen Ngoc Thang, Nguyen Anh Tuan
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The traffic load on the embankment is 20 kN/m® that is recommended by
Vietnamese Standard for Transportation Road Construction (TCVN)
(Vietnamese Standards, 2000).

L 80 L
1 20 , 10, 20 L, 10, 20 W
7 1 il 7 1 1
GWT /ffl Emb. fill drained b
Soft soil h
Silty clay <
Silty sand )
undrained
(unit: m)

Fig. 1. Cross section of the embankment model

Table 1
Material properties
Parameter Soft Silty Silty Emb. DCM
soil clay sand

Saturated unit weight, s, kN/m?® 14.370 18.880 18.510 20.000 15.810
Young modulus, E, MPa 3.048 6.028 7.434 20.000 43.750
Poisson’s ratio, v 0.485 0.439 0.356 0.333 0.333
Cohesion, ¢, MPa 0.0071 0.0131 0.0024 0.0100 0.1750
Frictional angle, ¢ (°) 3.25 12.50 26.50 30.00 30.00
Dilatancy angle, y (°) 1.625 6.25 13.25 15.00 15.00
Permeability, k, cm/s 10° 10° 107 10° 107
Void ratio, e, 2.389 0.705 0.604 1.500 1.532

2.2. Simplified Method

A configuration of cement column generally depends on several factors such
as allowable settlement, soil capacity require preventing failure of civil structures
such as embankment and dimension of the cement column. The application of
the cement column for stabilizing the soft soil is reported in references (Bengt B.
Broms, 1999), (EuroSoilStab, 2002) and CDIT, 2002).

The simple method is one of limit equilibrium method where the applied load
must equal to resistant of the cement column and soil layer beneath the civil
structure, such as embankment. The resistance of the cement column which is
analyzed by Terzaghi’s equation and settlement is evaluated by using the
consolidation theory.

To obtain an optimum configuration, a series of calculation for the settlement
of the embankment and the bearing capacity of the improved soil layers are
performed by varying size of diameter, spacing and length of the cement column.
The optimum configuration is determined by using the smallest replacement area
of the cement column in a square meter of the stabilization area and the
allowable settlement.

2.3. Nonlinear FEM

The optimum configuration found by the Simplified Method, mentioned
above, is investigated by using the nonlinear FEM. For Model-A in Fig. 2, the
soft soil layers are not stabilized. The foundation of the embankment is improved
by using the cement column for Model-B in Fig. 3.
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Fig. 2. Embankment without stabilization (Model-A)
yA 50

Symmetry

L
line 10 ﬂu 40 ql
20kN/m2

GW Tz Drained

11x1

“
=
<
514

\ B Undrained Tox
(unit: m)

Fig. 3. Embankment with stabilization (Model-B)

ABAQUS program is used to numerically analyze the problem. In the
numerical analysis, the cement columns, the soil layers and the embankment are
modeled as nonlinearly elasto-plastic materials with Mohr-Coulomb failure
criteria. The two-dimensional (2D) numerical model is used for this study. Due
to the symmetry of the problem, there is a half of the section modeled to save the
computing time. In order to explain more realistic behaviors of soft soil, two
phases coupling of solid and pore water and nonlinear of solid materials are
taking into account in FEM analysis. The nonlinearity of the material is
expressed by Mohr-Coulomb yield criterion.

A finite element mesh is constructed to simulate the sequential construction
procedure of the embankment and to calculate the resulting consolidation settlements
in the soft soil layer. The mesh includes a half of the geometry because of symmetry.
The mesh consists of the part the soft soil layer, silty clay layer, silty sand layer and
the five embankment layers. The Model-A consists of 746 elements and 807 nodes,
while the Model-B consists of 4828 elements and 6569 nodes. In the Model-B, the
0.6 m diameter of cement column with 0.8 m spacing center to center of cement
columns are embedded in the 11 m depth beneath the embankment structure. Since
the stabilization problems considering in this study require the information of both
soil skeleton and pore water inside the soil mass. The elements are pore water/ stress
four node quadrilateral elements (with bilinear displacement and bilinear pore
pressure) and appropriate for finite strain analysis.
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The cement column in FEM is assumed the continuum element, which the
elements can be used to model the widest variety of components. Conceptually,
the continuum elements simply model small blocks of material in a component.
Since they may be connected to other elements on any of their faces, the
continuum elements, like bricks in a building or tiles in a mosaic, can be used to
build models of nearly any shape, subjected to nearly any loading.

In both of models, step by step embankment construction is simulated by
applied analysis featuring of ABAQUS software, i.e. activate and deactivate
mesh of embankment structure in plane stress assumption. The embankment
structure is built in 1 m layer by layer construction; totally 5m high of
embankment on soft soil layer. The nodes on the mirror symmetrical line are
restrained as symmetrical boundary condition, while the nodes on the other sides,
are not allowable to move laterally the ground surface which is considered as
drained by applied zero pore water pressure during the analysis.

Each step of embankment construction is assumed 2 days. Totally, 10 days for
completing the embankment are considered before loaded by external load such as traffic
load. In this analysis, 20 kN/m” traffic loads are subjected to the surface of embankment
as suggested by Vietnamese standard. The models are analyzed for 1000 days after the
construction of the embankment to

obtain final settlement. Start
During the analysis, the
nonlinear effect of the soil layers is Preliminary choose:

. . L.: Length of cement column
taken into account. For this do: Diameter of cement column
nOnli_near analysis a MOhr _ so: spacing of cement columns

>

Coulomb constitutive model is
used with a simple bilinear
hardening rule. This nonlinear
effect is only used for the soil
skeleton in the soil mass, while the
pore water remains in linear and
follows the equilibrium condition
with respect to coupling with the
soil skeleton.

Q.o The load effect at the top of the cement column
Quusai: The ultimate bearing capacity of cement

3’ ReSlﬂts Of AnalySis column based on soil condition

The cement colun in which the | @+x Thebimus b cmsy o comen
diameter is 0.6m, the spacing is
0.8m and the length is 11m was
obtained as  an optimum
configuration by the Simplified
Method. By the optimum
configuration 44.2% of replacement
area by cement column and 0.169 m
of maximum settlement beneath the
embankment structure are obtained.
The configuration of cement column
reduces almost 93% of settlement of
the soft soil layers. The flow-chart

for the proposed Simplified Method
is shown in Fig. 4. Fig. 4. Flow-chart for the Simplified Method

Ah: The settlement of
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Fig. 5 and Fig. 6 show the distribution of the settlement of soft soil beneath
of the embankment for Model-A and Model-B after 1000 days consolidation
analysis, respectively.
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Fig. 5. Settlement distribution of Model-A
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Fig. 6. Settlement distribution of Model-B

The settlement history plotted in Fig. 7 shows the capability of nonlinear
FEM for evaluating the settlement of the embankment both with and without
stabilization using cement column. These results confirmed with the calculation
results using the Simplified Method explained above.
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Fig. 7. Comparison of the settlement histories

The distribution of vertical effective stresses of each cement column is
plotted in Fig. 8. The stress distributions are divided into three regions, namely
region I, II, and III. The region-I indicates the soil mass can bear the applied
load. The cement column may not be required in this region. In contrast in the
region-III, all applied load are supported by the cement column. The region-II
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shows that both of soil and cement column bear the applied load. By removing
the portion supported by soils, plotted in the region-II, we may reduce the length
of cement column proportionally to the removed portion.

Vertical stress, S22 (KN/m2)
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Fig. 8. Response of the cement column

The last FEM model as shown in Fig. 9, Model-C, is analyzed by the load
used in the previous models and the result of settlement distribution as shown in
Fig. 10. Comparing the maximum settlement occurs on the Model-B and Model-
C, as plotted in Fig. 11, the configuration of Model-C is concluded as the
optimum configuration for the case in this study.
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Fig. 9. FEM Model of reduced cement column length (Model-C)
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Fig. 11. Comparison of maximum settlement beneath of the embankment structure

4. Conclusions
Based on the analytical study described above, the conclusions of this study

are listed as follow:

The optimum configuration of the cement column to stabilize an embankment
is determined by the Simplified Method in which the settlement and bearing
capacity are estimated by the formula used in the current design. The flow-chart
of the method is shown in Fig. 4.

By FEM analysis for Deep Mixing Method using cement column, the stress
distribution and the differential settlement are estimated. By the result of the
analysis, more detailed configurations of cement column are suggested.

Comparing the results of the Simplified Method and FEM analysis, it is
suggested that the stress distribution and the deformation in the foundation
improved by Deep Mixing Method are important to determine the optimum
configuration of cement column.
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Nguyen Ngoc Thang, Nguyen Anh Tuan
NONLINEAR FEM ANALYSIS OF CEMENT COLUMN CONFIGURATION IN THE
FOUNDATION IMPROVED BY DEEP MIXING METHOD

The soil stabilization method, called Deep Mixing Method, is often applied for the soft soil layers in
the alluvial plain, such as the Mekong Delta. In this study, the configuration of the cement column for
Deep Mixing Method, which is embedded in the soft soil layers, is investigated for the different sizes of
diameter, spacing and length of cement column. To obtain the optimum configuration of the cement
column, the settlement of the structure and volume of cement are compared. In this study, a new method
to find out the optimum configuration using the formula in the current design is proposed as the
Simplified Method. The stress distribution and the deformation in the foundation improved by Deep
Mixing Method are analyzed by using nonlinear FEM in which the stress-strain relation is elasto-plastic.
The stress distribution in cement column and the differential settlement obtained by the FEM analysis
are applied to more detailed specifications of the configuration of cement column.

Keywords: Deep Mixing Method, soft soil, cement column, FEM, Simplified Method.

Heyen Heok Txane, Heyen Anux Tyan
HEJITHIMHUI MCE AHAJII3 KOH®ITYPAIII HEMEHTHOI KOJIOHA B
MII®YHIAMEHTHIA OCHOBI, IMOJITIIEHIA METOIOM MMOTJIABJIEHOTO
3MIIITYBAHHS

Meroj crabinizauii IpyHTY, 3BaHUi METOJOM IIMOOKOr0 3MilllyBaHHsI, 4YaCTO 3aCTOCOBYETHCS VIS
M'SIKHX IIapiB IPyHTY B JOJIMHAX 3 aIOBIaJbHUMH I'PyHTAMH, TAKHUX SIK JebTa piukd MekoHr. YV maniit
poborti jociipkeHa KoH¢irypamisi GETOHHOI KOJIOHH, L0 BOYIOBYETbCS B M'SKi LIapH TI'PYHTOBOI
OCHOBH, TOJIIIIEHOI METOJIOM TJIMOOKOrO INepeMilllyBaHHs, Ul PI3HUX PO3MIPIB J1iaMeTpiB, JOBXKHUH
KOJIOH 1 BifcTaHeil Mk HumH. J{J1si OTPUMAaHHS ONTHMAajbHOI KOH(Irypamii KOJOHH ITPOBOJUTHCS
MOPIBHSHHS BUTPAT OETOHY. Y IbOMY JJOCHIJUKEHHI B SIKOCTi CIIPOIEHOI0 METOY IIPOIOHYETHCS HOBHI
METOJ] BH3HAUCHHS ONTUMANbHOI KOH(Irypamii 3 BHKOPHUCTaHHSM OTPHMAHUX CIIiBBiJHOIIEHS.
Posmozin HampykeHb i nedopManiii OCHOBH aHAN3yIOTbCS 3 BHKOpHCTaHHsAM HerniniliHoro MCE, B
SIKOMY 3aJIKHICTh HampyXeHHs-iedopMallis BIINOBiZa€e MNPYXKHOIUIACTUYHIN Moznemi. Posmomin
HanpyKeHb, OTpuMaHHii 3a gornomoroo MCE, 3acTocoByeThest Ut yTOUHSHHS KOH(DIrypartii KoJIoHH.

KarwuoBi cioBa: MeTon rimOOKOro 3MmilllyBaHHS, M'SKMH TpyHT, IeMeHTHa KoyioHa, MCE,
CIIPOIIEHUH METO.

Heyen Heok Txane, Heyen Anux Tyan
HEJMHENHBIA MK3 AHAJIN3 KOHOUTYPAIIMA IEMEHTHOM KOJIOHHBI B
NOJ®YHIJAMEHTHOM OCHOBAHUH, YIYYIIEHHOM METOAOM I'’TYBOKOI'O
CMENINBAHUSA

Merox cTabuim3aluu TpPyHTA, HA3bIBaeMBI METOIOM ITyOOKOrO CMEIIMBAHHS, YacTo
IIPHMEHSIETCS] JUI MATKUX CJIOEB ITOYBEI B PAaBHHHAX C AJUIFOBHAIBHBIMH TPYHTaMH, TAKUX KaK JiebTa
peku Mekonra. B nannoif pabote uccnenoBana KOHGHUIypanust OSTOHHON KOJOHHBI, BCTpaHBAaeMOH B
MSATKHAE CJIOH TPYHTOBOIO OCHOBAHMH, YIIYYIICHHOIO METOJOM INIyOOKOrO HepeMEIIMBAaHHS, JUIL
Pa3IMYHBIX Pa3MEpPOB JUAMETPOB, JUIMH KOJOHH U PACCTOSHUH Mexny HuMH. [l IONydeHus
ONTHMAJBHONH KOH(UIYypallMH KOJOHHBI IIPOBOJMTCS CpaBHEHHE pacxoja OeroHa. B asTom
HCCIEIOBAHHE B KadecTBE YIPOIIEHHOTO METOJa Ipe[yIaracTcss HOBBIH METOJ OIpeIeNcHUs
ONTUMANBHOH KOH(HIypallld ¢ HCIOIB30BAaHUEM IIOTy4YEHHBIX COOTHOIIeHuil. PacmpenencHue
HaNpsDKeHHH U AedopMaluy OCHOBaHHS aHAIM3HPYIOTCS C HCIONBb30BaHMEM HemuHeiiHoro MKD, B
KOTOPOM 3aBHCHMOCTb  HaIIpsDKCHHE-Ie(OpMaIis COOTBETCIBYET YIPYrOILIACTHYECKOH MOJENH.
Pacnipenenenne HampsbkeHWH, ImoiaydeHHoe ¢ mnomolpto MKD, mnpumeHstoTcs Uii  yTOYHEHHS
KOH(UTr'YypaIuH KOJIOHHEL.

KiroueBble ci10Ba: MeToJ IIyOOKOr0 CMEIINBAHUS, MATKasl [I0YBa, IleMeHTHasl KooHHa, MKD,
YIPOIIEHHBIH METO,.
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DEFINITION OF THE FAILURE REGION OF THE OIL TANK
WITH WALL IMPERFECTIONS IN COMBINED LOADING
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0.0. Lukianchenko,
PhD

0.V. Kostina,
PhD

Kyiv National University of Construction and Architecture, Kyiv
Povitroflotsky ave., 31, Kyiv, 03680

Abstract. The stability of an oil reservoir with real imperfections of a wall under the joint action
of axial compression and surface pressure is studied using a program complex of finite element
analysis. To determine the permissible range of fail-safe operation of the reservoir, irregular
imperfections of the middle wall surface are simulated as ratios of the buckling forms with different
maximum amplitudes obtained in solving the problem of loss of stability by the Lanczos method. The
stability of the shell with real and simulated imperfections of the wall is investigated using the
nonlinear static problem by the Newton-Raphson method. Critical ratios of axial compression and
surface pressure are determined to ensure overall stability of the reservoir wall. The region of failure
on the stability of the oil reservoir with real imperfections is obtained.

Keywords: cylindrical shell, imperfection of shape, stability, combined loading, failure region.

To fully describe the general laws of the stress-strain state of shells with
parameters that depend on many factors, the apparatus of linear differential
equations turns out to be insufficient, because the most interesting and
characteristic features of nonlinear systems do not fit into its framework. They
include not only a quantitative change in the parameters of the system in space,
related to the magnitude of the initial imperfections and the way the load is
applied, but also the qualitative changes that lead to the emergence of critical
states, the branching of new solutions and the loss of stable equilibrium.

Mathematical methods that make it possible to investigate nonlinear
differential equations are too complicated and laborious to study complex
nonlinear systems with multivariant parameters. In those cases when the
properties of the shell and the loads acting on it depend on several factors, the
shell can have a large number of critical states, the dimension of which is one
less than the number of independently varying variables. The problem of
constructing such a variety in the general case is extremely complicated,
therefore, in the theory of differential equations it is often replaced by the
problem of finding only a limited amount of qualitative information concerning
the analysis of the quantitative change in the properties of a system when its
parameters are varied. The problems of non-linear stability of deformable
systems in a number of cases have features that are sensitive to irregularities in
shape [2, 6], uneven of the load application, shortcomings in manufacturing
technology, and heterogeneity in the physical characteristics of materials.

The presence of small imperfections in the shape of the shell can significantly
reduce its critical load. This feature is of great practical importance and therefore

© Bazhenov V.A., Lukianchenko O.0O., Kostina O.V.
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this work is aimed at investigating the influence of initial deflections. One of the
approaches of the study proposed by V.T. Coiter [7] is to apply an asymptotic
analysis based on the general theory of supercritical behavior. In this case, the
sensitivity to imperfections is described as a measure of the initial postcritical
behavior and the determination of the first zero coefficient in the power law of
the load parameter on the amplitude of stability loss form. Coiter's method has
become widely used in computational practice, but its usage imposes a strict
limitation on the magnitude of imperfection and its shape. Another approach
consists in a direct analysis of the nonlinear deformation of a shell with a curved
shape of the middle surface based on one of the grid methods of discretization of
the resolving equations. But this method has not received distribution because of
the significant expenditure of computer time.

The development of new ideas in the understanding of nonlinear mechanics
was greatly aided by the appearance of computers. Their use for nonlinear shell
analysis has now reached such a level that it makes it possible to investigate the
global behavior of thin-walled systems, including the problems of constructing a
load trajectory in a given region of states, establishing buckling points and so on.

At the same time, for practical tasks, it is necessary to analyze various types of
imperfections in shells that are characterized not only by the presence of a common
continuous initial background of imperfections of limited amplitude but also by
specific types of deflections of medium and large amplitudes caused by technological
reasons: the manufacture of panels from sheet metal, their welding, mounting by
welding to them discrete ribs, which have their imperfections in shape, etc.

1. Taking into account the actual geometry of the reservoir wall in the

study of stability

The oil tank is located in the south of Ukraine and is a cylindrical shell with a
radius of ch:19,978 m, height H =17,88 m. The thickness of the shell wall

differs in height and acquires a value of 7,63 mm to 15,98 mm. The wall of the
tank is made of steel with mechanical characteristics: FE :2,06-10“ Pa, n=0,3,

p =7800 kg/m’. At the stage of manufacture, transportation and operation in the

wall of the reservoir imperfections of form arose. As a result of the theodolite
survey, actual radial deviations of the intersection points of generatrixes with
horizontal boundaries of the shell belts were obtained. The reservoir calculation
model is constructed in a finite element program complex in a cylindrical
coordinate system. The initial deviations of the generatrix were added to the
corresponding coordinates of the ideal surface and spline curves were
constructed from the modified coordinates and then spline surfaces. The shell
wall model with imperfect geometry is represented as a triangular finite element
grid, and the number of model nodes is greater than the number of initial points
of the envelope generators. To visualize the actual imperfections, a special
program has been created that allowed the radial deviations of all points of the
generatrixes to be represented on a certain scale and turn them into deviations of
nodes of the finite element model in the Cartesian coordinate system. In Fig. 1
shows the finite element model of the reservoir in different planes, as an example
of visualization of actual wall imperfections in a 1:20 scale.
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(b)

Fig. 1. Finite element model of an imperfect shell: side view (a), top view (b)

The problem of stability of the imperfect shell consisted in determining the
critical values of axial compression and surface pressure separately for each load
and with their combined action. The procedure of solving the non-linear static
problem using the modified Newton-Raphson method is applied. Fig. 2 shows
the loading curves of the shell surface pressure for three nodes, in which
maximum displacements were observed at different loading stages. Surface

pressure was supplied in the form ¢ =pBq.., where g° =1257,4N/m’ — the
critical load value for a shell with an ideal wall shape.

0,067

Ersen 82|7‘
0.081
0.0551 /
0.04
0.04: .
EETET P
0 -
il
0.0247 zem 1731 5
T~ Yzen 1725
oot —
e =i
0.00845 — e
S 7#;:;:_’_;
3,000
00476 0105 0162 02z 0.277 0.3% 0.332 0.443 0.507 0.564 0622 0674

Fig. 2. Load curves for non-linear calculations

The buckling of the shell, taking into account the imperfections of the wall,
occurred at B, =0,679. The critical value of the surface pressure was
q., =853,77N/m’. The stress-strain state of an imperfect shell with loss of
stability is shown in Fig. 3.

(b)
Fig. 3. Buckling of the shell under the action of surface pressure:
state of stress (a), form of deformation (b)
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The maximum equivalent stress in the wall elements from the outside of the
shell (Plate Top VonMises Stress) was 55,235 MPa, which is lower than the
design resistance of steel R, =240 MPa.

The results of an investigation of the stability of the tank imperfect shell
under axial compression, which was given in the form P:BPCC;, where
PY =430597,8 N/m is the critical load value for a shell with an ideal wall

shape, are shown in Fig. 4 and 5.
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Fig. 4. Load curves of an imperfect shell by axial compression

Buckling of the shell
taking into account wall
imperfections  occurred
at B, =0,145. The

critical value of axial

compression was

P, =62436,68 N/m.

The maximum

@) (®) equivalent stresses on the

Fig. 5. The loss in stability of an imperfect shell under axial outside of the shell (Plate
compression: state of stress (a), form of deformation (b) Top VonMises Stress)

for axial compression
were 53,732 MPa, which is less than the design resistance of steel
R, =240 MPa.

Investigation of the reservoir stability in the combined action of axial
compression and surface pressure is of particular interest. The combined load is

given in the form [aP);(1-a)g" ], where a=[0,0,3;0,5,0,7;1] is the
dimensionless combination factor. As a result of solving the nonlinear problem
of statics, the coefficients of the critical combined loading 3, are determined,
which allowed us to determine the critical values of axial compression and
surface pressure when they act together on an imperfect shell by formulas:

[Pcr;qcr]:[[}”owc“[}” (l—oc)qg,]. Fig. 6 shows the stress-strain state of a

ro
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reservoir with real shape imperfections for three critical combinations of loads
0,201[0,3£:0,7¢), |, 0,362[0,5P7:0,54), | and 0,158] 0,7P):0.3¢, |.

Table 1 illustrates the values of the critical combinations of axial
compression and surface pressure [PL,,;qL,,] for different values of the load

combination factor o .

Table 1
o [OLPE? S(1-0) gy ] . (i) | B, (P340, ] > umsnm?)
0 [0; 1257.4] 0,679 [0; 853,77]
0,3 [143517,21;977,87] 0,362 [51950,36; 353,97]
0,5 [252811,93; 738,24] 0,201 [50711,55; 148,08]
0,7 [362908,42; 454,17] 0,158 [57244,45; 71,64]
1 [430597,8; 0] 0,145 [62436,68; 0]

(3a)

Fig. 6. The loss in stability of the reservoir with real imperfections in shape under combined loading

0,362[0,3P"; 9.0,5¢".1(2)and 0,158[0,7P":0,3¢".] (3): state of

cr?

0,7¢>.1 (1), 0,201 [0,5P

cr?

stress (a), form of deformation (b)
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The maximum equivalent stresses on the outside of the shell (Plate Top
VonMises Stress) for the three critical load combinations 0,362[0,31@3;0,7q3} ,

0.201[0,5P5:0,5¢5, | and 0,158/ 0,7£0:0.3¢], | respectively were 75,281

MPa, 99,201 MPa and 69.360 MPa, and were less than the design resistance of
the steel Ry =240 MPa.

For a tank with real wall shape imperfections, a stability diagram is
constructed, load ranges are established, in which the conditions for ensuring
general stability are realized under the combined action of axial compression and
surface pressure. The region of stability of the shell is bounded by the curve of

the equilibrium state and

P, the coordinate axes
o (Fig. 7).
0 M The reliability of the
02 e obtained results is
010 \\ confirmed with the help of
L .
oo < theoretical formulas [2]
o8 ~ and formulas for practical
el ~ calculations [14] of the
oz ‘\ q. critical stress in the shell,
’ a 0,10 020 020 0490 050 080 070 q_fr Wthh 18 Caused by the
action of uniform
Fig. 7. The region of stability of the reservoir with real compression parallel to the
imperfections in shape generatrixes and at an

external uniform pressure.

2. Stability of the reservoir with simulated irregular imperfections of the

shape under the action of a combined load

The use of analytical methods for solving the problem of stability determined
the form of imperfections as trigonometric functions [1], which significantly
narrowed the range of studies. With a separate action of surface tension or axial
compression, the initial imperfection in many cases was adopted as
corresponding buckling forms, because such a model of regular imperfections
had the greatest influence on the stability of the shell. Under the action of
combined loading, the problem of modeling the initial imperfections of the shell
is more complicated. But the availability of modern computing systems allows
you to specify imperfections of the shell wall in an arbitrary form.

This article propose a numerical approach to the determination of the stability
of cylindrical shells with irregular imperfections of the shape under the
combined action of axial compression and surface pressure [4]. The approach
made it possible to model imperfections in the form of combinations of shell
buckling forms, which were obtained a separate action of axial compression and
surface tension, to assess the impact of imperfections on the critical values of the
combined load and to determine the stability region of the reservoir with variable
wall thickness when acting combined loading.

The computational model is formed with the help of a finite element analysis
computational complex [17] for a shell segment containing 425 nodes and 768
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flat triangular elements. In the nodes of the boundary generators of the segment,
displacements along the circle and rotation angles around the radius and
generatrix are forbidden. The imperfection of the wall is represented as
combinations of a perfect shell buckling forms under the separate action of axial

compression and surface pressure: [yD po(l= 7D g ) where

¥=[0,0,3;0,5;0,7;1] — the dimensionless coefficient, ®, and ® , — the vectors
of the buckling forms of the perfect shell under the action of axial compression
and surface pressure, respectively. A program, in which the components of the
vectors of the buckling forms are added to the corresponding coordinates of the
middle surface of the perfect shell is created in such a way that the maximum
amplitude of the initial imperfection takes on the values [0,5¢,::; fuin; 1,5tmin;
2tyin), wWhere ¢ =7,63mm is the minimum wall thickness. The combined
loading (see Section 1) is specified in the form of combinations of axial

compression and surface pressure [(xPc(z;(l—OL)qCOr], where o — the

dimensionless combination factor, acquires a value [0; 0,3,05;0,7; 1] .

The solution of the nonlinear equilibrium equations is carried out using the
modified Newton-Raphson method. The loss of stability of the shell occurs with
a critical combination of axial compression and surface pressure:

[P0 ] = |:BC,,OCPC?.;BC,. (l—oc)qg,.} where B, is the critical load parameter,

the value of which is given for a cylindrical shell with imperfections of different
shapes and maximum amplitude A,  in Table 2.

Table 2
A o Critical load parameter 3 or
- y=0 | y=03 | y=05 | y=07 | y=I
0 0,742 0,795 0,846 0,866 0,934
0,3 0,485 0,5 0,45 0,45 0,4
0,5¢ 0 0,5 0,55 0,55 0,5 0,45 0,4
0,7 0,6 0,6 0,55 0,5 0,45
1 0,8 0,65 0,6 0,55 0,5
0 0,601 0,626 0,682 0,754 0,9
0,3 0,375 0,3 0,3 0,269 0,276
toin 0,5 0,4 0,35 0,3 0,282 0,3
0,7 0,45 0,35 0,3 0,3 0,3
1 0,619 0,4 0,35 0,32 0,33
0 0,5 0,524 0,6 0,702 0,842
0,3 0,3 0,25 0,25 0,25 0,25
L5t 0,5 0,3 0,25 0,25 0,25 0,253
0,7 0,35 0,264 0,278 0,274 0,264
1 0,5 0,3 0,297 0,289 0,284
0 0,4 0,45 0,486 0,517 0,821
0,3 0,25 0,2 0,2 0,21 0,243
2t . 0,5 0,25 0,206 0,215 0,25 0,25
min
0,7 0,3 0,25 0,25 0,25 0,268
1 0.3 0.28 0.27 0.27 0.275
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It can be seen that the influence of the form of the wall imperfection of a
reservoir with variable thickness is not proportional to the corresponding
combinations of loads. That is, the critical load parameter is not minimal when
the form factor of the imperfection and the load factor coincide, which is typical
for cylindrical shells with a constant wall thickness.

To determine the stability region of a reservoir with simulated wall
imperfections, critical ratios of axial compression and surface pressure in the

form [PW/PC(Z;qC,./qg.J are determined. Table 3 presents the results of

calculations for a shell with imperfections of various shapes and amplitude
A

max
Table 3
A, o Combined load critical value [P, /Pc(i; q. /qgr]
Yy=0 v=03 Y=0,5 vy=0,7 y=1
0 [0:0,742] [0:0,795] [0:0,846] | [0:0.866] [0,0,934]
0.3 [0,146;0,34] [0,145;0,35] | [0,135;0,315] |[0,135;0,315] | [0,12;0,28]
0, Stmjn 0.5 [0,275;0,275] [[0,275;0,275]| [0,25;0,25] |[0,225;0,225] [0,2;0,2]
0.7 | [042:0.18] | [0.42:0.18] | [0.385:0,165] | [0.35:0.15] |[0,315:0,135]
1 [0,8:0] [0,65:0] [0,6:0] [0,55;0] [0,5;0]
0 [0:0,601] [0:0,626] [0:0,682] | [00.754] [0:0.9]
03 | [0.113:0.263] | [0,09:0.21] | [0.09:0.21] [[0.081:0,188] | [0,083:0,193]
Lnin 0.5 [0,2;0,2] [0,175;0,175]| [0,15;0,15] |0,141;0,141] | [0,15;0,15]
0.7 | 0.315,0.135] |[0,245:0,105]| [0.21;0,09] |[0.21;0,09] | [0.21;0,09]
1 [0,619:0] [0,4:0] [0,35:0] [0,32;0] [0,33;0]
0 [0:0,5] [0:0,524] [0:0.,6] [0:0,702] [0;0,842]
03 | [0,09:021] [[0,075:0,175]] [0,075:0,175] [[0,075:0,175] | [0,075:0,175]
L5 | 05 | 10,150,151 [10,125;0,1251 ] [0,125;0,125] [[0,125;0,125] | [0,127;0,127]
0.7 | [0.245:0,105] |[0,185:0,075] | [0,195:0,083] ][0,192:0,082] | [0,185:0,079]
1 [0,5;0] [0.30] [0297:0] | [0,289;0] [0.284:0]
0 [0:0.4] [0;0.45] [0:0.486] | [00.517] [0:0,821]
03 | [0,075:0.175] | [0.06:0.14] | [0.06:0,14] [[0,063:0,125] | [0,073:0,17]
2t | 0.5 | [0.125:0,125] [[0,103:0,103] | [0,108;0,108] [[0.125:0,125] | [0,125;0,125]
07 | [021;0,09] ][0,175;0,075]] [0,175:0,075] [[0,175:0,075] | [0,188:0,08]
1 [0,3:0] [0,28:0] [0,27:0] [0,27:0] [0,275:0]

Fig. 8 shows the stability regions of a reservoir with irregular imperfections
that lie between the coordinate axes and the equilibrium curves. The effect of
imperfections on the stability region is not proportional to the corresponding
combinations of loads. It can be seen that the stability regions are different for a
shell with various forms of irregular imperfections.

We consider that the stability region of the shell with the corresponding
maximum amplitude of imperfection of the wall is the region that lies between
the coordinate axes and the curves with the minimum values of the critical loads
combinations presented in Table 4 and in Fig. 9.
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Fig. 8. Diagrams of reservoir stability regions with imperfections of different form:

1-y=0;2-y=0,3;3-vy=0,7;4-7y=0,5;5-v =1 and different maximum amplitude:
() -1,5¢

min

(@)-0,5¢,,, 5 (b) -1

min > (d) - 2l‘min

Table 4
Minimum combined load critical value [Pcr o qC, / qm ]mm
0’ 5l‘min tmin 17 5l‘min 2l‘min
[0; 0,742] [0; 0,601] [0; 0,5] [0; 0.4]
[0,12; 0,28] [0,081;0,188] [0,075; 0,175] [0,06; 0,14]
[0,2;0.2] [0,141; 0,141] [0,125; 0,125] [0,103; 0,103]
[0,315; 0,135] [0,21; 0,09] [0,185; 0,079] [0,175; 0,075]
[0,5; 0] [0,32; 0] [0,284; 0] [0,27; 0]
. 2
Fig. 9(a) shows the curves of the =
minimum critical ratios of axial - ‘
. 05
compression and surface pressure of 05t
the imperfect shell. e -
It's obvious that an increase in 0 L :
the maximum  amplitude of o A i
imperfection leads to a decrease in &\
oy . 01
the stability region of the shell. a “‘*i\‘“\\\ 9.
o
' o 0,1 0z 03 04 05 0f o7 08 q"‘

Fig. 9. Curves of critical axial compression and
surface pressure ratios of the reservoir with
imperfections as combinations of buckling forms



36 ISSN 2410-2547
Omip MatepianiB i Teopis copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

3. Determination of failure region in stability of the reservoir with real

wall imperfections

One of the basic concepts of theory of structural reliability is the concept of
failure [1, 3]. A failure is a partial or total loss of system quality. In construction
mechanics, this notion corresponds to the notion of a limit state. For practical
purposes, it is often necessary to assess the probability that the system's response
will be in the field of failure-free operation. Then the reliability R of the system
is defined as the probability of finding the element of the system reaction vector

S(7) in the admissible region € during the time interval [ 0<t< t] :
R=P,.=Prob[S(1)eQ);0<1t<t|.

suc
The probability of failure is a addition to the reliability function:
Pfail ()=1-Fy..

In our case, the failure of the shell in stability is considered, because this type
of failure for thin-walled shell structures is more dangerous. For various
combinations of axial compression and surface pressure, there is an area that
characterizes the ability of the oil reservoir to perceive the combined load and
not lose stability. In the work of graphical representation of shell failure-free

operation region £, we can consider the stability region of the reservoir with
the maximum permissible amplitude of the imperfection A, ,, =2t (Fig. 9).
Reliability of fail-safe work of building constructions for limit states is
P, =99,9 % [1]. It is the probability that the reservoir's reaction vector S(t)
will stay in the permissible region €, for a time interval [ 0<t< t] .

Let's show in Fig. 10 the stability region of the tank with real imperfections
of the wall, which is between curve 1 and coordinate axes, and the admissible
area of failure-free operation region €2,, which is limited by curve 2 and
coordinate axes.

Let's show in Fig. 10 the stability region of the tank with real imperfections
of the wall, which is between curve 1 and coordinate axes, and the admissible

5 area of failure-free operation,
20 which is limited by curve 2
040 and coordinate axes. We see
0 that an additional area of
o % failure arose due to the lack
o of a g.enera1. Stablll.ty of the
wall in this region. The
015 .. . . .
] additional region of failure is
0,10 +— .
Q, \ 2 1 28.2% of the of the failure-
o ] g,  free  operation  region,
M 0w om om om om om om om 4. therefore the reliability of the
Fig. 10. Curves of critical ratios of axial compression and ,Stablhty 9f the tank with real
surface pressure of a tank with imperfections: 1-real; 2 - imperfections decreased to
modeled as forms of loss of stability P =717 %.

To ensure the overall stability of the tank wall, it is recommended to
introduce additional stiffening elements (ribs, rings) into the structure.
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Conclusion. The developed numerical technique with application of the

program complex of finite element analysis procedures allowed to investigate the
stability of the oil reservoir with actually measured imperfections of the wall
shape under the joint action of axial compression and surface pressure; get an
feasible failure-free operation region of the reservoir with modeled imperfections
of the form as relationships of buckling forms; graphically represent the failure
region in stability of the reservoir with real imperfections of the wall.
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13.

14.

15.
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Cmamms naoiiwna 7.03.2018

Bazhenov V.A., Lukianchenko O.0., Kostina O.V.
DEFINITION OF THE FAILURE REGION OF THE OIL TANK WITH WALL
IMPERFECTIONS IN COMBINED LOADING

The presence of defects in real oil tanks plays an essential role in their accident-free operation. The
majority of theoretical and experimental studies are devoted to the investigation of the effect of defects
in the form of initial imperfections of the shape of thin shells on the carrying capacity and stability.
Initial imperfections are the main factor that reduces the critical load. The first of the studies of the
sensitivity of the critical load to the initial geometric imperfections of the form was performed by L.
Donnell. A special role in the development of the theory of stability of imperfect shells was played by
the asymptotic method of V.T. Coiter, which is used in J. Hutchinson. I.Arbosh, Ch.Bebkok,
J.C.Amazigo and others research. Most of these papers were carried out on the assumption of linear
critical behavior of the solution. In the future, for a detailed account of the imperfect geometry of
nonlinearly deformed shells under an arbitrary load action, the researchers began to apply the synthesis
of the reduction method and the Coiter method. At present, there are modern computational complexes
that allow us to introduce initial imperfections directly as geometric parameters of the middle surface of
the shells. The solution of the nonlinear problem in such formulation can more fully reflect the influence
of the initial imperfections on the decrease of the critical load. However, the problem of determining the
permissible failure-free operation region of tanks with real imperfections of the shape under the action of
combined loading remains important.

The stability of an oil reservoir with real imperfections of a wall under the joint action of axial
compression and surface pressure is studied using a program complex of finite element analysis. To
determine the permissible range of fail-safe operation of the reservoir, irregular imperfections of the
middle wall surface are simulated as ratios of the buckling forms with different maximum amplitudes
obtained in solving the problem of loss of stability by the Lanczos method. The stability of the shell with
real and simulated imperfections of the wall is investigated using the nonlinear static problem by the
Newton-Raphson method. Critical ratios of axial compression and surface pressure are determined to
ensure overall stability of the reservoir wall. The region of failure on the stability of the oil reservoir with
real imperfections is obtained.

Key words: cylindrical shell, imperfection of shape, stability, combined loading, failure region.

Baoicenos B.A., JIyk anuenxo O.0., Kocmina O.B.
BU3HAYEHHSA OBJIACTI BIIMOBH HA®TOBOI'O PESEPBYAPA 3
HEJOCKOHAJOCTAMMU CTIHKA ITPU KOMBIHOBAHOMY HABAHTAKEHHI
JlocnipkeHa cTiKicTs HadTOHAIMBHOIO pe3epByapa 3 PealbHIMU HEJOCKOHAIOCTSIMU CTiHKU IIPU
CYMiCHIH Jii OCbOBOrO CTHCHEHHS 1 IIOBEpXHEBOro THUCKy. I[loOymoBana jgomycrtiMa o00JacTh
0e3BiIMOBHOI poOOTH pe3epByapa 3i 3MOACIBOBAHMMH HEIOCKOHAIOCTAMH (OpMH Yy BHIIISIL
crionyueHb (OpM BTpATH CTIHKOCTI; TpadiyHO BU3HAYEHA 00JACTh BiIMOBH 3a CTIMKICTIO pe3epByapa 3
peanbHEMU HEJOCKOHATIOCTSIMH CTiHKH.
KaiouoBi ciioBa: mutiHIpuuHa 000J0HKA, HEJOCKOHATICTh ()OPMH, CTaOiIbHICT, KOMOIHOBaHE
HaBaHTa)KEHHS, 00JIaCTh BiIMOBH.

Baoicenos B.A., Jlykvanuenxo O.A., Kocmuna E.B.
ONPEJAEJEHUE OBJACTU OTKA3A HE®TSHOI'O PESEPBYAPA C
HECOBEPHIEHCTBAMU CTEHKHW NP1 KOMBUHUPOBAHHOM HAT'PYKEHUU
HccnenoBana yCTOMYMBOCTD HETIHOIO pe3epByapa ¢ peajlbHbIMU HECOBEPLICHCTBAMU CTCHKH IIPU
COBMECTHOM JICHCTBUH OCEBOT'0 CXKATHS U ITOBEPXHOCTHOTrO JaBiieHus1. [TocTpoeHa pormycriuMas 001acTh
0e30TKa3HOM paboTBl pe3epByapa €O CMOJACIMPOBAHHBIMU HECOBEpIICHCTBAMH (OpPMBI B BHJIE
KoMOuHaImit popM 1motepu ycToiuMBOCTH; rpaduuecku ornpeeaeHa 00JacTh 0TKa3a M0 YCTOMYHBOCTH
pe3epByapa ¢ pealbHbIMH HECOBEPIICHCTBAMHU CTCHKH.
KaroueBble ci0Ba: OWIMHApUYECKas 000J0YKa, HECOBEPUICHCTBO (DOPMBI, YCTOWYHBOCTH,
KOMOMHHMpOBaHHAs Harpy3ka, 00JIacTh OTKa3a.
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basicenos B.A., Jlyk’awuenxo O.0., Kocmina O.B. BuzHadeHHs o6jacTi BiaMoBH
HapTOBOro pe3epByapa 3 HEJOCKOHAJOCTAMH CTiHKH TP KOMOIHOBaHOMY
HaBaHTaxeHHi // Omip MarepiamiB i Teopist copyx: Hayk.-Tex. 30ipH. — K.: KHYBA,
2018. — Bum. 100. — C. 27-39.

Jocnioscena cmitikicny HA(DMOHAIUBHO20 Pe3ep8yapd 3 PealbHUMU HEeOOCKOHATOCHAMU
CMIHKU NpU CYMICHILL O 0Cb08020 CIUCHEHHS I No8epxHeao2o mucky. 1lobyooeana donycmuma
obnacmb 06e36i0MOBHOI pobomu pe3epsyapa 3i 3Mo0eNbOBaHUMU HEOOCKOHANOCAMU (OPMU Y
8una0i cnomyuens opm empamu cmitikocmi; pagiuno eusHaveHa o6nacmb GioMOoBU 3a
CIIELIKICIMIO Pe3epeyapa 3 peaibHUMU HEOOCKOHWIOCHAMU CIIIHKU.

Tabmn. 4. In. 10. Bi6miorp. 17 Ha3s.

Bazhenov V.A., Lukianchenko O.O., Kostina O.V. Definition of the failure region of the
oil tank with wall imperfections in combined loading / Strength of materials and theory

of structures: Sci.&Tech. Collected Artcl. — K.: KNUBA, 2018. — Issue 100. — P. 27-39.

The stability of an oil reservoir with real imperfections of the wall under the joint
action of axial compression and surface pressure is studied. An admissible region of
trouble-free operation of the reservoir with modeled imperfections of the form in the form
of combinations of forms of stability loss is constructed; graphically determined the area
of failure in the stability of the reservoir with real wall imperfections.

Tabl. 4. Fig. 10. Ref. 17.

basicenos B.A., Jlykvanuenxko O.A., Kocmuma E.B. OnpenejieHue 00JacTH 0TKa3a
He()TSIHOTO pe3epByapa ¢ HeCOBEPLIEHCTBAMH CTEHKH NPH KOMOHMHHUPOBAHHOM
Harpy:xeHnu // CopoTUBICHNE MaTEPHAIOB U TEOPHUSI COOPYXKEHHIH: HAyIHO-TEX. COOpH.

-K.: KHYCA, 2018. - Bem. 100. - C. 27-39.

Hccneoosana ~ ycmouuusocmv — Hepmanozo  pezepgyapa € peanbHbIMU
HecosepuieHcmeamu CMeHKu Npu  COBMECHOM — OeliCmeUU 0Ce8020  CHCAMUs U
nogepxnocmmnozo oagnenus. Ilocmpoena Odonycmumas obracmv Oe3omrazHol pabomul
pezepsyapa co cMOO0enupOSAHHLIMU HeCo8epuieHCmBamu Gopmsl 8 ude KOMOuHayuil
¢opm nomepu ycmouuusocmu; epaguuecku onpedeiena 001ACMb OmMKA3A  NO
ycmouuusocmu pe3epayapa ¢ peanbHblMu HeCO8EePUEHCIEAMY CIMEHK.
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BU3HAYEHHSI MIITHOCTI TA JOBTOBIYHOCTI CKJIA HA
OCHOBI JIIHIAHO-ITPYKHOI MEXAHIKU PYUHYBAHHS

B.I'. lemunHa,
JIOKTOpP TEXHIYHUX HayK, mpodecop, npodecop kadeapu OyAiBeIbHUX KOHCTPYKIIiH Ta MOCTIB

T.JO. Ocanuyk,
acnipaHT kKadeapu OyIiBeIbHUX KOHCTPYKIIiH Ta MOCTIB

Hayionanvnuil ynisepcumem “Jlvgiecoka nonimexuixa”, Jlogis

TpaauLiiHO CKJIO € €CTeTUYHHM MaTepialioM, He MPU3HAYCHUM ISl HeCy4uX Iineid. MilHiCTh
CKJIa 3aJIeKHUTh BiJ[ PO3IOJiIY HANPYKEHb, TPUBAJIOCTI HABAHTAXKEHHS, CTaHy IOBEPXHI Ta YMOB
HABKOJMIIHBOTO cepenoBuina. I[loBepxHeBi nedekrtr abo TPIIIMHU TOB'SI3aHI 3 XapaKTEPHOIO
KpUXKicTIO ckia. Kpuxke pyiiHYBaHHs CKia - I[¢ KaTracTpo(iuHHN peXHUM BiMOBH, MPH SKOMY
moBepxHeBi JedekTr abo TPIMHU MIBUIKO MOIIMPIOIOTHCS IMijJi HABAHTAXKEHHSM HAa PO3TIT IO
KPUTHYHOrO 3HaYeHHs. Lle MOXKHa 3MOIENIOBATH 3a JOMOMOrOK0 JIHIMHO-IPYKHOI MeXaHiKu
pyiinyBanHst (JIIIMP). IHTEHCHBHICTh NPYXHUX HANpPyXKEHb B OKOJi KiHILS TPILMHH ONHUCYETHCS

Koe(il[ieHTOM IHTEHCHBHOCTI HAalpyKeHb K, . AHaJTITHYHUMHA METOLAMH BU3HAYEHHS MiI[HICHUX

BIIACTUBOCTEH CKJa € OWiHKa B'A3kocTi pyinysanns K,. abo iHepTHOi MinHOCTI Ta

Oic
IPOrHO3yBaHHs TPHBANOCTI eKCILIyaTauii (Yacy pyiiHyBaHHs) ¢, Bil BTOMH. BHKOpHCTaHHS TaKux
PO3paxyHKOBHX MiJXoAiB Ha ocHOBi JITIMPno3Boisie oTpuMati Hecydy 3[4aTHICTh KOHCTPYKLIH i3
CKIIa.

Karou4oBi ciioBa: MinHicTh ckia, JedekTr (HEIONIKN), MOAPSIIUHH, CTPEC-KOpOo3ist (Kopo3is mif
HAIpPYXeHHSIMH), JOKpHTHYHE 3pocTaHHus Tpinmmun ([3T), niHiiHO-TpyXKHA MeXaHika pyHHyBaHHS
(JITIMP), koedilieHT IHTEHCUBHOCTI HANpY)XEHb, CTaTUYHA BTOMA, CHUJIOBHW 3aKOH, HaiHHICTb,
[IPOrHO3YBAHHSI JJOBrOBIYHOCTI, 4ac pyHHyBaHHS

IMocTanoBKa mpodaeMu. B ocraHHI# yac CKIIO BCE YacTillle pO3TILIIAIOTH SIK
MaTepiai Uil Hecydymx OyHiBeNbHHMX KOHCTpYKWid. OCHOBHI #oro mepeBaru —
BEJIMKA MIIHICTh, JETKiCTh, ONTHYHI BIACTHBOCTI (IIPO30PICTH), EKOJIOTIUHICTh
[1], [2, ¢.79], [3, c.1-2], [4, c.46]. B cBorO Uepry, KOHCTPYKIIiiHE BUKOPUCTAHHS
cKkia y Oe3KapKacHMX CKISHHMX (acajax, CKISHHX Jaxax 1 IepeKpUTTIX
no3Boysie  OymiBmsiM  OyTu  OUThII  €HEproeeKTUBHUMH, MAaKCHMAaJIbHO
BHUKOPHCTOBYIOUW JICHHUWHA Ta COHSYHHN pexumu podotm [2, ¢.79], [5, c.157].
BomHouac, mpu TpOEKTyBaHHI HECY4YMX KOHCTPYKIIM 13 CKIa BaKIMBUM
3aJIMIIAETHCS TUTAHHS HOro KPUXKOro pyiHyBaHHS [2, c.79], [4, c.46], mo
moTpe0ye AeTANBHININX TOCHIKCHb.

OCHOBHI YWHHUKH, SKi BU3HAYAIOTh MIIHICTh CKJISHHX KOHCTYKIIH IIe:
TOBepXHEBi JedekTH (MIKpOTPIIIMHM, MOAPSIHUHY, CKOJIN), IO 3aJeKaTb Bix
BHY Ta SKOCTI BUXIJHOTO CKJIa; XapaKTepy i YMOB IIPUKIIaJaHHs HaBaHTa)KECHHS;
TEMIIEpaTypH 1 30BHIIIHBOIO CEPEOBHIIA ITij1 Yac eKcIuTyaTamii [6].

IToBepxHeBi nedekTH B CKII, Taki SK HOAPSIIMHU, HEJOTIKM abo TpIiIWHH,
3YMOBJIIOIOTH IIOBEPXHEBI HAIIPYXXEHHSI, SIKI MOKHA 3MOJIEIIIOBATH 32 JOIIOMOTOI0
JIIIMP [7], [8, ¢.79].

HesBaxatoun Ha Te, 1110 HaNpyXEHHS, SIKI BUHUKAIOTh Y CKJIi, MOXYTh OyTH
HIDKYi, HDK MIOHICTH CKJIa, HasBHI y HHOMY ITOBEPXHEBI TPIIIMHU BCE OJHO
MOXYTbH TOIIUPIOBATHCh Y NMEBHUX yMOBaX, OCOOJIMBO MiJx BIUTMBOM Boxu. lle

© Jemunna b.I'., Ocapuyk T.10.
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SIBUIIIE HA3WBAETHCS JOKPUTHYHUM 3pocTaHHsAM Tpinmau ([I3T), mo BuknmkaHe
KOpO3i€I0 IIiJ] HANPYXCHHIM a00 CTpec-KOopo3i€ro, B sAKid Boma abo iHIIHUIA
YMHHHK XIMIYHO pyHHYe MoneKysapHuii 38's130k Si-O [9].

3arasiom, JOKPUTHYHE 3pPOCTaHHS TPIIMHH MOXXE OYTH HAaCIiJIKOM CTpec-
Kopo3ii abo0 IWKIiYHOI BTOMH. JIOKpHUTHMYHE 3pOCTAaHHS TPILIMHHU 1HIIIIOE
3pOCTaHHS iCHYIOWOro Ae(eKTYy A0 KPUTHYHOI JOBXHHH, IO MPU3BOJUTH 10
foro katactpodigHOro pocry. MexaHi3M pyHHYBaHHS BiJl JOKPUTHYHOTO
3pOCTaHHS TPIIIMHU € SBUILIEM, BUKIMKAHUM JI€I0 HABAHTAXKCHHS 3 IUITMHOM
yacy. PyiiHyBaHHS TakoX Moxe OyTH BHUKIMKAHE BIUIMBOM XIMIYHOI peaxiii,
HaBKOJIMIIHIM CEPEIOBHIIEM, YIAMKIiB, IO 3aTHCKAIOTHCS OIS KiHI TPIIIMHM,
tomo [10, ¢.1-2].

3rizHo 3 TEXHIYHOIO iH(OpMaliel0 M0 NPOrHO3YBAHHIO HaJiliHOCTI Ta
JIOBTOBIYHOCTI KOHCTPYKIIf 3a JOMOMOrOI0 HPOrpaMHOrO 3a0e3IedeHHS
CARES/LIFE [10, c.13-14], po3pobieHoro B mociigHunbkomy HeHTpi NASA
Glenn Research Center, ¢enomen JI3T MomemoeThCs CHIOBHM 3aKOHOM,
3akoHoM II. Ilepica i 3akonom K. Yomkepa. Cunosuii 3akon E. EBanca i
. Beiinepxopna [11], [12], [13], [14] ommcye picT TpimmHA SK (QYHKINIO Bif
Koe(illieHTa IHTEHCHMBHOCTI HampyxeHb. Jmg [uiIiyHOi BTOMH  TIpH
MOJICTTIOBaHHI JTOKPUTUYHOTO 3pOCTAHHS TPIIIMHNA BUKOPUCTOBYETHCS a00 3aKOH
I1. Ilepica [15], abo #oro moaudixoBane hopmymnoBaHHA - 3akoH K. Yonkepa
[16], [17]. Jos XapaKTEPUCTUKHU Bapiarii MIITHOCTI1 €JIEMEHTIB
BHKOPHCTOBYETbHCS IBONIapaMeTpuiHa QyHKLis po3noniry Beiidymna [10, c.4-5].

AHanmi3 ocraHHix fgocaikenb 1 myOaikaumiii. ExcnepuMeHnTtainbHi
JIOCITI/PKEHHS] MIITHOCTI Ta 1e)OpMaTHBHOCTI CKIISTHUX 0araTonapoBHX IUIHT, 10
MPaIfOIOTh Ha 3TWH TPEJCTaBIEHO Yy monepennix crartsix Jemuwmnm B.I.,
Ocamuyka T.1O. [18], [19], [20].

OCHOBHI TIOJIOXKEHHSI CHJIOBOT'O 3aKOHY JOKPUTHYHOIO 3POCTAHHS TPILMHU
BHACIIJIOK BTOMHU BHUKJAJeHI y psmi poOit [10, ¢.126-128], [21, c.10-12], [22,
c.3-4], [23, c.4-5]. [ys pexxumy TpilmHOYTBOpeHHS | (pO3TSAT) CIiBBiTHOIIEHHS
st KoeillieHTa IHTCHCUBHOCTI €KBIBAJICHTHUX HAalPYXeHb K, HacTylHe:

Koy (Y1) =04, (Wo1) Y Ja(¥,1), (D)
ne Y - QyHKUis reoMeTpii TPIMHH, sIKa MOXKE BapifoOBaTHCh 3 JOKPHUTUYHUM
3pocranaaM TpimmHu (3rimHo 3 CARES/LIFE Bemmumua Y - ¢ikcoBaHa
reoMETPUYHA KOHCTAHTa); O ., (‘¥,7) - eKBIBAICHTHIHANIPY)KCHHS ISt pexuMy I;

a(¥,t) - nosxuna Tpimmau;, ¥ - posramyBanus (x,y,z) Ta opieHramist (ot,[)
TPIIMHY B Timi. Y JESIKUX MOAENAX, Takux sk BelOymia ta PIA (cipuitaarTs,
iHTEpIIpeTaLis Ta Aisf), BigoOpakaeThCsl JIMIIE PO3TallyBaHHS. B piBHSAHHSX, 110
Oazyrotecst Ha Teopii bammopda, mis ob'emnoro nedexTHoro anamizy
BukopucroByerbess W = (x,y,z,0,B), a mis moBepxHEBOro Ae)eKTHOTO aHAI3y
- Y= (x,y,00). dusa momeni PIA: ¥ =(x,y,z) - mig ob0'emHOro nehexkTHOro
anamizy Ta ¥ = (x,y) - s nosepxHeBoro aedexTHoro anamizy [10, ¢.127].

3pocraHHs TpimWHU K QyHKOiE Big KoedimieHTa iHTEHCHMBHOCTI
eKBIBJICHTHUX HANPYXEHb IS peXUMy | ONMUCYEThCS 3aJEKHICTIO CHIIOBOTO
3akxony (C3):
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da(\Y,t)
dt
ne A,N — TOKa3HWKM 3pOCTaHHS TPIIMHM, KOHCTaHTH, IO 3aJieKaTb Bif
MaTepialy Ta cepeloBHIIA.
[MixcraBuBmm piBHsAHHSA (1) B piBHAHHA (2), OTPUMYEMO:
da('?,t)
dt
[pupiBHsBImM TpaBi wactuHM piBHAHB (2) 1 (3), oTpumaeMo BHpa3 JuIs
a(¥,t) npu KpUTHYHUX CEKTHBHIX HALPYKCHHIX O [y, ©

2
a(‘{l’ t) = (K_Y]'C) ]eq t (‘P t) (4)

[MpomudepenniropaBmy orpuMaHuii BUpa3 (4) 3a 4acoM Ta ITiICTABUBIIN IIeH
nmudepeHIian y piBHIHHS (3), OTpUMAEMO:

=4 Kp,(¥.1), 2)

N
=4 op, (W) YV a(W,1)2 . 3)

O Jeq.t= iy Vo X KN_2 t=t/» N
Ic
[ Cligidreg, =AY =— [ ol (¥.1)dr, (5)
Gleq,O =0

A€ Oeqo(‘Y) - xpuruuni edextusHi Hanpykenus npu ¢t =0; 64, (Y.t =1,) -
CKBIBAJICHTHIHAIIPY)KCHHS Y MOMEHT PYHHYBaHHS (1 =1,).

IlepeTBOpeHHs €KBIBAICHTHUX HAaNPYKeHb Wi pexumy 1 4, (‘P,t=1,) y
MOMEHT BIIMOBH (f=1,) Ha KPUTHYHI C)CKTHBHI HANPYKCHHS O .00 (V) 1pu

(t = 0) BiamoBigae criBBigHOMmEHHIO (6):
1

oy, (Y, ndt N-2
G]eq,O (\P,f): J' % qu?(\y l‘f) , (6)
1=0
i
2

. (7

A Y K (N - 2)
N (be3posmipnuii  koeghiyicnm) Ta B (nanpyoicenns’ Xuac) € TapameTpamu
BTOMH ISl CHCTEMH «MaTepiaa—CepejOBUILEY.

IleperBopennst 3anexHOCTI (6) AN CTATUYHOI, JUHAMIYHOI Ta HUKIIYHOI
BTOMH TpeacTaBlicHO B mocmimkeHHsx H. Hemera [10, c.135-141], [22, c.5],
. Beiinepxopna [21, ¢.8], M. Bienca [24, c¢.4-5] ta iH. [23, c.5].

IMocranoBka 3agaui. J{n9 aHANITUYHOTO BH3HAYEHHS HECY4Oi 3JaTHOCTI
BIJIBHO OMNEPTHX [0 YOTHUPHOX KyTax OaraTomapoBHX CKISHUX IUIMT, SIKi
MPAIIOIOTh Ha 3TMH BiJl JIOKAJIFHOTO HAaBAaHTA)KEHHS MOCEPEAWHI, MIIHICTh Ta
neopMaTHBHICTE  SKHX JOCHIUKYIOTH y HamionaasHOMYy —yHiBepcuTeTi
«JIpBiBCcBKa TomiTexHiKa» [18], [19], [20], HEOOXiAHO PO3TITHYTH MOKIUBICTD
BHUKOPHMCTaHHS METOANKH pO3paxyHKy 3rijgHo 3 JIIIMP.

Buknax ocHoBHoro marepiamy. I[Ipaktnuna wminHicTe ckia Habarato
MEHIIA, HDK TEOpeTH4YHa dYepe3 HasBHICTH aedexTiB (puc. 1), Takux sK:
MIOAPSINIMHY, HEIOMNIKY, 30BHIIIHI a00 BHYTpimmHI TpimmHu. HasBHicTh nedekTiB
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TIOSICHIOE, YOMY KPHXKI MaTepiajii € MEHII MIIHIII IIPH PO3TATY B MTOPIBHAHHI 3
X MIIHICTIO Ha CTHCK [8, ¢.79].

(@ ©6)
Puc. 1. 300paxceHHs nedeKTiB ITOBEPXHI CKJIa IIijl BIUIUBOM BiTpy, OTPUMAaHI 3a JOIIOMOT OF0 aTOMHO-
CHIIOBOTO Mikpockorry [7]: (a) minBiTpsiHa cTOpoHa; () HaBiTpsiHA CTOpOHA

[HTEHCHBHICTE HANpyXXEeHb B OKOJI BEpIIMHM TPIMIMHA MOXKHA BH3HAYNTH
Koe(ilieHTOM IHTEHCHBHOCTI HampykeHb K , 110 3aJIeKUTh BiJI TEOMETPii TPIlUHH
Ta TUIy HaBaHTaxeHHS. 3arambHy (opmyny (1) xoegiyienma inmencusnocmi
Hanpysiceny I pexuMy TpinmaoyTBoperts | K; MOKHA TIpeNCTaBuTH Y BUIJISAL
(8) [25, ¢.56-57], [26, c.14], [27, ¢.25], [28, c.43]:

K;=0Yma, ®)
ge K, — xoedilieHT IHTEHCHBHOCTI HaIpYy)KeHb 3HAXOOUThCA 3a PI3HUMHU

¢dopmynamu [25, ¢.57-59], [26, c.16],[27, c.25-28] i 3anexuTh Bix reoMerpii ta
pPO3MIpiB TpIIMHM 1 3pa3ka Ta THUIy NPUKIAACHHS HABAHTAKCHHS; O© —
HalpY)XEHHS pO3TATY, [0 MiIOTh B HAINPSAMKY, I[EPHCHAUKYISIPHOMY 10
IUTOLIMHYU TPIIMHU; @ — PO3MIp TPILIMHU: MOJOBUHA JOBXWHHU BHYTPIIIHBOI
TpimHU a00 JOBXMHA TpimumHM 330BHI [29, c¢.217]; Y — 0Oe3po3mipHuii
koedinieHT reomerpii abo (YHKIiS TeoMeTpii, sIKa BpaXxOBYe T'€OMETPHUYHY
(opMy TOBepXHi Ta PO3Mip TPIIIMHM, TEOMETPII0 Ta PO3MIPH 3pa3Ka, a TaKOX
croci0 NpUKIIaJAEHHS HaBaHTaXEHHs (3akpiruieHHs). [lanuii xoedimieHT Moxe
BpaxoBYBaTH OKpEeMi IapaMeTpH, SIKIIO iHIII MICTSATHCS y 3MIHEHOMY BHIJISZI
saranpHoi Qopmynu K, (8) [25, ¢.57-59], [27, c.25-28]. Tak, mis po3rary i
3ruHy KoedimieHT Y MoOXe 3ajexaTd TUIBKH BiJ (OpMH LEHTpajabHOI abo
kpaitnpoi TpimmHU [30, ¢.7-27-7-34] abo B3arami He QirypyBaTd sIK OKpema
BenmunHa [31, ¢.7-8].

BinmosinHo, MOXxHa cHhOpMYITIOBATH KPUTEPIii 3pOCTaHHS TPIIMHM, 32 SKOTO
Koe(illieHT ~ IHTEHCHBHOCTI  HAmpyKeHb JUIi  KOHKPETHOTO  BHIAJKY
MIOPIBHIOETHCS 3 KPUTUYHUM 3HAYCHHSAM. TakuM YMHOM, TpIlMHA 3pOCTaTUMeE,
NoKM K, He JOCATHE KPHTHYHOIO 3HaueHHs K,.. 3HaueHHsA KoedilieHTa

IHTEHCUBHOCTI HampyxeHb K, Moxe Oyru pospaxoBaHe 3a (opmynowo (8).
Kputrune 3Ha4uenHst K ;- NpUAMaEThCs 3a EKCIICPUMEHTANbHUMU nanumu. Llei

KPUTUYHUNA KOe(il[ieHT IHTEHCMBHOCTI HampyXeHb € MIpOI0 B'SI3KOCTI
pyiiHyBaHHS MaTepiainy [25, ¢.59], [28, c.43], [31, c.7-8].
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Pyiinyioui (kpumuuni) nanpyoicennsi O, , TIOB'3aHI 3 JOBKUHOIO TPIIUHU a

Ta B'SI3KICTIO pyiiHYBaHHS K-, BU3HAYAIOTbCA 3a 3ajexHicTio (9) [26, c.18-19],
[27, c.48-49], [28, c.44], [29, ¢.219-220], [31, ¢.8-9]:

__Kic 9
Gc - s ( )
Yra
ge K, — KpuruuHuil KoeQillieHT IHTEHCUBHOCTI HaIpyXeHb, B'SI3KICTb

pyHHYBaHHS, TPIIIMHOCTIHKICTE 200 OIip PO3BUTKY TPILLIMHHU.
3 iHmoro GOKy, SIKIIO BiZOMi piBEHb HANpPYKeHb G Ta B’S3KICTh pyHHYBaHHS
K¢ , TO MakcumanvHo donycmumuti po3mip mpinjuny BUSHAYAETHCS 3a PIBHAHHAM

(10) [26, c.18-19], [27, ¢.48-49], [28, c.44], [29, c.219-220], [31, c.8-9]:

2
_1(Kic
ac_n(ch . (10)

VY wmexax JIIIMP iHTeHCHBHICTh HampyXeHb K TIIOB's3aHa i3 MIBHIKICTIO
BHBIJIBHEHHS eHeprii nedopmanii G HacTymHuUM 4uHOM [25, ¢.59-61], [27, c.31-
331, [32], [33], [34, c.17]:

KZ
2 - G=—1-; (11)
G=T49_; g, =Yona > E
E Klz(l_\’z)
~G=—t——>.  (12)

ne E - Momynb pyXHOCTI; V - koediuient Ilyaccona; Y, 6, a - napamerpu
3rigHo 3 (1).

PiBusuns (11) BigmoBimae ImiockoMy HampyxeHoMmMy cTany, (12) — s
IUTOCKOTO 1e()OPMOBAHOTO CTAHY.

Kpumuuna inmencusnicmoe nanpyoicenv K- Ta KpumuyHa WEUOKICMb

susinbHenHs enepeii Oegpopmayii (G, B3a€EMOIOB'A3aHI MDK CcOOOK uepes3

3ajexkHocTi 3a aHainoriero i3 piBHsHHAMH (11) ta (12) [31, ¢.8-9]. [Ipun upomy
G, piBHA MNOBHI eHeprii 2Y,, M0 BKIIOYAE IUIACTHYHE PO3CIIOBAHHS Ha
OJMHUIIIO TUTOII 3POCTaHHS TPIIIMHU Y p T TIOBEPXHEBY eneprito vy, (13) [26,
c.11-12], [27, c.51-52]:
GC=2’Yf=2(’YS+’Yp). (13)
[[IBuaxicTe BHBINBEHCHHS eHeprii (G € Mipol eHeprii, HeoOXimHOI s
301IbIICHAS TPIIUHA. TEPMiH «IIBUAKICTE» B JAHOMY BHITAJKy HE BiTHOCHTHCS
JI0 TIOXIJHOI 1O BIJHOUICHHIO 0 Yacy, a € 3MIiHOIO HOTEHLIaJIbHOI eHeprii mo
BITHONICHHIO JO IUIONI TpimwHHA. ToMy, 3 IMOXiJHOI MOTEHIAaTBHOI eHeprii
BUIUTUBAE, 0 G € TAKOX CUIOI0 POULUPEHHS MPIUHY a0 PYWIIHOIO CULOIO
mpiwunu R [33]. g marepiainiB, sKi € Qy)Ke KPUXKUMHU (HAlpUKIAZ, CKJIO),
PO3CiIOBaHHS €HEprii MmiJ| yac 3pOCTaHHs TPIIMHHU € HE3HAYHUM, TOMY Pi3HUIA
MDK R 1 G, He qyxe Benuka. HaromicTs, I1acTH4HI MaTepiaiu JeMOHCTPYIOTh

3HauHe IUIaCTUYHE po3citoBaHHA, ToMy G, > R [25, ¢.26-27].

3pocTaHHA TpPINMH Ha TOBEPXHI CKiIa (pHcC.2), CHPUYMHEHE pPI3HUMHU
YMHHUKAMH, IPU3BOJUTH /10 (PEHOMEHA CTATUYHOI BTOMH, SIKA XapaKTEePU3yeThCs
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3aTPUMKOI0  pyWHYBaHHS IiJl TIOCTIHHMM HaBaHT@XEHHAM abo  Tix
HABAaHTAXKCHHAM TIPH CTaJill IIBHIAKOCTI TpWKIamaHHS. Jas mochimKeHHS
CTaTUYHOI MEXi BTOMH B CKJIi MOXK€ OyTH BHKOpHCTaHa METOAMKA MEXaHiKH
pyiHYBaHHS TBepAMX TiI. Meka BTOMH BU3HAYA€ThCSA BEJIMUMHOIO KoedilieHTa

IHTCHCHUBHOCTI HANPY)XEHb B OKOJI KiHI Tpimuau K, mpu sKii pyx TpiliuHu
He BinOyBaerbes. IloB'si3aBmm K; 3 pocToM TpilMHH V, TEMIEPATypOIo,
CEepENOBHUILEM 1 CTPYKTYPOIO CKJIa, OTPUMYIOTh BiAIOBiAHI 3asieKHOCTI v—K;
[21, c.4-7]. Takox UId MPaKTUYHUX M[iJeld MOXXHA BHKOPHUCTOBYBATH HasBHI
EKCIIEPUMEHTAJIbHI JIaHi MPO PICT TPIIIMHK Ha OCHOBI 3aJIEKHOCTI MIIHOCTI O

Bil IOCTIHHOTO HAaBaHTAXXCHHSA a00 HABAHTAXCHHSA MPH CTATIH IIBUAKOCTI
(IHTEHCUBHOCTI) IpUKIafaHHs G; / o;_; [21, c.8-9].

5 mKm 5 mrm S mrm 5 mMEM
- > @ P T ——— e
K= 0,422 MIla-m*” Kr= 0,42 Mlla-m"? Kr= 0,415 MIla-m"? Ki1= 0,38 MIla-m*”
v=3um-c! v=2,2amc! v=15um-c’! v=0,5 Hm-c?!

Puc. 2. 300pakeHHsI pOCTY TPILIMHK B HATPi€BO-KAJIBLIEBOMY CKJIi IPH 3MiHHil BOJIOTOCTI,
CKaHOBaHi 3a JJOIOMOTI'0I0 aTOMHOT'O CHJIOBOTO Mikpockoy [35, ¢.27]

Cxema TUIOBOI KpUBOi v— K; IOKa3aHa Ha puc. 3.

~Ke
log v

v=vo(K /K.Y

log(v) = n-log(K)+ log(v, K
Cepezosumme

Aa/AN

Aa/AN

v=
>

B

*

b 1
=

T » log K|
3omaI 3oma IT 3oma ITI Kin Kg K

4K

(a) ©6)
Puc. 3. Cxema tunosoi kpusoi v—K, : (a) - s aberpaktHoro marepiany [37];

(0) - nust ckia [36, ¢.51-52]

Ha puc. 3 mokazani pi3Hi pexxuMu pocty TpimuHu [36, ¢.51-52], [38, c.16-
17], [39, c.2]: pO3NOBCIOMKEHHS TPILMHHU IHIIIIOETHCS, KOJIM IHTEHCHBHICTBH
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HAIpyXeHHsA Ha TPiIUHI 301bLIYEThCA 3a 3aJaHUM NOpOroM K, ; AK TiJIbKU
TIOPIr JTOCSATHYTO, PO3IOBCIO/PKEHHSI TPIIIMHM B 30HI | € QyHKUiero peakuii
MOBEPXHEBOrO JAe(hEKTY 3 YMHHUKOM (HampuKiIan, BoJjoror); 3oHa Il sBise
co0oro mepeximHy o0yacTh, Jle € YacTHHa peakiii TPIIIWHU Ha BOJOTICTB i
yactiHa Oe3 peakuii; HecTaOUIbHUI / HEKOHTPOIBOBAHUM picT  TPIIMHK
BinOyBaeTscst B 30Hi III, TyT BosOTicTh yke HE MOXKE B3a€EMOISITH 3 TPIIIMHOIO
Yyepe3 HIBUIKICTh PO3MOBCIOMKEHHS. [licist TOro, sSiK iHTEHCHBHICTH HANPYKEHb
Jocarae B'a3KocTi pyHHyBaHHs Matepialy, K-, HacTae pylinyBaHHs. 30Ha | mae
MIPaKTHYHE 3aCTOCYBAaHHS, OCKUIBKHM Il 30HA CTAOUIFHOTO 3pOCTAHHS TPIIUHU
[38, c.16-17], [40]. BiamoBimHO, HAWMOMIMPEHIMAM MpPEACTABICHHAM Tpadika
v—K; € po3noBcrojukeHHs TpimuHu B 30HI I [41]. OGnacts € niniiiHOWO Ha
nutaHIl, BoHa Mae 1mpocre piBHAHHA (14) (muB. puc. 3(6)), sAKe JeErko
IHTErpyBaTu Uil OTpUMaHHS TepMiHy ekcruryatanii [40]. Haxwn wiei miHil n €
e ogHUM mmapaMmerpom Bromu [38, c.16-17]. Kpyruit Haxun kpuBoi B 30Hi 1
(muB. puc. 3(0)), e MWBUAKICT TPIIIUHU CTAE AY)KE YyTIUBOIO 10 K , 103BOJISIE
BU3HAYUTH I[IOPOrOBE 3HAYEHHA JUIA 3POCTaHHS TpiluHU K, , HUXKYE SKOIO
3pocTaHHA MpakTHyHO HeMae [40]. B miTepaTypi BUKOPHCTOBYEThCS TAKOXK 1HIIIE
nosHadeHHs i K, a came K g [42, ¢.7-9], [43, ¢.9-10].

ExcniepumenTanbHi  3alexHocTi v—K; 14 ckia OpeicTaBieHl Y
mociimkennsx 1. Beiinepxopra [21, c.4-7], [44, c.544-545], T. Miuanbcke
[45, c.114-115, 123], [46, c.5-6, 81-89], M. Yikorti [35, ¢.10-11,16],
M. Xannimanna [28, c.41-42], C. Poyntpi [47, c.5-7], maTepiamax P. bposa [41],
Jx. Meuonbeki  [48], irtamiicekux HOpMax [49, c¢.34-35]. Takox MoxxHa
CKOpHUCTAaTUCh (DYHKIUIAMH 3aJI€XKHOCTI Yacy BiJl HAIIPYK€Hb v— G,,, HABEICHUMU
y crattax M. Osepenna [7], [50], [51, ¢.21].

CunoBa (yHKIis 3anexHOCTI pocty Tpitmnu (v = da/dt) Bin koediuieHra

IHTEHCUBHOCTI HampyxeHb K, Moxe OyTH IpeicTaBleHa TaKuM BHPa3oM

(I1I. Betimepxopu [21, ¢.8], T.Miuamscke [45, c.113-114], X. Illomeme [52,
¢.270], H. Txetimc [40]):

v=%= A K} a6o logv=1logA+nlogk,, (14)
Je v — IIBUJAKICTb pPOCTy TpIIIMHM po3MipomMa 3a 4Wac t; A 1 n —

eKCTIEpUMEHTAJIbHO BCTAHOBJICHI NapaMeTpu (KOHCTAHTH) MOLIMPEHHS TPILIMHU
JUIi KOHKPETHOI'O MaTtepialy B NEBHHMX yMoBax. Ilapamerp n ommcye Haxwi
kpuBoi Ha rpadixky v—K; (muB. puc.3(6)). AHanoriuHo, KOHCTaHTa A

BH3HAYAETHCS 3 PIBHAHHA 11i€i KpuBoi [52, ¢.270].
3rinno 3 M. Biencom [24, c.4-5], M. Xanmimannom [36, c.51-52],
M. Canrapcbepo [39, ¢.2], M. Jlinksict [53, ¢.22-23] cwioBy (QYyHKIIIO v BifJ

K; moxna momatu y Burisimi (15):
_ n
v=v,(K;/K;0)", (15)
JI€ Vv, — eKCIEpHUMEHTAJbHO OTPUMAHUM MapaMeTp MIBUAKOCTI IIOLIMPEHHS
TPIIMHA — KOHCTAHTa, SKa 3aJICKUTh, BIAMOBIIHO, Bi Marepialy Ta yMOB
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eKCILTyaTamii (sSx i mapamerpu A4 i n), mpudoMmy v, (m/c) SBIsE COOOIO
JOKpUTUYHE 3HAUCHHs IOIIMPEHHsS TPIIMHU NP JOCATHEHHI 3HaueHHA K-

[24, c4-5], [49, c.34-35]. llBunkicte v, mNOB’s3aHa i3 mapamerpom A

sanexHicrio A=v,- K" [36, ¢.51].
B pesynbrari OoTpEMyeMO pO3IIMpEeHWH BHpa3 s cuiaoBoi (yHkumii (16),
KA TakoK HaBeneHnd y crartsax II basa [54, ¢.9-10], [55, c.10-11],

M. Ogsepenpga [50] Ta y Hopmax Itamii 3 mpoekTyBaHHS CKJISIHMX KOHCTPYKIIiH
CNR-DT 210/2013 [49, c.34-35]:

(16)

VZ%ZA K]nzvo(

K, )" (Yo, Vna !

Kc) "\ Kie
Hmxdye meBHOI  NOpPOroBOi  IHTEHCHBHOCTI  HampyXeHb  ONU3BKO

K, = Kiscc = 0,3K;-, He3anexHO BiJi TPUBAJIOCTI HABAHTAKEHHS, 3POCTaHHA

TpIMHE B CKJII HE BimOyBaeTtbes [56, c.153]. s HaTpieBO-KaJBIIEBOTO
CHIIIKATHOT'O CKJIA, B 3aJIOKHOCTI BiJl CEpEOBHUINA, II¢ 3HAYCHHS CTaHOBUTH

K, = Kisce =0,20+0,27 Mila- m°> [28, ¢.80].

MurTteBe  pyHHYBaHHS  HATpi€EBO-KaJbLIEBOrO  CHJIKATHOTO  CKJIa
BiZIOYBA€THCS TOM, KOMM {HTEHCHBHICTh HANpPYXXeHb K; BHACIIIOK HANPYKCHb
Ha KiHII OofHiel TPIMHU JocArae abo IepeBUIlye KPUTUUYHY BeluuuHy K,
sika, 3a3Bu4ail, craHoButh 0,75 Mila- m°?3 [7]. Hdiama3oH MOXIIMBUX 3HAYCHP
K¢ B 3aJIeXXHOCTI BiJl TUIly CKJa IpeJcTaBieHo y Ta0n. 1. Benuuuny K, sk i
eHeprito (podory) pyiHyBaHHs G.(Yy), HEOOXIIHO OOMpPATH JUIs LIEBHOTO THUILY

CKJIa, BPAaXOBYIOUH YMOBH HOro ekcruryararii [52, ¢.264], [57, c¢.100-102], [58,
c.45].

Tabmumms 1
Kputnunuii koeilieHT iHTEHCUBHOCTI HAaIPY»KeHb (B'3KICTb pyliHYBaHHA) K-

Jutst pizHuX THIIB ckia [28, ¢.80], [48, ¢.74], [52, ¢.264], [57, c.101],[58, c.45],

[59, c.24]
Tun ckna Ko, Mlla / w3
Cumnikarhe (silica) 0.73 - 0.81
HarpieBo-kanbiiieBe cuinikatae (soda-lime-silica) 0.70 - 0.82
Bopocwunikarae (borosilicate) 0.71 - 0.82
Asromocmitikatae (aluminosilicate) 0.81-0.96
Caunuese cuitikatae (lead silicate) 0.62-0.73

TpuBamictp mporecy Kopo3ii y CKIl 3 HAaNpyKEHHSMHU BH3HAYAETHCS
rapaMeTpoM TpilHU 7. YuM Oinbllie 3HAYEHHS 72, TUM JIOBTOBIYHIIINM € CKJIO
[9]. KoncTanTa 12 TakoK HA3MBAETHCS «IIAPAMETPOM CXIUTBHOCTI JI0 KOpo3ii» [48].

OckiJbKU IapaMeTpy MIBUAKOCTI TPIMHU v, 1 7 3a]exaTh BiJ Marepiaiy,

TEMIIepaTypy Ta HaBKOJIHMIIHBOro cepexoBumia [50], [28, c.82-85], Tomy ix
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3HAYEHHs NPUIAMAIOTh HACTYNHUMHU: v, = 6mm /¢ Ta n=16 - JUI OLIHKH CKIa,

BUTOTOBJICHOI'O 3a TEXHOJOTI€I0 (IoaT-npouecy, L0 eKCIUIyaTyeTbCd Y
3BMYAlHUX yMOBaX, HATOMICTb JUIi CKJIa B YMOBaxX IiJBHUIIEHOI BOJIOIrOCTi Iii
3Ha4eHHsa — v, =30mm/c Ta n=16.

3rizno 3 CNR-DT 210/2013 [49, ¢.35] B po3paxyHKOBHX WIJSIX MOXHA
NpuiiMaTH Taki 3HAYEHHS «IapaMeTpa CXWJIBHOCTI 0 KOpOo3ii» n B 3a)KEHOCTI
BiJl YMOB €KCILTyaTalil: sl HATPi€BO-KaJIbII€BOTO CHIIIKATHOTO cKjla — n =16 3
nmiamazony n =12+16, mis OopocwiikatHOro ckia — n=37,2 3 Jiamna3zoHy
n=27+40.

Po3mip noporoBoi TpillMHU gy =da, Ta PO3MIp KPUTHYHOI TpIlIUHU a,
OTPUMYIOTb, 3aMiHIOI0UH Yy piBHAHHI (10) KOoedilieHT IHTEHCUBHOCTI HANPYXEHb
K; ma K;=K,;,=0,25 Mlla-m" ta K;=K;»=0,75 MIla-»"" , sinrosizxo [50].

Yac pyiiHyBaHHS [, - 4ac JO IOCSIHCHHS KPUTHYHOI IHTCHCHBHOCTI

HanpyxeHb K. IlpoBiBmm inTerpyBanHsa piBHsAHHA (16) Bix mHouaTKoOBOL

JOBXXKUHU TPIMHU @;, Ae K=K}, N0 KiHIEBOI KPUTUYHOI NOBXKUHU TPiLIUHU

a., ne K; = K-, orpuMaeMo yac pyiiHyBaHHs B iHTerpaibHii ¢opmi (17) [54,

¢.9-10], [55, ¢.10-11]:
“da _F da

v e a

Yac pyHHyBaHHs ¢, Wi AIIOYUM IOCTIHHAM HABAHTAXCHHAM O,, SK

(GYHKIIS 13 CHJIOBOrO 3aKkoHy, Moxe Oyrum 3ammcanuii y Burnmag (18),

3amponoHoBaHOMY y poboTtax M. Bienca [24, c.4-5] ta 1. baga [54, ¢.9-10], [55,
¢.10-11], Ox. I'macemanna [60, c.23-28]:

tr=B oo, ", (18)

2

v, Y2 (n-2)0,7 K

3pOCTaHHSA TPIMMHA (SK A 1 n), TI0 OOYUCITIOETHCA 3a CEPEIHIM YacoM [0

pyHHYBaHHS Ta IpHU BiANOBIIHUX NPUKIAJEHUX HaNpyXeHHAX G, [24, c.4-5];

ne B= eKCIIEPUMEHTAJIBHO BHU3HAYEHUI IapaMmerp

G c — KPMTHYHI HalpyXeHHs NPH IMOYaTKOBiH JJOBKMHI TPilllMHU abo0 iHepTHA
MIIHICTD (MIIHICTD 32 BiZICyTHOCTI JOKPUTHYHOTO 3pOCTAaHHS TpimmHy) [24, c.4-
5], [28, c.44], [38, c.18-19] [54, ¢.9-10], [55, ¢.10-11], [61, c.224], [62, c.731].
Bupaz s 3Haxo/pKeHHS  MiHIMagbHOrO dacy pyHHyBanuHst (19),
npezacTasiennit B gociimkendi 1. Befinepxopna [21, ¢.10-11]:
2641_2 (K]C Ga/cp)z_n
nin = P > (19)
AY (n-2)

e G, - HAIPYKCHHSL, SIKi € OLIBIINMH, HK [1104i HALPY)KCHHA G, .

Akmo NpUAHATH G, =G;c, TO orpumaeMo HaseneHy X. Iombuem
[52, ¢.271] 3anexnicts (20):
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) n-2 . —n
G]C 04 . (20)

> 2
n(n—2)AK -
PiBusHHS, [0 omucye 4Yac pydHyBaHHA, 3rigHo 3 T. Mivambcke
oburcIroeThCs 3a hopmyroro (21) [45, c.114]:

B 2|:(K]C/K]l)n_2 - 1}
(n-24 Y*6 2K}

ae K; 1 Kj- — Koe®illieHT 10Y4aTKOBOi I1HTEHCHMBHOCTI HampyKeHb Ta

t Q1)

KPUTHUYHHUN KOe(illieHT IHTEHCUBHOCTI HaNpy)XeHb (pyHHYBaHHS), BiJIIOBIIHO.
VY crarti K. [dotina [38, ¢.19-20] mogano HacTynHwuit Bupas (22):

_2Ki " —Kic")

. (22)
(n—2)4Y*c?
Amnasoriyae 1o GopMi piBHSIHHS Takox 3anpornonoBane H. [lxeiimcom [40]:
K, 2-n _ -n
i = 2 J‘ Kl — 2 Kic” =K . (23)

Y26, nd i Y?o,’nd 2-n
AnbrepHaTHBHI (QOPMYIH I [, HaBeUCHI TakOX y poborax JDxk.

Meuonscki [48], M. Osepenna [50], I'. Jomma[63, c.123], B. Yarypsuy [64].

Po3paxynok ¢aktuuHOro yacy pyiHyBaHHSI BUMarae HasBHOCTI iH(opmarii
PO HABKOJIMIIHE CEpPENOBHINE, NPHUKIAJCHE HABAaHTAKECHHS (HANPYXECHHS) Ta
MOYaTKOBUI po3Mipy edekTy. Y GaraTbox BHNaakax Il iHpopmanis HeBigoma i
MOXe OyTu BHBEAEHA 3 MAapKyBaHHS ITOBEPXHI TpILIMHH, OTPUMAHOI MiCI
pyiinyBanns [45, c.114]. JlocmimpkeHHS  BiANOBIAHUX  XapaKTEPUCTHK
pyiiHyBaHHS cKkia mpencraBieHo y crarti  Jx. Mewombscki [58]. Takox
MOYAaTKOBUH pO3MIp TpIIMH 3a YMOBM BIJACYTHOCTI iX Bi3yaJIbHOTO
CHOCTEpE)XEHHA Ta (IKCYyBaHHS MOXKHA NPUHHATH 3 HAsBHUX CTaTUCTUYHUX
JMAHUX Yy BUDJISAII JiarpaM 3aJIe)KHOCTI 1HEPTHOI MIITHOCTI CKJIa BiJl PO3MipiB
nedexTiB, Mo mpeacTaBieHi y gocuipkeHHsx B. Yarypsny [64], M. Oepenna
[65, c.19], P. Monna [66, c¢.128], C. Ilepconuka [67, ¢.28] mis pi3HUX CTaHIB
TIOBEPXOHb CKJIA.

BucnoBku. 3rimHo 3 JTHIHHO-IPYXHOIO MEXaHIKOIO pPYHHYBaHHS IUIs
QHATITHYHOTO METOLY pPO3PAaXyHKY CKISHHX KOHCTPYKLIH, 30KpeMa BiJIBHO
OIIEPTHX IT0 YOTUPHOX KyTax 0araTomIapOBUX CKISTHUX IUTHT, SIKi NTPAIIOIOTH Ha
3THH BiJ] JJOKJILHOrO HABaHTa)KEHHS ITOCEPEAHHI, MOJKHA BUKOPHCTATH HACTYIIHI
rapameTpy MiIHOCTI:

- KPMTHYHI HANPYKEHHS B CKJi G ;- 3a BiJICYTHOCTi JJOKPUTHYHOIO 3pOCTAHHS

TPIIMHKM  pO3MIpOM  ¢;, ab0 KOPOTKOYAaCHY MIilHICTb CKIa G;- TpH

i
HasABHOCTIJJOKPUTUYHOIO 3POCTaHHS TPIILUHU 3 IOYaTKOBMM DPO3MIpoM g; (Tak
3BaHa«iHEPTHA MILHICTh CKJIa» ), SIKI pO3paxOBYIOTHCSBIANIOBIIHO /10 piBHSAHHS (9);

- JIOBrOBIYHICTh KOHCTPYKIIH 13 CKia 3rigHo 3 piBHAHHAMHE (18)-(23) sk yac

pyiiHYBaHHs [, TPU HAsSBHOCTI yMOB JUIs JOKPHTUYHOTO 3POCTAHHs TPILMHK 3

[OYaTKOBUM PpO3MIpPOM TpILMHM ¢; IiJi HAaBAaHTXKEHHAM IpU KoedilieHTi

iHTEHCUBHOCTI HanpyxeHb K; > K, = 0,3K ;¢ .
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Demchyna B., Osadchuk T.
DETERMINATION OF GLASS STRENGTH AND TIME-TO-FAILURE USING LINEAR
ELASTIC FRACTURE MECHANICS

Traditionally glass is an aesthetic material not for load bearing purposes. The strength of glass is
dependent on stress distribution, load duration, surface condition, and environmental conditions.
Surface defects (flaws) or cracks are coupled with the inherent brittleness of glass. Brittle failure of
glass is catastrophic failure mode when surface defects or cracks rapidly propagate under tensile
loads to a critical value. This can be modelled using linear elastic fracture mechanics (LEFM). Elastic

stress intensity near the crack tip is described by a stress intensity factor K; . Analytical methods for
characterizing the strength properties of glass are: estimating fracture toughness Kj;-~ or inert
strength o and lifetime ¢ % prediction for fatigue loading. Using these design approaches based on

LEFM can give obtain the load bearing capacity of glass constructions.

Keywords: glass strength, flaws, scratches, cracks, stress corrosion, subcritical crack growth
(SCQG), linear elastic fracture mechanics (LEFM), stress intensity factor, static fatigue, power law,
reliability, lifetime prediction, failure time (time-to-failure).

Hemuuna B.I'., OcaouyxT.1O.
ONPEAEJIEHUE MPOYHOCTH U JOJII'OBEYHOCTH CTEKJIA HA OCHOBE
JIMHEMHO-YIIPYT'Ol MEXAHUKHA PA3PYIIEHHUS

TpaguIIMOHHO CTEKJIO SBISETCS OCTETHYSCKHM MaTepualoM, He IIpeJHAa3HAYeHHBIM UL
Hecymux neneil. [IpodHOCTh cTeKIa 3aBUCUT OT PacpeleeHus HaNPsXKEeHUH, IPON0ILKUTENBHOCTU
HArpy3KH, COCTOSIHHS IIOBEPXHOCTH U YCIIOBUH OKpy>Karommel cpenbl. IloBepxHOCTHBIE eeKTHI HIn
TPEILIUHBl CBS3aHBl C XapaKTEPHOM XPYNKOCTbIO CTEKJa. XPYNKOE pa3pylIeHHE CTEKIa - 3TO
KaTacTpO(HIECKUH PEeKUM OTKa3a, IIPU KOTOPOM IIOBEPXHOCTHBIE Ne(EKThl HIIM TPEIUHEI OBICTPO
PacIpOCTPaHAIOTCA I10J HArpy3Koid Ha pacTshKeHHE [0 KPUTHYECKOro 3HAayeHHs. OTO MOXKHO
CMOJIEIHPOBATh C MOMOIIBIO JHHEHHO-yIpyroi MexaHuku paspymenus (JIIIMP). MHTeHCHBHOCTH
YIOPYrHX HaIpsDKEHHH BOIM3M KOHIIA TPEUIMHBI OMHCHIBACTCS KOI((HIIMEHTOM HHTEHCHBHOCTH

HanpsokeHni K; . AHaIUTHYECKMMM METOJJAMH  ONPEJENCHUS TIPOYHOCTHBIX CBOWCTB CTEKJIa
SBIISIOTCS: OIIEHKA BSA3KOCTH pa3pymleHus K - WM WHEPTHOH MPOYHOCTH oy W IPOrHO3UPOBAHUS
TPOJIOJKHTEIBHOCTH IKCILIyaTal (BPEMCHH pPaspyIICHHs) fy OT ycranoctd. HcmonbsoBanue

TaKHX PACUCTHHIX IIOAX0f0oB Ha ocHoBe JIIIMP mo3BOmsSeT MOIYYHTh HECYIIyI0 CIOCOOHOCTB
KOHCTPYKIHI U3 CTEKJIA.

KiioueBble c10Ba: IPOYHOCTH CTEKIA, Ne(EKTH (HEZOCTATKU), LAPAIHHBI, CTPECC-KOPPO3HS
(KOppo3us IIOJ HANpsDKEHHSMH), IOKpUTHYeckHi pocT tpemuusl (JI3T), muneliHo-ynpyras
mexanuka paspymrerus (JIIIMP), xo>d¢uIMeHT HHTEHCHBHOCTH HANPSKEHUH, CTaTHYeCKas
YCTaJlOCTh, CUJIOBOH 3aKOH, HaJI€XKHOCTb, IPOTHO3UPOBAHHs J10JITOBEYHOCTH, BPEMs Pa3pyLIEHUs

YK 624.012.6+691.615
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tex. 30ipH. — K.: KHYBA, 2018. — Bum. 100. — C. 40-58.

Pozenanymo eusnavenns miynocmi ma yacy pyuHy8aHHs CKAA 3 GUKOPUCMAHHAM
nioxo0ig AiHIUHO-NPYICHOT MeXAHIKU PYUHYBAHHSL.
Tabmn. 1. In. 3. Bibmiorp. 67 Ha3B.

Demchyna B., Osadchuk T. Determination of glass strength and time-to-failure using
linear elastic fracture mechanics / Strength of Materials and Theory of Structures:
Scientific-and-technical collected articles — Kyiv: KNUBA, 2018. — Issue 100. — P. 40-58.
— Ukr.

The determination of glass strength and time-to-failureusing the approaches of linear-
elastic fracture mechanicsis considered.
Tabl. 1. Fig. 3. Ref. 67
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I'PAHUYHOEJEMEHTHA METOJUKA JOCIIIKEHHA
KOJIMBAHB ITPY KHUX MACUBIB 3 YPAXYBAHHAM
BUITAIKOBOI'O XAPAKTEPY KOHCTAHT MATEPIAJIY

10.B. BopoHa,
KaHJ. TeXH. HayK

L.J. Kapa
B.1. Ilep6iii

Kuiscokutl HayioHawHutl yHisepcumem 6y0i6HUYmM8a i apximexmypu,
Tlosimpogpnomewruii npocnexm., 31, m. Kuis. 03680

JUIss DOCIIDKEHHsST 32 METOAOM TPaHHYHHX CJIEMEHTIB yCTaJCHHX TapMOHIYHHX KOJIMBAaHb
HPYXKHUX MAaCHBHHX €IEMEHTIB KOHCTPYKIIl PO3pOOJSETHCS YHCENbHA METOAMKA, SKa BPAaXOBYE
BUIAJKOBUI Xapakrep (isMKO-MEXaHIYHMX MapaMeTpiB Marepialy. BiIXWIEHHS BHIAIKOBUX
BEIMYMH Bifl IXHIX CEpeIHIX 3HAYCHb BBAXAETHCS MAaMM I[1apaMETPOM, 33 SIKHUM BHKOHYETHCS
PO3BHHEHHS HEBITOMUX MLUIBHOCTEH i smep iHTerpansHuX piBHAHb. OTpHMaHA CHCTEMa IPAaHHYHUX
IHTErpaJbHUX PIBHSHB, IIOCHIJOBHE pO3B’S3aHHS SIKHX [103BOJSIE BH3HAYUTH CTATHCTUYHI
XapaKTepUCTUKU  HeBigjomMux. [l  OOYMCICHHS CHUHTYJSPHUX YacTWH  IHTErpajliB  BiJ
(yHIaMeHTaJIbHIX PO3B’SI3KIB Ta iXHIX MOXIIHUX 3alPOMIOHOBaHI HAOJIMKEHI BUpasH, 0COOIMBOCTI
SIKHX HE IIEPEBHILYIOTh 0COOIMBOCTI siAep 3a/a4di CTATHKH.

Kaiou4oBi ciioBa: rpaHuuHi iHTerpaibHi piBHSAHHS, (yHIaMEHTANbHUI PO3B’S30K, BHUIIAJKOBI
BEJIMUYMHH, MaJIMH Tapamerp.

Meron rpannynux enemeHTiB (MI'E) HaOyB mIMPOKOro pO3MOBCIOKEHHS SIK
OCHOBA JUIsi CTBOPEHHS 3ac00iB, CIIPSIMOBAHUX Ha YWCEIIBHE PO3B’SI3aHHS 3ajad,
[0 BUHUKAIOTH B Pi3HUX Taiy3sx TexHiku [1]-[3]. B Toit e yac nuraHHS, SKi
CTOCYIOTBCSl ypaxyBaHHS BHIAQJKOBOTO XapakTepy 0araTtboxX MapamerpiB, IO
BHUKOPHCTOBYIOThCS NPH po3paxyHKy 32 MI'E KOHCTpYKIi# Ta iXHIX €JIEMEHTIB,
B JIiTEpaTypi BUCBITJICHI 3 HEZOCTATHHOIO0 MOBHOTOI0. UncenpHii pearnizanii MI'E
JUISL OCHI/DKEHHS CTaTHYHOro Ae(opMyBaHHS MPYXKHUX 0O €KTIB NPHCBSYCHA
pobora [4]. B poboti [5] 3a momomoroto MI'E po3B’sizyeTbcsi 3amada mpo
PO3CIIOBaHHSI aKyCTH4HOI XBHWJII Ha XOPCTKiM cdepuuniii mnepemkoni. Ilpm
I[OMY BUIIQJIKOBUMH BEJIWYMHAMH BBA)KAINCHh JOBXKMHA MAJal0doi XBWII Ta
T'YCTHHA CEepeJIOBHINA.

B nmaniit crarti HaBOIATHCS pe3yabTaTH POOOTH MO CTBOPEHHIO €EKTUBHOI
YHUCENIbHOI METOIMKH IUISl JOCIHIPKCHHS BHMYLIEHHX YCTAJICHHX KOJIMBAaHb
MPYXHAX TPUBUMIPHUX 00’€KTIB CKJIAAHOI (OpMHU. BBakaeThCs, 1110 KOHCTAHTH
Matepiany Jlame A i P € BUNAAKOBHMMHU BEIMYMHAMH. B SIKOCTI aqropuTMivHOI
OCHOBM OOYHCIIIOBAJIBHOTO IIPOIECY BHUKOPHCTOBYETHCS TPAHWYHHNA aHAJIOT
¢opmynun Comiyianu Uil aMIDNTYyA IepeMilleHb, $Ki BHHUKAIOTH IpPH
TapMOHIYHHX KOJIMBAHHSIX:

1 - ; - B, - ,
Eu/(x,(o)= J.Tk (yaw)U/k(xaya('O)dry_juk(yam)rjk(xayam)dry: jak =13, (1)
r r

Ae u;(X,0) — j-a KOMIIOHEHTA KOMIUICKCHOI aMILIITYM KOJIMBAHb 3 KPYTOBOIO
Y4acToTOR  ®;  X{X;,%,,%3}, ¥{¥, 5, v54€l; ' — rpanuus obmacti V;

© Bopowna 10.B., Kapa I./1., Hlep6iii B.1.
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T; (y,co) An; (y) (y w).u ﬁuj@,co)+auk@,w) n,(y) — KOMIIOHEHTH KOMII-
Ok oy;

m
JIEKCHOI aMIUTITYJM HANpyXeHb Ha IUIOLIMHII 3 HOPMALIO n{n,n,};
U (X,y,®) — byHIaMeHTaIbHUN PO3B’ 30K 3a1avi (aMILTITYIU IIEPEMIllCHb B
NPY)KHOMY JBOBHUMIPHOMY IIPOCTOpPi BiJ Iil 30CEpEIKEHOI CHIIH, OIMHUYHOL
aMILTITy/H, sIKa NIPUKJIaJieHa B TOYL X B HampsaMKy oci 0x;) [2]:

- = 1
Uj(x,y,0)= e [8./ka(”aC°)_”»_/ Tok Uz(r,w)J ; 2
e (1 1 e[ 1 1
Uy(r,m)= l-——+—— | ta — ; 3
0( ) ( g r g J r {glr éfl"z ( )
&or &r
_e? L3 e 3 3.
U,(r,0)= p {l §21’+ zer 0= {1 §1V+§fr2]’ 4)
o ) _u A+2u or _Yi 7%
== == G =] 4/ O T
él Cl é2 Cz 2 \/; Clz j ay/ r
r=\/(y1 —x1)2+ (v, —xz)2 — BiACTaHb MK TOYKAMH X 1 ) ; P - TyCTHHA

marepiany; T (X,y,®) — y3arajpHeHa HOXiqHa (YHIAMEHTAIFHOIO PO3B’SI3KY,

TOOTO HAIIPY)KEHHS Ha IUIOMIMHKAX 3 KOMIIOHEHTaMH HOpMalli, sIKi BUHUKAIOTb B
MIPY>KHOMY JIBOBUMIPHOMY IIPOCTOpI Bij Aii BUIE3ragaHoi oAnHUIHOL critH [3]:

Ty 5,3, 0) =1, () ) u[aU’""(x Fr0), Wy ) ’“’)] s

aym ay] aym

= L[r n; T +(d &H’ n ) +r,.r QT] ; (5)
41 okt j A1 Jk on 2 j ke ) L2 ok’ on 31>

Sr 6 6 | & 6 6
T(r,0)= $—| 2+ of 28 r—4+—— r—1)[; (6
1( ) }"2 [ &-’zr E_é}"zJ }"2 |: ( 2;1 glr glz (él ) ( )
T(ro)= | eyr3e 8 6 gy 6, 6 7)

2 P27 &y ﬁ%rz @1” &

Sl 30 , 30 30 30

T(r,o)= 2&r+12———+—— 28 r—12+=—— .8
3( ) }" ( E.’Z gzr ggrz él &1 E_,l 1’2 ( )

ITogamo nepeMimieHHs TOYOK Tijla y BUIVISAAI PO3BUHEHHS IO CTYICHAM
BHIIaJIKOBUX ITapaMeTpiB A 1 L

o O, 1:20%, 120", oo 0%
k +—k zk ) 2 M k
ouw 2 O\ 2" ou o ou

ne u;, =u, (A1) ; AU - MaTeMaTH4Hi CHOJIBaHHS BUNAJAKOBUX BEIUYUH A 1 |1;

o Ou,
u, (A u, +k—+
(A ) =y Y TR

ce

A=XA—A, \=U—[ -BiINOBiIHI IICHTPOBaHI BUMIAJIKOBI BEIIMIUHU.
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AHaJOTiYHUM YHHOM MOXKHA II0aTH KOMIIOHEHTH (yHIaMEHTaJIbHOTO
PO3B’sI3Ky 1 Hloro moxigHoi:

o 02
1 I pop
Ujk(}\.,},l)ZEij = 5—_—2+:—... [ij +A

+
TR o 0
©)
2 0°G 20°Gy .. 0°G
15 J +lu A oppn—22 g,
2 a2 ot onop
_ .0T, .o,
T, Ouw)=T, + —2 &
/k( “) Jk YN 5u
T, T, T, (19
1:20T; 1:20T; -.0T,
+—=A Tt u —+hu +...
2 Oh 2 ou OLOu
ne
1
Gy )= = [83Us(ha)=r; i Us (L.
=~ 1 =~ = a(_;jk 1 6(70 6(72
ij_ E [SijO_rajrakUZJ aT 4_7'C |: jk Ty ENN =, rak on
0Gu_ 1 [ o0, U, | @Gy 1 [, @0, &0,
T T T R R E - E
azéjk _ L A 62(70 }" }" 62(72
Guz 4 | K Guz *k 6u2 >
1 = or = or =
= E[r,kl’ljﬂ+(6jkE+I’,jnk)T2+r,kr,jEY}J,
a]_}{j 1 or 0Ty
aT [I",ki’lj a}\‘ (6/1{ +I",j7’lk) +rakra/§a_>\’ )
a]_}{j 1 or 0Ty
Ez 4_n[r:kn (6/k +”a/"k) H ,k”»jaa )
Ty o’T, or o’T, or 0°T,
= — L5, Ly, 2 rofs
a: 4n Lram, a2 T B M) I By
T, o? T1 07T, ar 0T
= — S 3
6“2 7t[r,kn +( 3 +r,jnk) p +r,k i o 6

1 B CBOIO Uepry

Uy =Uy(v), Uy =U, (1), T =061, T =001, T3 = (L),
oUy _0Uy(hB) 80U, _0Uy(L1) 0U, _0U,(Li) U, _ aU, (M)
o o T ew ow v v Toew o
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of _ (i) 0T, _ 0h(i) 0L, _0L,(LE) 0T _ OT (i)

o o op on oL o on on
°Uy _Ug(up) 2°Uy _ 2°Uy(up) 0°U, _ 0°Uy (A1) -
o’ a7 oop? o ot o’
By,ueMo BBaXaTtu, 110 BiI[XI/IJ'IeHHSI BCIIMYUH 7\,, n BI,H X cepez[Hix 3HAYCHb

>

A, € mamuM. Tomi, mifcTaBisifodyi HaBelEHI PIBHOCTI B IPaHUMYHMI aHAJIOT
¢opmynu Comimianu (1) 1 rpymylodd 3TiJHO AITOPUTMY METONY Majloro

napamerpy [6, 7] BUpas3u, 110 AOMHOXYIOTBCS Ha IIapaMeTph A,[l OIHOTO
TIOPSAIKY, OTPUMYEMO HHU3KY PiBHSHB!

- (-7 = .
S +l[ukT_,kdr= frkﬁG/de, Jik=13, (11)
la” Ouy, = 6_ _ aé_/‘k
2 j(ax Tyttt =5 |dT'= I"‘ 2 (12)
15” Ouy, = af/k 1 aé/‘k =
T F= = ————=00; F 1
26“ lj:(a“ /k+ k Em d l'[TkH o HG/k ar, (13)
%, 20— _ T, Ty, %G,
1O (| Tt 7 g Ok B Oy [ LOk e ()
2ar fa? a?  Oh Oh FORoa?
2 27
16”_/|J‘5”_ —aT}kia"kaT}k dT=
2 6u2 auz Jk Tk auz on 0
*G, 109G (1
1 k1 9%k 2 =
=T, = = +=G,, |dl,
l"u[eﬂ H ou u-"‘}
16u J,auk 62/klaukaTk aukaT JT—
25},@7\. OuoA Tt kauax oL on  ou oh
(16)
*G, 109G
—jkl e 17k ar
oudh n Oh

Jlis mocnigoBHOrO ckiamaHHs 1 po3’s3anHs piBHAHB (11)-(16) okpim
BupasiB (3), (4), (6)-(8) mna xommonenr spep U,.U,,.T;,T,,7; HeoOXinHi
TAKOX BHPA3H IS iX MOXIJHUX MO napaMeTpaM A1, sIKi HaBeJeHi HIDKYeE.

oU, _oU, agl 11 |da (17)
oL 0§ a &r gt )or’

op 6@1 aH aéz aH & ﬁlzrz

(18)
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Uy &5 (.25 oU, %" (.5

&, = éfr3( ro=2&r +2), 2, _§;r3( o +2)(<“;2r l),

Ko % %G e G o

- 2C042m) e GOz on | 2Cw
Oo. _ 4! Jdo_ A

O 2n)? T O (o)

U, 0U,08 e[, 3 3 |oa (19)
on o oh Er g2 oL

op 6&1 aH o5, aH r &r §12r2

(20)

ou, eI
a_&l‘_“gw( =360 +68,r-6),
aUz_ez:‘Zr(
%, g’
Of, 0T, 35 %" 66 |oa
A e e @b
O, _0T, 3§ 0T, &, ™" 2 1 6 6 aa
op 0 o 5&2 op rz v &r ﬁ

gr3 —3?;%1’2 +6§2r—6) ,

(22)

T, &% 4 4 e 44 33 222 _
a_él_gﬁr“[g‘ rra(-28, 4287 -6, 2 4128 12)],
o _
0,
%_5% 6§1ie€1’ 6. 6 oo
5. o 2|2 glr'glz,,z . 23)
o, _ 0T, 08, aTz 6&2 7. 6, 6 |0a
op g ou 8&2 o 2 &r ﬁfrz
T, oy
—==a
o, §3r4
o,

== —28,°17 +68,°r7 —128,r+12),
% 2234(@ &)1 468’1 ~12,r+12)

%%%_zg 30 30 |da
o~ 0, o e T2 o

o, _ %%ﬂ%_[zgl 30 o]aa 26)

Eor
€
s 4(12 126, 7+68,°r 2:;2%3),

24)

(28 -6 27 +128,r-12),

25)

on g Op &, o &r ou’
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Oy 8
a_E.’l_ §I3r4
Ty B 52"
g_ &237’4

Sk 6aunmo, komoHeHTH U, Ta U, Ta iX NMOXiJHI MIiCTATb B 3HAMEHHHKY

(60602, +308, 27 1082 +2¢,*r*)

(-60+608,r-308,° +108,"r 28,** ).

3
BenmMuuHy r°, a komnonentu 1;,7,,7; - BenuuuHy #*. Ia obcrasuna

BHKIIOYa€e Oe3rocepenHe Bukopucranus supasis (3), (4), (6)-(8), (17)-(26) nus
OOYHMCIICHHS 1HTErpajiB 10 THM T'PaHUYHUM €JIEMEHTaM, Ha SKHX pO3TalllOBaHUN
nomoc iHTerpyBaHus. [ momonaHHS Ii€l MEpenIKoar MOXHA CKOPHUCTATHCA
PO3BHHEHHSM BKa3aHMX KOMIIOHEHT Ta iX MOXiZHMX B psx MakiopeHa.
BimnoBimHi BUpa3y HaBEJCHI HIDKYE.

M
Uy =3, "7k, (my,, +0), 27)
m=1
Y 2
UZ = z " Kim (m _2)(Yn1 - 0(') s (28)
m=1
Y 3
T, == r""x,(m-2)2y, +2mo—m-1), (29)
m=1
Y 3
T,=>r""x,(m-2)[(m-1y, +2a], (30)
m=1
Y 3
T,=-2>1r""k,(m-2)(m-4)(y, —a), (31)
m=1
ou, M ..lok oy, oo
—Y - —_m + + —_im , 7= , 32
Y mzzllr [ Y (my,, +a)+x, [m o (32)
M
aU() — z rmfz |:6Km (mym + (x) + Km (m%.ﬁra_aj s (33)
5/ U — op o Ou
aUZ u m-2 oK 8y oo
U, _ )| Koy A G4 (34
P AU - SRR RN s D
M
aUz — z rmfZ (m _2)|:8Km (,Ym _ 0(’) +Km {a},m _a_aj , (35)
5] — op op  ou

= n X

y ] _
5 3m=2) Hm 2y s oma—m—1)+x, [2%+ 2m a“] , (36)

M

ﬂ: _z Vﬂ173(m_2) aKm (ZYn1 +2ma_m_l)+Km {2%—’_2”’6—&] ’ (37)
a“ m=1 a“ a“ a“ -

aTz M m—3 oK 8y oo i
2 -2 2 ((m—1)y, +2a)+ -D—"+2—11, (38
o= =) (=D, +20) Km[(m et )69
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L e Al
5 _mzl (m— 2){ o n((m 1)y, +20) + K ((m he +26uj_’ (39)
ik} n-s 8 Ay 00|
G2 29| 21 -y, D2 22 i
oy 5§ s n oty 20|
e 2”121 (m—2)(m— 4){ (Y —0)+ Km( 2u 5“)_ , (41)
IS
1 [i(’)}ml [ Cl Jml
Kpy=>7"""-"— | =+ s Ym =| A ’
(m-Dlm+1)| C, C,
oK

m+1 m+1
m_ m—1 o 1ok, _ o
o 2m-D(m+D| C pw? L (m- l)'(m+l) G ) po*

ar, m-l |20 oy, (m 1)x x+2u
oA 2u u ’

[lepmii momankyu po3BHHEHB (27)-(37) CHIBIIAJAIOTh 13 CBOIMH CTaTHYHUMH
aHaJloraMu, 1 TOMy iX IHTErpyBaHHA MO)Ke OyTH 3AiHCHEHO 3a 3BHYAHHUMHU
npoueaypamu [bpe6, ben....]. Ane BogHOuac mocTae€ IHUTAaHHS CTOCOBHO
KIJIBKOCTI wieHiB po3BuHEeHb (27)-(37), sKi HEOOXiAHO yTpUMaTH JUIs
3abe3mneueHHsT HeoOXiaHoi ToyHOCTi oOumcneHb. CHiBCTaBICHHS pPE3YNbTATiB
BU3HAYEHHA NOXiAHMX KommnoneHT sauep U, ,U,,T;,T,,T; 3a dopmynamu (17)-

(26) 3 HAOMWKEHNMH 3HAYCHHSIMHM, OTPUMAHMMH 32 JOMIOMOroi0 BHpa3iB (27)-
(37) mpm pi3HIA KUIBKOCTI yTPUMaHMX WIEHIB PALY 1 PI3HUX 3HAYCHHSIX
HOPMOBAHOTO TTapaMeTpa YacTOTH, MiCTUThCA B Tabmumsax 1-10.

Tabmu 1

PesynbpraTtu 00UMCICHHS BETHYUHA

Yo 4 dopmynamu (18) Ta (33)

C ou ou
! (33) (33) (33) (33) (33)

(18) M=4 M=8 | M=12 (18) M=4 M=8 (33) M=12
0.5 ] 0.151 | 0.170 | 0.151 | 0.151 | -0.083 [ -0.079 | -0.083 -0.083
1.0 | 0329 | 0.597 | 0.333 | 0.329 [ 0.109 [ 0.235 0.11 0.109
1.5 | 0.198 | 1.309 | 0.282 | 0.198 [ 0.493 1.333 | 0.521 0.493
2.0 | -0.345 | 2.306 0.44 | -0.329 | 0.640 | 2.306 | 0.440 0.645
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Tabmums 2
ouU,
PezynpraTti 004MCISHHS BETMYMHU 8_7» 3a popmymamu (17) ta (32)
or fiRe—L oy m Im%
F O\ oA
! (17 (32) (32) (32) (17 (32) (32) (32)
M=2 M=4 M=8 M=2 M=4 M=8
0.5 ] -0.024 | -0.028 | -0.024 | -0.024 | -0.013 [ -0.014 | -0.013 | -0.013
1.0 | -0.015 | -0.028 | -0.014 | -0.015 | -0.023 | -0.028 | -0.023 | -0.023
1.5 | -0.002 | -0.028 0.0 -0.002 | -0.028 | -0.042 | -0.026 | -0.028
2.0 | 0.012 | -0.028 | 0.028 | 0.012 | -0.025 | -0.056 | -0.019 | -0.025
Tabmurs 3
P oU,
€3ynbTaT 00UNCICHHS BEITMIIHI Y 3a popmymnamu (19) ta (34)
or fRe—2 Uy [ Im%
C Fal)) Fal)
! (19) (34) (34) (34) (19) (34) (34) (34)
M=2 M=4 M=8 M=2 M=4 M=8
0.5 ] -0.031 | -0.028 | -0.031 | -0.031 [ -0.001 [ 0.000 | -0.001 | -0.001
1.0 | -0.038 | -0.028 | -0.042 | -0.038 [ -0.008 | 0.000 | -0.009 | -0.008
1.5 | -0.044 | -0.028 | -0.059 | -0.044 | -0.025 | 0.000 | -0.031 | -0.025
2.0 | -0.039 | -0.028 | -0.083 | 0.040 | -0.048 | 0.000 | -0.074 | -0.049
Tab6mums 4
PezynpraTti 004MCISHHS BETMYHHU 2 33 ¢dopmynamu (20) Ta (35)
or HRe—2% Uy nIlm—2 Uy
el ou oun
: 35 35 35 35 35 35
@ | A | s | | @ | G | wes | agis
0.5 | 0.062 | 0.073 | 0.062 | 0.062 | 0.029 [ 0.032 | 0.029 | 0.029
1.0 | 0.057 | 0.208 | 0.059 | 0.057 [ 0.171 [ 0.252 | 0.171 | 0.171
1.5 | -0.165 | 0.434 -0.1 -0.165 | 0.317 | 0.852 | 0.339 | 0.317
2.0 | -0.563 | 0.75 -0.04 -0.55 | 0.182 | 2.019 | 0.644 | 0.186
Tabmurs 5
or,
PezynpraTtin 004nCISHHS BETMYIHU 5_7» 3a popmymamu (21) ta (36)
or m Rea—T n Ima—T
C ax o
1) (36) (36) (36) 1) (36) (36) (36)
M=4 M=8 | M=12 M=4 M=8 | M=12
0.5 | -0.028 | -0.028 | -0.028 | -0.028 [ 0.001 [ 0.001 | 0.001 | 0.001
1.0 | -0.031 | -0.028 | -0.031 | -0.031 [ 0.003 [ 0.005 | 0.003 | 0.003
1.5 | -0.041 | -0.028 | -0.041 | -0.041 [ 0.006 | 0.016 | 0.006 | 0.006
2.0 | -0.062 | -0.028 | -0.059 | -0.062 | 0.002 | 0.037 | 0.003 | 0.002
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Tabmuis 6

oT
PezynpraTtin 004MCISHHS BETMYHHU 5_1 3a popmymamu (22) ta (37)
1!

wr HRG% Hlm%
G o op

37 37 37 37 37 37
@) | Na | ks it | @D | W | N | e

0.5 [ 0.006 | -0.003 | 0.006 | 0.006 | -0.023 | 0.026 | -0.023 | -0.023

1.0 | 0.035 | -0.097 | 0.033 | 0.035 | -0.131 | -0.206 | -0.131 | -0.131

1.5 | 0.257 [-0.253 | 0.193 | 0.256 | -0.205 | 0.696 | -0.227 | -0.205

2.0 | 0.595 | -0.472 | 0.003 | 0.581 | 0.016 | -1.649 | -0.263 | 0.012

Tabmus 7
oT,
PezynpraTtin 00UnCICHHS BETMIUHU 5_7» 3a popmymamu (23) ta (38)
or HRe% mmai
C O\ O\
(23) (38) | (3% (3%) (23) (3% | (3%) (3%)

M=4 | M=8 M=12 M=4 | M=8 M=12

0.5 [ 0.031 | 0.031 | 0.031 | 0.031 | 0.001 | 0.001 | 0.001 | 0.001

1.0 | 0.038 [ 0.042 | 0.038 | 0.038 | 0.008 | 0.009 | 0.008 | 0.008

1.5 | 0.044 [ 0.059 | 0.044 | 0.044 | 0.025 | 0.031 | 0.025 | 0.025

2.0 | 0.039 | 0.083 0.04 0.039 | 0.048 | 0.074 | 0.049 | 0.048

Tabmuis 8

oT.
PezynpraTtin 004MCICHHS BETMYHHU 5_2 3a popmymnamu (24) ta (39)
1!

wr HRG% Hlmai

E ou ou
(39 | 39 (39) (39 | (39 (39)
(24) M=4 | M=8 M=16 (24) M=4 | M=8 M=16

0.5 | -0.001 | -0.012 | -0.001 | -0.001 | 0.043 0.05 0.043 | 0.043

1.0 | -0.117 | -0.167 | -0.106 | -0.117 | 0.199 | 0.397 | 0.202 | 0.199

1.5 | -0.557 | 0.41 | -0.302 | -0.557 | 0.119 1.34 0.219 | 0.119

2.0 | -0.859 | 0.75 1.46 | -0.859 | -0.657 | 3.177 | 0.575 | -0.657

Tabmus 9
or,
PezynpraTtin 004MCISHHS BETMYHHU 5_7» 3a popmymamu (25) ta (40)
or aRe L 1im 25
C, ol ol
(25) (40) | (40) (40) (25) (40) | (40) (40)

M=4 | M=8 M=12 M=4 | M=8 M=12

0.5 | -0.087 | -0.087 | -0.087 | -0.087 0.0 0.0 0.0 0.0

1.0 -0.10 ] -0.097 | -0.10 -0.10 | -0.002 0.0 -0.002 | -0.002

1.5 | -0.126 | -0.115 | -0.126 | -0.126 | -0.012 0.0 -0.012 | -0.012

2.0 | -0.163 | -0.139 | -0.157 | -0.163 | -0.044 0.0 -0.042 | -0.044
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Tabmums 10

oT-
PezynpraTtin 00UMCICHHS BEITIMYUHU 8_3 3a popmymamu (26) ta (41)
1!

wr TReB Tmoh
sl K K
C, op ou
(41) | (41) (41) (41 | (4D (41)
(26) M=4 | M=8 M=16 (26) M=4 | M=8 M=16
0.5 0.138 | 0.128 | 0.138 0.138 0.005 0.0 0.005 0.005
1.0 0.356 | 0.264 | 0.343 0.356 | 0.144 0.0 0.140 | 0.144
1.5 0.541 0.49 0.228 0.541 0.788 0.0 0.656 | 0.788
2.0 | -0.141 | 0.806 | -2.954 | -0.142 | 1.966 0.0 0.351 1.966

30KHICTD pe3ynbTarTiB, OTPMMAHMX 32 JONOMOIOI0 pI3HMX BHpasiB 1
HaBeAeHNX B TaOmuix 1-10, CBiTYWTH MPO HAMIWHICTH OTPUMAHOI CHCTEMH
CHIBBiHOIICHh B IMUPOKOMY IHATA30HI MMapaMmeTpa YacTOTH KOJIHMBAaHB i TPO
MOKJIMBICTh TIOOY/IOBU Ha OCHOBI IIUX CITiBBITHOIICHE €()eKTUBHOT'O YHCEIEHOTO
aJTOpUTMY.
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Vorona Yu. V., Kara I.D., Shcherbii V. I.
BOUNDARY ELEMENT TECHNIQUE FOR PROBABILISTIC ANALYSIS OF ELASTIC
SOLIDS VIBRATIONS

A numerical technique for the boundary element method analysis of steady-state harmonic
oscillations of elastic massive structural elements is developed. The technique takes into account the
random nature of the physicomechanical parameters of the material. The deviations of random
variables from their average values are considered as a small parameters. The decomposition of
unknown densities and kernels of integral equations into a power series by these small parameters is
performed. A system of boundary integral equations was obtained using the procedure of the
perturbation method. The successive solving of the mentioned equations allows to determine the
statistical characteristics of the unknown quantities. Expressions for the derivatives of the
fundamental solution of the problem with respect to a small parameter which are the kernels of
integral equations are given. A set of approximate expressions was obtained by expanding the
fundamental solutions and their derivatives into Maclaurin series in terms of the distance from
integration pole parameter. The singularities of the proposed representations coincide with the
singularities of the corresponding kernels of the statics problem so they can be used for calculating
the integrals over boundary elements containing an integration pole. A comparison of the obtained
approximate expressions with their exact analogues is carried out. The number of members of the
truncated series which is necessary for a satisfactory representation of the kernels of integral
equations in a wide frequency range has been determined.

Keywords: boundary integral equations, fundamental solution, random variables, small
parameter.

Bopona IO. B., Kapa I. /1., Lep6uii B. H.
TPAHUYHODSJIEMEHTHASI METOJAUKA UCCJIEJOBAHUS KOJEBAHUIA YIIPYTUX
MACCHBOB C YYETOM CJIYYANHOI'O XAPAKTEPA KOHCTAHT MATEPHAJIA

Pa3pabaTbiBaeTCsl YUCIICHHAs METOAMKA U MCCIICIOBAaHMS METOJAOM T'PAaHHYHBIX DIEMCHTOB
YCTQHOBHBILIUXCS TAPMOHMYECKUX KOJICOAHHH YIPYrHX MAcCHBHBIX SJICMEHTOB KOHCTPYKLHIl ¢
Y4eToM CIIydaiHOrO XapakrTepa (U3HKO-MEXaHHYECKHX IIapaMeTpoB Matepuana. OTKIOHEHHE
CIy4aifHBIX BEJIMYMH OT WX CPCAHMX 3HAYCHHI CUMTACTCS MaJbIM I1apaMETpoM, 110 KOTOPOMY
BBINOJIHSFOTCSL PA3JIOKCHHSI HEN3BECTHBIX IJIOTHOCTEH U siIep MHTErpaibHbIX ypaBHeHHH. [TomydeHa
CHCTEMa TPAaHUYHBIX WHTETPAJBHBIX YPAaBHEHMUI, ITOCIEIOBATEIBHOE PEIICHAEC KOTOPBIX MO3BOJISIET
OIPE/EINTh CTATHCTHIECKUE XapPaKTEPHCTHKN HEU3BECTHBIX. [Tl BEIYUCICHHS CHHTYJISIPHBIX 4acTeil
HHTErpajoB OT (DYHIAMEHTAIBHBIX PELICHHH W HX MPOU3BOJHBIX MPEAJIOKEHBI HMPHOIIKCHHbBIC
BBIPAKCHHUSI, 0COOCHHOCTH KOTOPBIX HE IIPEBBIIIAIOT OCOOCHHOCTH SIIEP 3a/{a4y CTATHKHU.

KioueBble ¢€/10Ba: TIPaHUYHBIC HHTCTPAIBHBIC YpPAaBHEHUs, (YHIAMCHTAIBHOE PpEIICHHE,
ClTy4aifHbIe BEIMYHMHbI, MaJIBIH TapamMeTp.

YK 539.3
Bopona FO.B., Kapa LJ]., [l]ep6iti B.I. 'paHn4HOoeIeMeHTHA METOANKA TO0CTiT:KEHHS
KOJIMBAHb NMPYXKHUX MACUBIB 3 ypaxXyBaHHSIM BHIAJAKOBOI0 XapaKTepy KOHCTAHT
MaTepiany // Omip Marepianis i Teopis criopy. — 2018. - K.: KHYBA, 2018. — Bum. 100.
— C. 59-70.

Jna  Oocniddicenns 3a MemoOOM SPAHUNMUX —eleMeHmi8 YCMAneHuxX KOoaugamb
MACUBHUX elleMeHmMi8 KOHCMPYKYIL pO3POOIAEMbCA MEMOOUKd, sIKA 8PAX0BYE BUNAOKOBULL
Xapaxmep ¢hizuxo-mexaHiyHux napamempie mamepiauny.

Tabmn. 10. In. 0. bi6miorp. 7 Ha3B.

Vorona Yu. V., Kara 1.D., Shcherbii V. I. Boundary element technique for probabilistic

analysis of elastic solids vibrations // Strength of Materials and Theory of Structures:

Scientific-and-technical collected articles — Kyiv: KNUBA, 2018. — Issue 100. — P. 59-70.
A boundary element technique for the analysis of steady-state oscillations of solid

structural elements is developed. The technique takes into account the random nature of

the physicomechanical parameters of the material.

Tabl. 10. Fig. 0. Ref. 7
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HEYITKE MOJAEJIIOBAHHS B OITUMAJIBHOMY ITPOEKTYBAHHI
IMAPHIPHO-CTEPKHEBUX CUCTEM

B.O. Bapasnenko,
II-p TEXH. HayK, npodecop kadeapu OyaiBeIbHOT MEXaHIKU

JI.JI. Bor4ok,
KaH/I. TEXH. HayK, TOLUEHT Kadenpu Oy/IiBeiIbHOI MEXaHIKK

TIpudninposcvka 0epaicasra akademis 6yOIGHUYMBA Ma apximekmypu
M. [Juinpo, eya. Yepnuwescvrozo, 24a, 49600

B paniit po0OTi pO3risAalOThCS 3a1adi ONTUMAJIBLHOTO IMPOCKTYBaHHS ILAPHIPHO-CTEPXKHEBOT
CHCTEMH, Ha SKY HAaKJIaJIeHO OOMEXEHHS Ha JKOPCTKICTh, MII[HICTh Ta CTIMKICTh B YMOBaX HEUITKOI Ta
HEYiTKO-BUIAAKOBOI  iH(opMalii. 3anporHOHOBAaHO METOJMKA pPO3B'SI3aHHS 33Jadi Ha OCHOBI
3aCTOCYBAHHSI TEOpil HEYITKMX MHOXHH. PO3pOGJICHO airopuT™ peaizamii IPOIIOHOBAHOI METOIMKH.
OnucaHO OCHOBHI €Talmu HEYiTKOro MOACNoBaHHs: (asudikaiis, ONTHMI3alis Ta aHai3,
nedasudikaris. Onrumizamis 3aif{CHEHO Ha OCHOBI METOLy AUHAMIYHOrO IporpamyBanus. IIpoBeneHo
aHaii3 BUOOpy koedillieHTa HAAIMHOCTI MO HaBaHTaXXEHHIO. HaBeieHO pe3ynbraTé BILMBY dopMmu i
xapakTepy (QyHKIIiT HaJIGKHOCTI [TPU HEYITKOMY 3aBJIaHH1 iH(pOpMaLlii Ha ONITUMAJIbHI PO3B’I3KH.

Kaio4oBi cioBa: mapHipHO-CTEp)KHEBA CHCTEMa, HEYITKI Ta HEYITKO-BHIIAJKOBI BEJIMYHMHH,
ONTHMAJIbHE IPOCKTYBAaHHS KOHCTPYKIiif, HEYiTKE MOJCIMIOBAHHS, METOJ JMHAMIYHOIO
[IporpaMyBaHHSI.

Beryn

B teopii mpoekTyBaHHS KOHCTPYKIIi onTHMaNbHI 3a1a4i GopMyIrooTecs, B
OCHOBHOMY, y BHUIJIAIl JETEPMIHOBAaHMX (YITKMX) MoOjeliell MaTeMaTHYHOrO
nporpamyBaHHs. llpencraBise iHTepec pO3IIS TaKUX 33/a4 ONTHMAaJIbHOTO
npoektyBaHHs KoHCTpyKuiil (OIIK), B sixkmx Oynma 6 BpaxoBaHa iH(opmamiiiHa
CHTyallii CTOCOBHO BHXIJHHMX [laHHX, YMOB 3aKpiIUICHHS, IOBEMIHKH
cepenoBuIna, Mmiged Ta iHmMHMX (akTopiB HeBU3HaudeHOi mpupoxu. s
dbopMyTIOBaHHA 1 pPO3B'S3aHHA TaKhX 3aqad [MOTPIOCH  BiAMOBITHUN
MaTeMaTUYHUHA amapar, SKUM amnpiopHo BKIIOYaB OM B ceOe MOXIMBICTH
ypaxyBaHHs Ii€i curyanii. [TOHATTS HEBU3HAYEHICTH IHTYITUBHO 3pO3YyMiJIO
KOHiH mouHi. [Ipote 11 Gpopmarnizariist BUKIMKa€E NEBHI TPYAHOLLI.

HeBu3znaueHicth B MexaHilll XapaKTepU3YETHCS  HASBHICTIO  JaHUX
BHIAIKOBOI, He4iTKoi abo HeTOYHOI mpupoau. MOoXIMBa CHTYyalis, KOJIU
BifCyTHs B3araii iHpopmauis. [IpoekTyBaHHS i BUTOTOBJIEHHS KOHCTPYKIII 4M
CHOpPYIH 3IIHCHIOETECS B MEXaxX HOPMATHBHHUX JOKYMEHTIB. AJie BOHH MOXYTh
CYTTE€BO 3MIHIOBATHCS B IEBHUX TPaHULAX. THM caMHM 1 IIOPOIKYETHCS
HeBM3HAueHicTh. Hampukian, Mexaniuni i ¢isndHI XapaKTEepUCTHKH TOAAIOTHCS
B JIOBI/IHMKAX, SIK IPaBUJIO, B IHTEPBAJIbHOMY BHUIJISII.

BigHoImeHHs 10 HEBU3HAYCHOCTI JNOBTUU Yac OYINO 1 OCTAEThCS 3HEBaXK-
muBUM. JlyMKa Tpo "TepnuMicTh" KOHCTPYKIIi, 110 IPOEKTYETHCS, A0 BUXITHUX
JIaHUX, SKi O MajM BIACTUBICTH 3MiHIOBATHCS € NpuBadimBa. TyT mig TepMiHOM
"TepnuMicTs" pO3yMiEMO 3JaTHICTH MEXaHIYHOI CHCTEMH IIePETBOPIOBATH
BHXIJHY HENOBHY iH(OpMAII0 y JeTepMiHOBaHI Pe3yJIbTaTH Yepe3 BHKOPHC-
TaHHSI METOJ[IB MOJCTIOBAHHS, aHAJIi3y, ONTUMI3aIlil, "M'IKUX 00YUCICHB'" .

© bapanenko B.O., Bomyoxk JI.J1.
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MopenoBaHHsT BHITAJIKOBOI HEBH3HAYEHOCTI 3/IHCHIOETBCS B TPAHUILIX
Teopii #imoBipHOocTeil. Tyr ampiopHo mependavaloThCSd  BIIOMHUMH i
OCTOBIpHUMH (DYHKIIi PO3MOMITY Ta MIUTFHOCTI BUITAJKOBOI BEIUYMHH, iX
YHUCIIOBI XapakTepucTuku. L{fo iH(opMmariro oTpuMyIOTh Ha OCHOBI OOpOOKH
BEJIMKOI CTATUCTUIHOT BUOIPKH.

B Mexanimi Teopis HMOBIpHOCTEH 3aliMae BaKJIMBE Miclle NPH PO3TIISII
pizHoMaHiTHUX 3afa4 ananizy, OIIK 3 ypaxyBanusm HaziiinocTi [1]. JloBruit yac
BBAXKAJIOCh, II0 BCE HEOOXiZHE JuIi poOOTH 3a HEBU3HAUCHICTIO A€ Teopis
HMoOBipHOCTEH. AJle 3 4YacoM y 3BSI3KY 31 3MIHOIO CIPHHHATTS JIIOAWHOIO
HaBKOJIMIIHBOTO CEPENIOBUINA aJEKBATHICTh I[HOTO MiJXOMY I0Yaia BH3MBATH
CYMHIBH.

Onuc paHuX y BWIVISAL, HAmlpHKIIaJ, "HaBaHTKEHHS NPHKIAJCHE Jiech B
cepenuHi Oanku", "BeNMYWHA HABaHTAKEHHS Tpoxu Oubine, Hixk 10 kA", "yactora
KOJIMBaHb jocsirae npuoimsHo 20 7", "koedimieHT 3HAXOMUThCA B iHTEpBai..." 1
T.JI. 3IIMCHIOETECS B Mexax mnepmoro eramy (¢asudikamii) HEUiTKOro
MozemoBanHs. el eranm e BiamoBimanmeHMM. BiH 103BONSIE 3a  TOMIOMOTroOIO
(GyHKOii HaJIEXHOCTI ONMMCATH HEYiTKY MHOXKHHY TOrO 4Yd iHIIOro axropa,
TIOZIAHOTO y CIIOBECHOMY BHIUISAL - KBaHTH(ikaTopiB. DYHKISI HAJIEKHOCTI, SIK 1
¢yHKLis po3noxiry B Teopii HMOBIpHOCTEH Hie mo3a Teopii HEUITKHX MHOXKHH.
Bona moxxe Oyrm moOynoBaHa, HANpHKIAL, 32 HEBEJIMKOIO CTaTHCTHYHOIO
BuGipkoro. KBaHTH(}IKaTOpH, B OCHOBHOMY, MOJEIIOIOTECS 32 JIOMIOMOTIOIO
(yHKIIT HAIEKHOCTI TPUKYTHOT'O, TPAIIEIIOiJAIEHOT0, TAyCOBOTO THITY [2].

Jlpyruii eTar He4iTKOro MOAEIIOBAHHS € aHali3 (00 onTuMi3anis) MexaHIYHOT
CHCTEMH 3 ypaxyBaHHSM HEUiTKMX MHOXXHH. TyT BUKOPHUCTOBYETECS ¢ -piBHEBUIA
i axia, Mmetox MonTte-Kapito, BIacTHBOCTI Teopii HEUiTKIX MHOXKHH.

OTtpuMaHi HeUiTKi pe3yibTaTH TPaHCHOPMYIOTH y YiTKi Ha TPEThOMY eTari
HEYITKOro MoJenioBaHHs - Jjedasudikamii, HampukiIag, 3a CIocoOoM
ouiKyBaHOro 3Ha4eHH [3], cepeaHboro neHTpy [4] Ta iHie.

Mera ni€i poOOTH - aganTyBaTH TEOPil0 HEYITKMX MHOXHWH JI0 KJacy 3ajad
OyniBeNbHOI MEXaHIKM - ONTUMAaJbHOTO NPOEKTYBAHHS MPYKHHX IIapHipHO-
crepkaeBux cucrteM (ILICC).

1. O3HayeHHd Ta 00'eKT onTHMI3amii

PosrnsineMo ontumalnbHe MpoekTyBaHHS craTuuHO BuzHaueHoi ICC 3 n
eneMeHTaMu. [IpUITycKaeThes, MO MIAPHIPH € 1ealbHO TIAJAKHUMH, a OCi YyCiX
CIIEMCHTIB CHCTEMH TPOXOIATh dYepe3 TeOMETPUYHI ICHTPU. 3OBHIIITHE
HABaHTAXKEHHA € 30CepeDKEHI CIITH, SIKI MPUKIIafeHi y 7 By3iax (j=1,2,...,r);

r<m,ne m-uucio ycix By3iaiB IIICC. Bara koHCTpyKIifHUX aeTaei By3JiB i
CTEpP)KHIB ~ KOHCTPYKHii  BKJIIOYA€ThCA B  30BHIIIHE  HABAHTAXKCHHS.
[punyckaeTbesi, 10 HaBaHTa)KEHHSI Ma€ HEBU3HAYCHUH ONKUC THITy "Aifoda cuia
6nmm3bKa 10...", "mpubin3HO MOpiBHIOE...", "Tpoxu Ounbmie (MeHine), HiX..." Ta
inme. OcboBa cHja MO JOBKHHI €JIEMEHTY BBa)KAETHCS CTAJIOI0 BEIMYHMHOIO, a
Triepepi3 eeMEeHTIB He 3MiHIOE CBOIO KOH(ITrypartito.

Oznauennst 1. Ilig onTHUManbHOIO KOHCTPYKIIEIO PO3YMIIOTh MEXaHIdHY
crcTeMy MiHIMalIbHOI Bary (00'eMy, BapTOCTI Ta iHIIL), sSIKa 33JOBOJIbHSIE YMOBaM
Hecy4oi 3JaTHOCTI - MIIHOCTi, CTIMKOCTI, >KOPCTKOCTI 1 KOHCTPYKTHBHHX
0oOMEXeHb, 10 HAKIAJaloThCsl Ha BEIMYMHY IUION IONEPEeYHUX IepepisiB
€JIEMEHTIB - 3MIHHHUX ITPOEKTYBaHHS.
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3MIHHUMHU TIPOCKTYBaHHS MOXYTh OYTH IUIONII IHONEPEYHHWX IepepisiB, y
BUIAJKy 3TMHY €JIEMEHTIB - MOMEHTH iHepuii. YMOBY MiIlHOCTI i CTiHKOCTi
postarHyTHX 1 crtucHeHHX eneMmeHTiB IICC, ski crnpuiiMaroTh 30BHIIIHE
HaBaHTa)KEHHS, 3AITUILIEMO SIK

o; = <R , 1)

Ac

R R, ona posmaenymux enemenmie (N, > 0)

i

@uin R, s 018 cmucnymux enemenmis (N, < 0)
Tyt mo3HaueHo 4yepe3 N;, O; BilIOBIJHO IO3IOBXHE 3YCHIUISI CJIEMEHTY i
HOpPMaJIbHE HaIpyxXeHHS. Bemmdauna ¢, ;, - KoedillieHT HO3IO0BXHBEOTO 3THHY

€IIEMEHTA, SIKMI BIJIIOBiAa€ MaKCUMAaIBHIN THYYKOCTI. Y BIiIIOBIAHOCTI [5] mis
OCHOBHUX €JIEMEHTIB cucteMu (1osciB ¢epM, KONOH, HioHiB) @, =0.8...0.9,

a U PeUlTOK @, =0.6..0.7. JloBXuHy ejleMeHTa i IUIOLLy IOIEPEYHOro

nepepizy IO3HA4YMMO BiNNOBiAHO uepe3 /;

; Ta A;. Marepian eneMmenra

XapaKTePU3yEThCS MOAYIIEM NIPYXKHOCTI £ 1 pO3paxyHKOBUM OHOpOM Rj .

YMoOBa >KOPCTKOCTI - BEepTHKaJbHE IepeMileHHs aeskoro Bysna k LICC,
3amaeThes popmymnoro Mopa

n
D. N.N..L
— ik . _ 2Vitvikti
J’k—zA S[J’]a Dik——E s (2)
k=1 7k
ne Ny - ocboBa CHJa B [ - €IEMEHTI BiJ Jii OIMHOYHOIO HABAHTaXKEHH:, SKE

NIPUKIIaJIeHe ¥ BY30J k 3a HalpsIMOM HIYKaHOTO IepeMilieHHs. Benmanna [ y] €

max ax

JOIYCTHMHM 3HAUECHHSAM IepeMilmeHHs y, 1tooto y<[y]<y™, pe »™
3HQUEHHS IEPEMIlleHH ) IPHU I'PaHUYHUX 3HAYEHHIX A; 13 yMOB MIIHOCTI.

KoHCTpyKTHBHUM  OOMEXCHHAM MOXKe OyTH, HampuKIan, JABOOIYHA
HepiBHICTh (OOMEeXeHHs Ha rabapuTH)

- +
AT <S4 < AT, 3)
ne A4, Aﬁ - 3aJaHi BenuuuHU. Benuuuna 4, B Mexax inTepBany (3) MoOxe

3MIHIOBATHCh IWCKPETHMM 4YHM HENEpPEepBHUM UYMHOM. JIMCKpeTHe 3aBIaHHS
MIPUIYCKA€E HASBHICTH COPTAMEHTY, SKHH BKIIOYAE IIEBHE YHCIO NPOQIIB.

3HaveHHA ocbOBUX cull N={N;,N,,..,N,}, Nk:{le,NZk,...,Nnk} BU3HAYa-

I0Th i3 pIBHSHB PIBHOBAr cucTeMi (3a JOIIOMOTOI0 METO/y MaTpHIIi CHIT), @ CaMe:
N=BP; Ny =BP,

B akomy P=(B,B,...P,); P e (,...,0,1,0,...,0) - € BEKTOp OIUHOYHOIO

HaBaHTa)KEHHS, SKE TPUKIIAJICHE J0 JSSIKOro By3na k . O0'eM cucTeMu Ma€e BUTIIS

V=314 . 4)
i=1
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BukopucroBylour HaBeAEHI BHUINE CHIBBIAHOIICHHS, CHOPMYIIOEMO TaKy

n
onTMMisaliiiHy  3ajzady: B HemycTii  MuHOokmHI  Q=[)Q; TOUOK
i=1
A={4} (i=1,2,..,n) 3wHaiitu Taki enementn A% !, AKi 3aJ0BOJNBHATH
obomexenns (1-3) 1 HamarOTh MiHIMYM ITOKA3HUKY SIKOCTi (4), TOOTO

n n
(7o, 477" ) = arg min 34| Dy [ 4 <[]} i=12en. (9)
S35 =) i=1

ne MHoxuHU Q; (i=1,2,...,n) yrBoprororhed i3 ymoB (1), (3) a came:
Qi:{Ai:Aj*SAi SAﬁ;A;:max(|Ni|/Ri*;Ai+)}. (6)

3aysaoicenns 1. Bennuunu N; i D; € nificHo3HaYHMMH (QYHKIISMU JiF040r0o

HaBaHTa)KeHHS P .

3aysaoicennsn 2. Ontumizaniiina mozens (5)-(6) uid IEeBHOrO HaBaHTa)KEHHS
P € nerepminoBaHOIO.

3ayeadicenna 3. SIKINO PO3TIAAAETHCS MPOEKTYBAHHS CTATUYHO HEBU3HAYEHOL
CHUCTEeMH B MOAENb (5) YBOIATH IO PO3TIISIIY TaKOXK, B SKOCTI OOMEKCHHS,
PIBHSIHHS CyMICHOCTI e opMartiii.

B ToMy BUNAJKy, KOIM HaBaHTAKEHHS Mae Heditkuil omuc &= P, 3miuui

sycuns N/* | penmuunn nepepisis 4/ ta Benmmuuna o6eary V¢ e takox
HEYITKMMH BEJIMYMHAMH, a 3a7a4a (5) npuiiMe BUTIISL:

n

. n

(v, 47 ) =arg] min 304,[¥ Dy(®)/ 4 <[y]f, i=1.2,0n. (7)
4,€Q;(8) ;5 i=1

Juig i po3B's3aHHS 3allydeHO MaTEeMAaTHYHWH amapar Teopil HEWiTKHX

MHOXuH [2]. Ilpu nerepmiHoBaHnX gaHuX B 3anadi (5)-(6) BUKOPHCTaHO METON
nuHaMivHoro nporpamysanss (AI1) [6, 7].

2. YncesbHA LIIOCTPaLid ONTHMAJIBHOTO NPOEKTYBAHHA KOHCTPYKIIT

2.1. ®opmy/lOBaHHS BUXIIHUX (I0YATKOBHUX) JAHMX B ONTHUMi3auiiHii

MopeJti

Ha npuxmagi onNTHMaJbHOrO TPOEKTYBAaHHS HECKIAJHOI  CTaTHYHO
Br3HaueHOi mapHipHo-cTepx)HeBoi cuctemu (LLICC) minimansHOrO 00'eMy, He
MOPYIIYIOYH 3arajbHOCTI, PO3MIITHEMO MiAXiJ Teopii HEWITKUX MHOXHUH JIO
BUIAJKy, KOJNW ifodye HABAHTAXKECHHS Yy
BY3JIl € HEUITKO O3HAUYCHHUM, HANpUKIamd, "y
Bysos 1 mpuKiazeHe HaBaHTAXXECHHS
J’PI omu3spke no 2 xH", abo '"mpukiancHe

HaBaHTa)XEHHS TPOXW Oumbmre, HiX 2 kH"

Ta iHIIe.

ICC mae gornpu enementa (n=4) i

a

nBa By3nu (m =2) (puc. 1).
VY By3nM i€l KOHCTPYKLIi NpHKIIaneHe

Puc. 1. Po3paxyHkoBa cxema

HABAHTa)XKECHHA P = {Pl,Pz} . JoBxunn



ISSN 2410-2547
Omip MatepianiB i Teopist copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

€IIEMEHTIB 3aJaloThcs K /) = 10002 aun, I, =13, =1000 mm, Iy = 50072 aun.
Monyns npyxHocti £ nopisrioe 207 kH /My’ , TpaHHIIO MOMEHTY OMOpPY B3ATO
R, =0,15xH/mm° 11t PO3TATHYTUX eleMeHTiB. Jisl CTHCHYTHX eNeMEHTIB
PinRo> 1€ Qpin - KOEQILIEHT TO370BXKHBOIO MpPOrHHY. B 4mcioBux
po3paxyHKax B3ATO @ =2/3.

Sycumns N = {Nl,Nz,N3,N4} BU3HAYAIOTHCA 3 piBHAHHA N =BP, ne B -
MaTpHL NEepPETBOPEHH cul P = (Pl,Pz) . B mpuknani, mo posriasmaeTscs,
Matpulsl B mae Buj

0
B 0 ,
V2
-2 -1
€JIEMEHTH SIKOi OTPUMAHO CIIOCOOOM BUPI3aHHS BY3JIiB.
2.2. MeToa AMHAMIYHOI0 IPOrpaMyBaHHSHA
Mopnens (5)-(6) B MaTeMaTHYHOMY IIPOTpaMyBaHHI BIJHOCSATH JI0 KJacy Tak
3BaHUX 3aj[a4d "pO3MOALTY pecypcy”, 0 SKUX afalTOBaHO METOJ JIWHAMIYHOIO
nporpamyBaHHs [7]. 32 MM METOAOM YBEAEMO 1O pO3MIAAY TaKy (DYHKIIO
bennmvana

1
|-
|

fidy= min Y04, ®)

is A 15 Ay J=i
f;(d;) - miniManbHe 3HaueHHsa 00’ emy LIICC B nmpumnyIeHi, Mo OPOLEC NOLUIYKY
{A°P") (j=1i,i+],..,n) TIOYMHAETBCA 3 €INEMEHTy j=i 1 3aKiHUyeTbCs
elIeMEeHTOM j =n . AprymenTtoM Liei ¢ynkuii € Beauuuna "pecypey” d;, ska

HOB'sI3aHa 31 3MIHHOIO IIPOEKTYBaHHA A; TaKUM CIIiBBLIHOLIEHHIM

n
dizsz/Aj, i=12,.,n;d;20; dp=[y]. )
j=i
I3 o3nauenns (9) BumMBae
D, 1 D,
di=—t+ Y D;/4; >d;=—"+d;,,
1 A7 j:i+1 J ] 1 A7 1
3BiIKH MAaEMO
D.
diy1 = d, _j- (10)
AHanorivHIM 9rHOM i3 03Ha4eHHS (10) moOyayeMo Take piBHIHHS:
n
(d;)=min| 4 + min LA |,
fl( 1) 4 i% Aoy d j;ﬁl i

i3 SAKOI'O BUILJIMBA€E
ﬁ(di):rr}in[li’4i+fi+l(di+l)]’ i=l’l-1,l’l-2,...,1; dl:[y]a fn+1(dn+1)50' (11)
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PiBusnHs (9) moOyn0BaHO 3 BUKOPUCTaHHSAM NpHHIUITY bemMana [6]. Boro
€  OCHOBHMM  (YHKIIOHAJIFHMM  DIBHAHHAM  METOAY  JWHAMIYHOIO
nporpaMyBaHHs. 3a TEpPMIHOJIOTI€I0 LIbOTO METOAY d; — € 3MiHHa "cTaHy", 4; —¢€
3MiHHOIO "KepyBaHHA" (IPOCKTYBaHHS).

Hnst i = n 13 o3HaueHHA (9) Maemo

d, =D,/ A, 4,=D,/d,, (12)
fy(d,)=minl, 4, =1,D, /d,. (13)

Posrisinemo Bunanok, komu i = n—1. PiBasnns (11) a1s nporo BUMaaKky mae
BUTJIISIT

fn—l (dn—l) = rjlin[ln—lAn—l + fn (dn )], dn = dn—l - Dn—l /An—l . (14)
n—1
[Mepenmiemo piBustHHES (14) 3 ypaxyBanHsaM o3HaueHHS (13), ToOTO

[.D
d,_)=min|/ ;A4 _;+ m— .
fn—l( n—l) 4 n—1“"n—1 dn—l _Dn—l /An—l
Bukonyrowi mami asamoriuHi mii gma i=n-2,n-3,..,1 3a wMeromom

MaTEeMaTUYHOI 1HIYKIII OTPIMA€EMO TaKe PiBHSIHHS

n—1

fi(d) = min H(4,) (s)
Ac
D,I
V=l A+T 4+—0nn
H(4) lA7+Tl+di_Si*_Dn/Ai, (16)

n—1
=314, 018 i=12,..n~2,
J

i=i

n—1
. ZD]»/AJ» onai=12,.,n-2
i T =i 17)
0,012 i=n—1.
Buxopucranss HeoOXiAHOI yMOBHU icHyBaHHs eKkcTpeMyMy GyHkuii H(4;) i3
(15)-(16) nae Taxe piBHAHHS BIJHOCHO 3MIHHOI 4;
D, D;
I Aiz _ *le =0, (18)
(a; 4; = D;)
ne a: =d; - S .
Po3B’s13kom piBHsHHS (18) Oyme

Afo _ D;+1,D,D; /1,

i=12,...n—1; (19)
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Jl1s KO)KHOTO 3HAa4eHHS iHIEKCY i (OPMYETHCS ONTHUMAJIBHUM PO3B’A30K 3a
BHPa3oM
A°, sxcwgo A7 < 4° < A7
{4} =347 o 4, < 4° L i=12n (20)
A" axwo A > 47
3ayeaoicenns 4. B 3amadi (15) Mae Miciie MiHIMyM, TOMY IIIO
d°H . .
——=A|l+DID(a Y +DIlD?a |20
dALZ L[[ n-n L(L) nn-1 L]
(tocTaTHsI yMOBa iCHYBaHHS €KCTPEMYMY).
2.3. Itepaniiina npoueaypa
Otpumani cniBBigHomenHs (19) - (20) moxymageHO B OCHOBY Takoro
PEKYPEHTHOT'O aJiTOPUTMY:

1. 3amaeThesl MOYATKOBE HAOIMKCHHS {A[*} (i=L12,..,n; k=0) 3a ymoBH

n
Ai(k) > A; 1 00YHCITIIOETHCS BiINOBIIHE 3HAUEHHS 00’ €My y® = Y liAi(k) .
i=l

2. OOYHUCITIOIOTHCS BETUINHI Si* (i=12,...,n—1) 3a hopmymoro (17).

3. Aot i=12,...,n—1 3a Bupazom (19) obuucmroerbcs Aio; i=12,.,n 3
ypaxyBaHHAM, IO d; = [y] .

4. ®opmyeTbcsi HOBe HAOMIKEHHS 3MIHHOI KepyBaHHS 3a mpasuiioMm (20),

TOOTO {A[(kﬂ)} (i=12,..,n) i BiJIITOBITHE 3HAYEHHS 00’eMy

n
k+1 k+1
yED =3 A
i=1
5. YMOBOIO 3aKiHYEHHS PEKYPEHTHHUX OOUHCIICHB €
p kD) _ (k)

T <eg, 21

Jie & -3aj7laHa TOYHICTb PO3PAXyHKIB.
Sxmo ymoBa (21) He BHKOHYeEThCsS, Tpeba NEpPEeBM3HAYUTH TakKi 3MiHHI

y &) = (kD , {A[(k)}:{Ai(kH)} (i=1,2,...,n) i HOBTOPUTH OOYMCIICHHS 3 10.2.
B pe3ynprari BHKOHAHHS MPOIOHOBAHOI OOYMCITIOBAJBHOI MPOLEAYPH
OTPUMYETHCSI TIOCIIIOBHICTh PO3B'SI3KIB {A7} (i=12,..,n) sxa 30iraeTecs 1o
CBOIX IpaHULb
{a®}s{a} iz on k=12, P® sy k=12,
301KHICTD iTepaniifHoi mpouexypyu oOrpyHTOBaHa B poOOTi aBTOpa [6].

Jlnst 9ucnoBHMX JaHWX, IO HABEACHO BHIINE, 30DKHICTH 1ITFOCTPOBAHO
TaOJIULIEIO.
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Tabmmms 1
301kHICTh N0 QyHKIiIOHANY V' IpH MOYaTKOBOMY 3HauY€HI Ai0 =100
(i=1,2,3,4)
Ige y® KinbkicTs iTepariit
-1 260625 2
-2 259310 3
-3 259871 4
-4 259806 5
-5 259865 6
-7 259865 6

3. HeuiTke Moge1r0BaHHSA

OCHOBHHMH €TaraMy HEYiTKOTO MOJEITIOBAHHS €:
- asudikaris BUXiTHAX HEUITKAX JaHUX, TOOTO X OMHC 33 TOMOMOTOR (PyHKITIT
HaJISKHOCTI,
- BUKOHAHHS 33/1a4 aHaIi3y abo ontuMiszanii npu ¢asndikoBaHUX 3MiHHHX;
- neazndikaryis — HIepeTBOPEHHS HEYITKUX PEe3yJIbTATIB B YiTKi.

3.1. ®a3udikanis HABAHTAKEHHS

Hexaii HaBanTaxkenHs, sike npuxiiageHe y By3ini HHICC, 3agaeTsest cioBecHO:
«mpoxu Oinvute, Hidic 2 KH».

He mopymryroun 3araibHOCTI MiAXOMY, ONHMIIEMO HEYITKE HABAaHTAKEHHS 3a
JIOTIOMOT'OI0 HEUiTKOI MHOKMHM P 3 (DyHKII€I0 HAIEXKHOCTI f(X) TPUKYTHOTO

BHIY, TOOTO:

x—a .

—,ifas<x<m

m—a i

b—x . <h

Up() =1y T m<xs (22)

Lif x=m

0, for another
Tyr  m,—MopanbHe  3HAaueHHA  HaBaHTaXeHH1.  Bemuuunu a, b
XapakTepusyloTh iHdopmaniiiny rpanyny (a,m,b);a<m<b - cTymiHb

HEYITKOCTI NPUKJIAACHOT0 HABAaHTAXKECHHSI.

Hociit HewiTkoi MHOXXUHU, fe u >0 - rpanyny (a,m,b), , MOXKHA 3aIUCcaTH
Y BHUTILSAIL

a=m—-ASx<b=m+A,, (23)

ne A;,A, - 3HaueHHs po3kuny ¢asudikoBaHOi BENUYUHU BiA MOJAAIBHOIO
3HaYeHHs m. Skmo BBaxatu, mo A; =km/100, A, =k,m/100, To BUpa3
(23) npuitme Burnan m(l—k/100)<x<m(1+k,/100) . Tyr xoediuientu ki, k,
XapaKTepU3yIOTh CTEIiHb HEUITKOCTI Y BizicoTkax (%).

Ha ocnoBi o3HaueHHs (23) a7t HocTaBIIEHOI 3aa4i, Y BUMTQAKY KOJIH a =m ,
3alMIIEeMO B JUCKPETHOMY BMIVLLI HeWiTKi MHoxuHM A 1 P, gna M
JckpertiB (o -piBHIB). s npuknany M B3sito 5, T00TO (pHC. 2):
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p=1,08,04 02,0 ;15 04 H# M
2 204 212 216 22

Tyr mp=2, k=0, k, =10%. 1 5

3a Teopi€l0 HEUITKUX MHOXHH B as 4

KOKHOMY JOHaHKy (24), mo 3anmcasi y

BurILAAl "npoOy", "drcenbHUK" € 3HAYCHHS 04 3
¢byHkmii HamexHocti mus k=0,1,2,...M a2

. . - 2
o -piBHIB, B ''3HAMEHHUKY" 3alUCYIOTh a0 ¢\ ¥
BIITOB1IHI JIeTepMiHOBaHiI 3HAYCHHS ) 20 22

HEUITKOI ~ MHOXKHMHH. TakuM  YHHOM,

MHOXWHAa P € 00'emHaHHA YCiX JONAHKIB
! HaBaHTA)KEHHS E

Bupazsy (24).
3.2. OnTumizanis
Ha upomy etari 3a nporeyporo JMHAMIYHOTO IPOTPaMyBaHHS JIJIsl KOYKHOTO

JETepMIHOBAHOIO 3HAa4ueHHA B MHOXHMHax P (i=12) oOuucirowoTbes

Puc. 2. OyHKIIis HAISKHOCTI

AerepMiHOBaHi 3HaYeHHs 00’ emiB V' (P) imepepisiB 4; (P) (i=1,2,3,4).
3 IUX BETMYMH YTBOPIOIOTHCS HEUITKI MHOKMHHM 3HaueHb 00'eMiB ILICC

v, =1 +08,04,02, 0 'y y*R.p), j=12..5. (25
W n o 5
Amnarnorigto, 17151 iepepizis
{47} =—A—+-08 . 04, 02, 0 1234
Wi Ay ) s s )

Hpuxaan 1. Hexail 3agaersca Hewitke £ =2xH, 1 paerepMmiHOBaHE

P =2kH .

JUis nmx 3Ha4YeHb HaBaHTAXXEHb, BPAaxoByIOuM omuc (25), 1 BUKOHYIOUH
PO3paxyHKH 32 aITOPUTMOM JUHAMIYHOTO MPOrpaMyBaHHS, OTPUMAEMO HEUITKY
MHO)KHHY ONTUMAJIBHAX 00’ €MiB

* 1 0.8 0.4 0.2 0
v = : (26)
4 259903 263850 271737 275677.6 279615.8

Mpuknax 2. Hexail 3amaeTbcst aeTepMiHOBaHE Pldet =2xH, a HediTKe
P, =2kH .

JU1a nporo BUNAAKY OTPUMAEMO HEYITKY MHOXHHY 00’€MiB aHAJIOTIYHO
BUMAJKY 1.

* 1 0.8 0.4 0.2 0
Vv, = . 27)
P 259903 2611519 263604 264862 266121.8
Mpuxmaax 3. Hexail 1Ba HaBaHTAXXCHHS € HCUITKUMH BEIUYWHAMHE, TOOTO
R = 2kH , a P = 2kH 3 BizomMumu ix onucamu. B LIbOMY BHITQ/IKy HEOOXiIHO
1oOyyBaTH 3a JOMOMOTOI0 O3HAUCHHS JIEKapTOBOIO O0YTKY HEUiTKY MHOKUHY
HaBaHTa)Ke€Hb, TOOTO
P=(RxP).
Jls HaBaHTaxxeHHA (24) HediTka MHOKHHA P Oyzie Takoro:
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p-_l ,_08 04 02 . 08 . 08
(2,2)  (2,2.04)  (2,2.12)  (2,2.16) (2.04,2) (2.04,2.04)

0.4 0.2 0.4 0.4 04 . (g
(2.04,2.12) ' (2.04,2.16)  (2.12,2) (2.12,2.04)  (2.12,2)

0.2 0.2 02 . 02 0.2
(2.12,2.12) ' (2.16,2)  (2.16,2.04)  (2.16,2.12)  (2.16,2.16)

J1s1 KoKHOI Mapy HaBaHTa)KEHb (Pl,Pz) i3 (28) Tpeba obumcauTH V" 3a
nporemyporo 1. B pe3ynsraTi Maemo
*_ 1 0.8 0.4 0.2 0.8 0.8
209903 261152 268642 264883 263850 265101
0.4 i 0.2 + 0.4 + 0.4 i 0.4 i 0.2
267596 268840 271738 272993 275497 276746
0.2 i 0.2 + 0.2 i 0.2 ' (29)
275678 276936 279445 280695
3ayeasicennsn 5. JlomaHok 3 y = 0 He BKIIIOYCHO Y 3amnmcH Bupasis (28) i (29).
3.3. Jedasudixania
CyrtHicts etany nedasudikamnii monsrae B mMepeTBOpeHi HEYITKOI BEIUYUHU

* . 3
V" B uitke wncno V% . Ile mMoxHa 3p0GHTH, 5K TPHMKIAZ, 33 NPABHIOM
cepeHbOro HeHTpy [4]

p N /N
e = PR TS
i=1 i=1

Hedasugikamirto MokHa 3pOOWTH 1 IHIIMM CIIOCOOOM, SKUH, HATPHUKIA,
3anporonysas b. JIo [3]

dof _wn w
Ve =3y wr;,
i=1

Jie BaroBi Koe(illieHTH W; BU3HAYAIOTHCS 3a TAKMMU BUPa3aMU:

w;, =wi (B, Byse s By )y m=2M —1, (30)

e ow :%(ﬁl +4y—By), mwma i=1lw :%(Co —Dy+0y—Sp), ns

2<i<m-1, wm:l(AO—P0+ﬁm), Bi=u;, 4y=max f3;, By= max f;,
2 1< j<m 1<j<m

COZmQXﬂ': DozmaXﬂ'a SOZmaXﬂ': QO:.maXﬂ': I)():maxﬂ]M—
1<j<i 1<j<i 1<j<m i<j<m i<j<m

KinbKicTs B —piBHiB;0< f, <1, 1S j<M.
ﬂ = {ﬂi}’ i= 1’2 ’ ﬁl = 1: ﬁz :ﬁS :ﬁé :0'87 ﬁ} :ﬁ7 :ﬁ() :ﬁlo :ﬁll :0.4,
Ba=Bs = P2 =Bi3 =Bia=Pis =P =02
3.4. Uncuosi pesyabratu npoexkrysanns HICC

3a BHIIE ONMMCAHOIO TMporeayporo nedasudikamii it Bumaakis 1-3
HaBaHTa)KEHb OTPUMAHO PE3yJIbTaTH, sIKi MOJaHO B TaOIMIi 2.



ISSN 2410-2547 81
Omip MatepianiB i Teopist copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

Tabmurs 2
Jedasudikopani miomi nepepisis

SR % B % | v | % | A | 4| a4 | A
1 3 10 2 |- | 264506 | 1.8 | 40.53 | 57 80.4 | 98.6
2 2 - 5 | 10| 261352 | 0.6 | 39.83 | 56.02 | 79.93 | 97.71
3 3 10 5 | 10| 267238 | 2.9 | 40.83 | 57.45 | 81.44 | 99.8

det 2 - 2 |- 259903 |0 39.72 | 55.86 | 79.85 | 97.06

B rpadi % ngaHO mpomEHT pPO3KWAY HABAHTAXKEHHS Ta BiIXMICHHS
OTPHUMAHOTO PO3B'SA3KY BiJ JETEPMiHOBAHOTO.

4. OnTumanbHe npoexktyBanHd IIICC npu HaBaHTaXkeHI HEYiTKO-

BHUIAKOBOI0 XapaKTepy

Hexait mma IICC (puc. 1) nHaBaHTaxeHHs P = {Pl,Pz} 3a7a€TbCS
BHIIaIKOBUM YHHOM:

1) P= (i,i) - noziis D 3 IMOBIpHICTIO ¢ ;

2) P= (i;O) - nozis D, 3 IMOBIPHICTIO ¢, .

Bunankosi nofii yTBOprooTh IOBHY IPYIy oAl i ToMy ¢ +¢q, =1. Hdns
KO)KHOTO  HAaBaHTAXEHHS  BIANIOBIIHO 3a  NPOLEAYpPOI0  JTUHAMIYHOTO
MIPOrpaMyBaHHS BHMKOHYETbCS ONTHUMI3allifHUA pO3paxyHOK 1 THoOjaibiIa
nedasudikaris, B pe3ynbrari SIKOI OTPUMYIOThCS nedasudikoBaHi 3HAYCHHS
o6'emy 1% (2,2) = 267238 mr’ 3 imosipuictio gq;, V,% (2,0)=197746mr° 3
IMOBIpHICTIO ¢, .

Jlepannomizamis OTPUMAaHHX pE3YJbTaTiB 3IIHCHIOETBCS 3a IPABHIOM
0OYHMCIICHHS! MAaTEeMaTHYHOTO CIIO[iBaHHS, TOOTO

Vder _ Vldefq1 + Vzdequ'

JIST IESIKAX BUKOHAHO YHCJIOBI LIIOCTpallil, SIKi HaJgaHo B TaOuIi 3.
1 )

Tabmums 3
PG3YJ'II>TaTI/I p03paxyHKiB
P= (INJ 1,7) 2) (INJ 1;0) yderand (i epannomisaris) pler s et
q1 q, =1—¢q
0.05 0.95 201224 Ha22.5% < V'
0.8 0.2 253340 Ha2.5% < v
0.9 0.1 260289 1a0.1% >y
0.95 0.005 263763 nal 48% >V
0.98 0.02 265848 Ha2.28% >V
1 0 267238 na2.8% >V
P =2 P,=2 259903
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5. Oninka koedinieHTa HagiliHOCTI M0 HABAHTAKEHHIO

OpHi€ro 13 BaXIIMBUX XapaKTEPUCTUK PO3PAXyHKY OyIiBEIbHUX KOHCTPYKIIIH
32 METOJMKOIO TPAaHUYHUX CTaHIB € KOC(IEHT ¥ HaAlHHOCTI 10 HABAaHTa>KCHHIO
[8]. Bin BpaxoBye HeCHpHATIMBI BiIXWJICHHS 3HAYEHHS il BiJ HOPMATHBHOI
BEIMYMHN HaBaHTaXeHHs. Llel koedilieHT, SK TPaBWIO, BCTAHOBIIOETHCS
MIeBHUMH JOCHI/PKEHHSIMH TIPUPOAM AiH CHJI 1 aHAJ3y CTATUCTHYHMX AAHHX TIPO
nux. lllykanmii koeillieHT Y BH3HAYAETHCS SIK BiJAHOIICHHS PO3PaxyHKOBOI'O
HaBaHTAXKEHHS Pp 10 BEIUYMHM HOPMATUBHOIO F, , TOOTO

y=PFPp/Py. (31)

Po3paxyHkoBe HaBaHTaXXEHHS ITOBHHHO BKJIIOYATH OyAb-sIKi BHIIAJKH
peaJbHOrO0 HAaBaHTAXKEHHS Ha KOHCTpykuito. Komm iHgopmaniiina curyaris
IIOJI0 PEeajIbHOTO HAaBAaHTAXXCHHS HOCHTh HEUITKHH XapakTep, pO3paxyHKOBE
HaBaHTaXXeHHs FPp Moxe OyTu BH3HAYE€HE 3a [OIIOMOrOI0 BUKOPUCTAHHS
MPOLIEAYPH HEYITKOro MOAENIOBAaHHA. 3a JaHOI0 iH(GOPMALIE0 TPO HEUiTKi
XapaKTEPUCTUKN HaBaHTa)KEHHS peali3yeThCsl oNTHMi3zamiiiHa 3amada (5) 3
ypaxyBaHHSM TEpEBipKH yMOB (QyHKIiOHYyBaHHS. Pesymbrar peanizamii 3amadi €
nesike 3uavenss V% | OuemaHo, 10 1bOMY 3HAYCHHIO BiAIOBIZA€ MPOCKT 3
JNeSKUM eKBiBaJICHTHHM HABAHTAKEHHAM Py, . loro 3HaueHHs MOKHa 3HAHTH 3a
JIOTIOMOT'OI0 PO3B'I3aHHSI HEJIIHIHHOTO PiBHSIHHS

Ve —minV(Py,), i=12,..n (32)
4;

n
3 ypaXyBaHHAM yMOB 4; = 4 1 yzZDi/Ai S[y] .

i=l
UucenpHy imocTpariro mporo maxony 3pooumo mist IIICC (puc. 1), iHpopmariro
TIPO SIKY HaBEJECHO B I1.2.

Hexaii HeuiTke HaBaHTaXeHHA "Tpoxu Oumbmie, yuMm 2 kH" mpuxianeHe y

By3ox 1. Y Bysni 2 Hisikoro HaBaHTaXeHHsS Hema. Hexail (yHKIis HajeKHOCTI
B3saTa y ¢opmi (23) mnst Bumaaky konmm a=m. Po3kup ommcyerscst %

BIIXWIEGHHS BiJ MOJalbHOro 3HaueHHs m. Jusg 5 - puckperiB mpu k; =0,
ky =10% HeuiTKa MHOXXUHA HaBaHTa)KEHHA 3aIIUCYETHCS 5K
P(i,O)Z 1 + 0.8 i 0.4 i 0.2 i 0 )
(2,0)  (2.04,0)  (2.12,0) (2.16,0) (2.2,0)
B pesymprari peamizamii anroputMmy, ONTHMI3allii OTPUMAaHO HEWITKE
3Ha4YeHHs 00'eMy Ta ioro aedasudikoBaHe 3HAUCHHS

a1, 08 04 , 02 , 0 . pds_197748m .
193239 1971044 204834 208698.6 212563

Kopenp piBHsHHS (32) 3 ypaxyBaHHSM OTPHMAaHOTO Ve 197748 ma®
Oyne Pp=2.0466. 3a o3nauenHam (31) maeMo koediLieHT HaAiHOCTI IO
HaBaHTaxeHHIO ¥ =1.023.

AHajoriuHo, BHMKOHAa€MO pO3PaxXyHKM M BHIAIKIB, komd k=0, a

ky =20,30,40%, s 5 tuckperis:
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1) nna ky =20% maemo
P(i,()) __1 + 0.8 i 0.4 i 0.2 i 0 .
(2,0)  (2.08,0) (2.24,0) (2.32,0) (2.4,0)
B pesynprari peanizamii anroputMy oOnTHMi3amii OTPpEMAEMO HEUITKY
MHOXXHHY 00'eMy:
*__ 1 i 0.8 i 0.4 i 0.2 + 0 ,
193329 200369 216428 224157 231887

Ta oro nedasudikoBane 3HAYCHHS Ve = 202257 wi’.

Po3B's130k piBHsAHHS (32) U1 OTPUMAHOTO v e Fuor =2.0934.
2) nus ky, =30% maemo
P(i,O)Z 1 + 0.8 i 0.4 i 0.2 i 0 )
(2,0)  (2.12,0)  (2.36,0)  (2.48,0) (2.6,0)
B pesymbrari peamizamii anropuTMy oONTHMi3alii OTPUMAaEMO HEWIiTKE
3HAYCHHS 00'eMY:
*__ 1 i 0.8 i 0.4 i 0.2 + 0 ,
193329 204834 228022 239616 251265

Ta Horo aedasudikoBaHe 3HAYCHHS V4 = 206766 mm’ . PosB'sz0k PIBHSHHS

(32) st orpumaroro V% ¢ Byer =2.14.
3) ma k, =40% maemo
P(i,O)Z 1 + 0.8 i 0.4 i 0.2 i 0 )
(2,0)  (2.16,0)  (2.48,0) (2.64,0) (2.8,0)
B pesymbrari peamizamii anropuTMy onTHMi3amii OTpUMAaEeMO HEYiTKe
3HAYCHHS 00'€EMY:
*__ 1 i 0.8 i 0.4 i 0.2 + 0 ,
193329 208699 239616 255075 270533

Ta Horo aedazudikoBaHe 3HAYCHHS v =211275. Poss's30k piBEsHHS (32)

juis orpumaroro V4 e Pyer =2.19.

3a oTpUMaHUMU pe3yIbTaTaMU PO3PaXyHKIB chopMyeMo Tabmuito 4.
Tabmurs 4

Pe3ynpraTn po3paxyHkiB KoedilieHTy 3anacy (HaIiiHOCTI)

k, 10% | 20% | 30% | 40% 3a JIGH [8]
Ve | 197748 | 202257 | 206766 | 211275
P xH | 2,046 | 2,0934 | 2,14 | 2,19

Y 1.023 | 1.0467 | 1,07 | 1,095 1.1

Tabmust 4 mokasye, sSK 3MIHIOETBCS  Koe(illieHT HamiHOCTI MO
HABAaHTA)XXEHHIO ¥ B 3aJIEKHOCTI Bl pO3KULY k, HEUYITKOIO 3aBJaHHS BEIUYUHU

P . Pucynok 3 imroctpye me 3MmiHroBaHHS rpagiuHo. Sk BHAHO 3 puc. 3
BEIMYMHA ¥ 3MIHIOEThCA JiHIHHO. 3a pekomeHnanisimu JIBH [8] makcumanbhe
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7 1.1 3HAUYEHHS KOe]ImieHTy ¥  IPOMOHYETHCS

1.08 piBHUM 1.1, SIKE BIIIIOBiga€
JIETepMiHOBAaHOMY 3HaUeHHIO P =2.2xH , mo

1.06 Maibke popiBHIoe 40% BenuuuHM po3kuIy A
1.04 BiJl mp =2 B OLHCY 33JaHOTO HABAHTAXKECHHS
1.02 "tpoxu Oinbine, ynMm 2 kH", sike mpUKIageHe

10 20 & 30 40 ypy3on 1 posranyroi LICC.
. o . 6. Oninka moxyas FOnra B 3agaqax
Puc. 3. 3anexHicTs KoedilieHTy y Bix
BEITHUMH POSKWITY B HESITKOMY ONTHMATLHONO NPOEKTYBAHHST NPYAHIX
OIINCY HABAHTAKEHHS "TPOXH GilIbIIe, HICC i3 3ay4eHHSIM HEYITKMX MHOKHH
quM 2 kH" 6.1. ITocranoBka 3amaui
B Oarateox JOBigHMKAax i3 OHOpY
MarepiayliB JIesiki MEXaHIYHI XapaKTepUCTHKH MaTepialiB 3aJaloThCsl y BHUIVIII
inTepBaniB. Hanpuwian, A IpaHull MIMHOCTI Oy (YaByH Cipuii) y BHIAAKY
PO3TATHEHHS CKIIaJae [140;180]Mna, Yy BUNAIKY CTUCKAHHS - [600;1000] Mlla.
Cranp MammHOOy#iBHA (KOHCTPYKIiiiHa) BYyIVIELIeBA Ma€ IHTEpBaJ HAINPYKEHHS
[60;250] Mlla. Monyme mnpyxHOcTi E it mi€i  cram  Oyae TakuM

[2.0...2.1]-10° MTa Ta ir. [9].

CraBuThCS TaKe NUTAHHS: SIKE 3HAYEHHS Ti€l YW 1HIIOI XapaKTEePUCTHKU Tpeda
OpaTu i3 3aJaHOrO IHTEpBalTy, SKIIO BOHAa TaK 33JA€TbCS, U ITOAAIBLINX
IIKeHepHX po3paxyHKiB? B miteparypi BiAnoBifi Ha me MUTaHHS Hemae. Takox
HEMa BIIOBiAI Ha TMTAaHHS: YM € 3aJaHUH IHTEpBal KOHTHHYYMOM 3Ha4yeHb
XapaKTepuCTUKY, IO po3nsimaeTbea? Ha Hamy aymMKy, KOHKpETHE 3HA4YCHHS
XapaKTepUCTUKK OepeThes i3 3alaHoro IHTEpBaly, TaKk 100 HE IMOpPYIIYBAIHCH
YMOBH Hecydoi 3maTHocTi. Ha mpukiaai BHOOpY XapaKTEpHCTHKH SK MOIYJb
TpY)KHOCTI £ T0JaHo MOXIIMBHE cociO po3B'si3aHHs MOcTaBieHoi pobemu. Lleit
criocid CKiIafaeThest 3 TphOX erTamiB. Ha mepmiomy erami BH3HAYArOThCSl HEUiTKa

MHOXHHA - ONITHMATIBHHI 06°eM %/ TIPH HEYITKOMY 3aBJaHHi Moy E .

. . def
Ha npyromy erami BusHauaethes naedasudikosane sHauenns V. . Ha

TPETHOMY - YHCIIOBE PO3B’SI3aHHS PIBHSIHHS
* def _

. E* =arg{v(E)-vgd =0},
{ e V' - € BU3HAUCHUM 3HAYCHHSIM 00 €My 3a
JIOIIOMOT 010 METony Al 1pu

a JleTepMiHOBaHOMY 3HaueHi £ .
[aTepBam, 3 sKoro OepyTbCs MOKINBI
¥ F 3HAUYEHHsA Xapakrepuctukun E  Oyzmemo
e d W IHTEpIIpETYBaTH $K HEYITKY MHOXHHY i3
a c 4 b 3a71aHOI0 (DYHKIIEIO HAJIEKHOCTI, HATPUKIIA]
Puc. 4. Tpaneuiepuna QyHKIIis TpaNeLieBUIHOrO (puc. 4), abo TPHKYTHOro
HaJIeKHOCTI BHAY (puc. 5).

i GyHKIIT MAarTh BIJITOB1AHO

aHAJIITUYHUI BUIIIAL
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X=a i g<x< #

—a if a<x<c 1

Lif csx<d
M(x) = b (33) a

<x<

b d if d<x<b

0 X X X

x—a . a m b

" — lf asx<m Puc. 5. TpukyrHa (yHKIisI HATEKHOCTI
H(x) = Llfx:m (34)

b—x

j <
b’ if m<x<b.

BukonaeMo fesiki 9YMCIIOBI €KCIIEPUMEHTH 32 MPOIIOHOBAHOIO METOIANKOIO.

Excnepumenr 0.

Hexaii Hanmana QyHKIiS HaJeXXHOCTI HEYITKOTO Tpamlelie€BUIHOTO YHCIIA
E(a,c,d,b) puc. 4 B rpadiuHOMYy BUTIISAI, SK Ha puc. 6. B Tabm. 11. HeuiTka
MHO)KHHa MOAYJS TpPYXHOCTI E(ar) B 3aJeKHOCTI BiA « -piBHA B LOMY
BHIIAJIKy HABEAEHO B TaOI. 5.

Tabnums 5
.. . ¢
Heuitki muoxuan E(a) 1 Vo (o)
No 112345678 |9 |10|11]12|13|14
o -piBHI 01]02]04(05(06|0.8] 1 |1 10.8|0.6(0.5|0.4]/0.2
Monyns
. O | N ||| \n
mpyktocti | & | S |2 | = | = | a8 |8 |85 |=|8|3|<2
E(Ol) KH/MM2 I 8 8 8 8 8 A | Q|| 8 A ||~
9
=N =T T A T T T < = e U I N O U I B
O0’eMm S|lwvw | v >c|lo|lo|lg | aAalwv|lo >~ | n | o | o
S | D = — [ < N} o o~ Ve) — X
opt 3] X — @ o)) O 0 o N — N I Nel <t —
V ((Z),M.M Sl | T || lvwulvwlo|l=|]|]| 0| |0
~ O \O e} e} N} N} ~ Ne} [ve) [ve) o) ) o)
AN NN S ESEES N N N N S S
Barosi
Koeinientn A IR B - R B R i - I R P =Y
magepasn- | @ | S| ||| ===l |ale|=2|°
. S|lo|S|c|lc|lc|sc|s|s|s| 3|
Gixamii w,

YersepTuii pagox V" () € pe3ynbTaT ONTHMAIBHOTO MPOEKTYBAHHS HPH

saganux E(o) . Benmumna Vg 9 263485m1° € nedasnikoBaHUM 3HAYECHHIM

14
HEYITKOI MHOKHUHU V = z— Benmuuna V= 263485mm° BidmoBinae 06’e-

Vi)
My KOHCTPYKIIi pH feTepMiHOBaHOMY 3HaueHi F =204.19 xH / MM, TOMY 1110

BimHocHa pizamms Mik V9 i Vet Mac Heenuke 3HadeHHa 0.0001% . Taxum
YMHOM, B IIbOMY eKCIIEPUMEHTI TpH HEYITKOMY 3aBJaHHI 4YHcia
E(200,203,205,210) 3 TparnenieBUIHOIO (YHKIIEO HAISKHOCTI (34) oTpuMaHo
E =204.19 kH/w.

AHaNOriyHO BUKOHYIOTHCS] €KCIIEpUMEHTH 1-5.
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Excnepumenr 1.

Hexaii wmomyns mnpyxnocti HOnra BiamoizHo mo puc. 4 3amaHo
tak: £(200,205,207,210) . I'padiune nmomanns GyHKUii HaJIEKHOCTI HEYITKOTO
TparenieBuHoOro uncna E(a,c,d,b) nagano Ha puc. 7 B Tabu. 11. 3anumemo
HEYiTKYy MHOXHHY E(r) TakuM YMHOM:

002 04 05+06 08 1+1+
200 201 202 202.5  203. 5 204 205 207

08 ., 06 ., 05 04 02 , 0
207.6 2082 208.5 208.8 209.4 210
Jl71st BU3HAYCHHS €TIEMEHTIB MHOXHHU E(¢t) BHKOPHCTOBYEMO:

L:,u(x)z{x_—zoo, 200< x<205, X, =am+a(l-a),

205~ 200
. — _210—x <y < — _
R u(x) {210_207,207_x_210,XR am+b(1-a), e e[0,1].

3a [OIMOMOTO TPOrpaMU JWHAMIYHOIO TIPOTPAMYBaHHS OOYHCIICHHS
MiHIMAJIEHOTO 00’ eMy (hepMu aae:
popt _ 0 i 0.2 + 0.4 i 0.5 + 0.6 i 0.8 + 1 +
268999 267661.6 266336.5 265679 265024.6 263725 262439
1, 08 06 . 05 04 02 0
2599034 259152.3  258405.4 258033.6 257662.9 256924.66 256190.6°

Tyr nopednnit 3amic 1Box MHOKMH E(at) E i V' (o) V 06’eanaty B Ta6u1. 6.

Tabnus 6

Heuitki Mmuokuau E(a) i V" ()
Ne 123456789 |10]11|12]13|14
U =a 0.2(04(0.5|/06(08| 1| 1]080.6[(0.5/04|02|0
2l © — ‘N <t Ve o~ o N N *® N o
E(a)’KH/MMgNNgNggt\Ig%%%%a
sl2lglelSlglaldla|z2l2]8|2
oo S8 ElS 25|82 512|8]8(2
B R R - e e A A - R R R
YN Q|| V|V V| Aa|lQ|la]la]ag |
. pdel _ .
Hebasudixanis BukoHaHa 3a OpaBuIoOM  HeHTpa Vg / ZWV ;
w=u(@)/ Y u(@); Biromo, mo ¥y =259903m’ mpu E:2O7K—Hz.

ael0,1] MM

VI =261526.5mn° . e cknamae A=0.62% Bimxumwienns Bix Vi, T06TO




ISSN 2410-2547
Omip MatepianiB i Teopist copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

Excnepumenr 2.

Hexaii wmomyns mpyxnocti IOnra BiamoizHo mo puc. 4 3amaHo
tak: £(200,203,207,210) . Maoxkuau E i V 00'eqHaemo B Tadm. 7.

HedasudikoBane 3Ha4eHHS 00'€eMy [UIS IBOTO CKCIICPUMEHTY Oyae
V& =262494.92 .

Tabmus 7
Heuitki Mmuokuau E(a) i V' ()
Ne 1123456789 (|10]11|12]13]14
=q 010.2|10.4]0.5(0.6|0.8 0.810.6/0.5(0.4(0.2| 0
4

O N Ue) [oe} <t O N Ue) [oe} <t
E@ x| S S 13|32 |3]8|8|8/8|818|8|2|5

N N N N N N N N N N
ollelvlv|x|e|s|mls|ola]v|v
(=) v v o~ (e o < [sa) o v o [9\| < o
opt 3 S [o)} [} [N (= — [\ () ) (=] o O N N
VP (a),mmw’ | & | 2 | a|la | |x ||| =|F|2|C|al|=
O 2] [y Nel N} v v [ N ] ] [ Ne) Ne)
o O O O O O O e e e e e e e
N N N N N N N N N N N N N

Excnepumenr 3.
Hexait momymp mpyxkHocti FOHra BigmoBimHO A0 puc. 5 3agaHO Tak:
E£(200,205,210), . I'padpiune nopanns niei GyHkuii npeacraBineHo Ha puc. 9. B

ta6n. 11. 3Beaemo muoxkuan E(or)i Vo (a) o tabu. 8.

Tabmuis 8
Heuitki Mmuokuau E(a) i V" ()

Ne 1 2 3 4 5 6 7 8 9 |10 | 11|12 |13
U =a 0102{04(05(06(08] 1 |08/06[05|04]02]| 0
ol =|la |2 alg|lwvw|loe|lo| 2w aloc
E@)xHwi| S ||l |ld |l ||l |5 |2|2| =
? I\ I\ I\ g I I I I\ I g I I\ [\l

O wn O <t N <t
Bl || <838 |ad|=E|d]|s]|&
Vn/)[ (Ol) MM3 S Ne) on No) (] o~ <t — =) o~ Ne) — —
, fo \O on w () o ] — (=) N %) <t Ne}
o) \IB g Ne) 8 N} Ne) el % % e} ?\ e}
(@] N N (gl N (gl (gl (@] & & (@] & (@]

18| 2| -9 ]%8 3| ~12]%5] &
Wi el e < | = = | < < < < <

S | o | o S | o | o c | o | o

JHedaszudikoBane 3HaYCHHS 00'€eMY BiMOBITHO A0 HABEICHOI METONUKH Oy/Ie
V& =262203. 7m0’ .

Excnepumenr 4.

Hexait monyne npyxuocti FOHra 3a1ano TpukyTHOIO (QyHKIIEIO HAJIGKHOCTI
puc.5 TakuMm uuHoM: £(200,207,210), . I'padiune nopmanus uiei ¢yHxuii
npeacraneno Ha puc. 10 B tabm. 11. Heuitki muoxunn E(a) i V(o)
3BeJeMo 10 Tabai. 9.
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Tabnums 9
Heuitki muoxumn E(a) i V% (o)

No 1 2 3 4 5 6 7 8 9 |10 (11|12 |13
U=a 0(02[04|/05[06[08| 1 |08[06[05[04/02]| 0
@, |s|zlalalelelslelalalz]z]s
Hwd | ||| S|V || &K &

<t N N <t O e} o~ ()Y O
rr@, | S22 | c|leslelg|dle|lgldl a8
IR IR el Fle| |8 F| S8 &]|T
e o | © NS < N — < 0 =N 0 ) =~ ) vt
I Q Q O Ne O n n n n e ’e) ~N

(gl (gl (gl [q\] [q\] [q\] (@] [q\] [q\]

JedasndikoBane 3HaueHHs 00'€eMy BiAMOBIHO 10 HABEIECHOI METOIUKH Oyie
V& =260880.3mm’ .

Excnepumenr S.

Hexait monyie npyxuocti FOHra 3anano TpukyTHOIO (DYHKIIEIO HAJIEKHOCTI
puc. 5 TakuM uuHoM: £(200,203,210), . I'padiune noganus Binosigae puc. 11
B Tabm. 11.

JedasndixkoBane 3HaueHHA 00'€eMy BiAMOBITHO 10 HABEIECHOI METOIUKH Oyne
V& =264143mm’ .

Tabmug 10
Heuitki MEHOXMHK E i V¥
Ne 1 2 3 4 |5 6 7 8 9 |10 | 11 | 12 | 13
U =a 02(04(05|06(08] 1 [(08/06[05(04|02] 0
O (@] ) o0 <t <t o0 ) (@] O
By, 1l S|z 2|22 |8|2|5|€|s|2]¢
wH/mrd NNl |ls |V a|lala|la|la]|
sl e[ wlalel=a|n]|<] ol
V”/” (=) wn wn [ [ (] <t D o0 o o — (o))
@,|8|&|&|g8|81=213&|3|2|d ) > | =
X — [ D O 0 = N <t e \O 5N \O
3 Ve 0 o~ Ne} N Ye) Y8 o) — =3 =N ’e) 8]
MM S| e | o S | © | o | ©| © ) INe) @ & &
(gl (gl (gl (gl (gl (gl (gl (gl (gl (@]

Pe3ynpraTi ycix m’sTH eKCIIEPUMEHTIB 3BelleHO 10 Tabmn. 11, ne 300paxkeHo
BiMOBiHI rpadivni nmoganHs (yHKIIH HajmexxHOCTI puc. 6-11, nedasudikoBani

3HaYCHHSA 00'eMy Vdiff st ekcriepuMeHTiB  0-5 Ta, BimmoBimgHE 0

nedasngikoBanoro 3HaYeHHs 00'eMy, 3HAUEHHS MORYJIS py>kHOCTI FOHra E*.
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Tabmums 11
Pe3yneTaTn eKcriepuMeHTIB

def Xapakrep

Ne - V. E*
E" | kH/m” e i yHKIiT
eKCIL. MM KH/ym HaJICKHOCTI

0 H 263485.2 | 204.19 | Hecumerpuuna

x| |x, £
0200 c-203 0-205 6210
Puc. 6. I'padiune noganus GyHKLii
HAJIOKHOCTI HEYITKOTO TpareLieBUIHOr0
gucna E(200,203,205,210)

1 H 261526,5| 205,72 | Hecumerpuuna
1

X, )‘( R £
{ 1
a=200 =205 =207 b=210

Puc. 7. I'padiune monanus GpyHKmii
HAJIOKHOCTI HEYITKOTO TpareLieBIIHOrO
gucna E(200,205,207,210)

2 M 262495 | 204.96 | Cumerpuuna
1

X, X\ £
a=200 =203 d=207 b=210

Puc. 8. I'padiune noganus GyHKLii
HAJIOKHOCTI HEYITKOTO TparelieBHIHOrO
gucina E(200,203,207,210)

3 H 262203.7 | 205 Cumerpuyna
1

XL XR [

1 1
a=200  m=205 b=210
Puc. 9. I'padiune noganus GyHKUii

HaJIOKHOCTI HEYiTKOTO TPUKYTHOr O
gucna E(200,205,210)
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IIpodosoicenns maon. 11

4 H 260880.3 | 206.23 | Hecumerpuu-
Ha, MOJIa m
HAOIKAETHCS
a JI0 IIpaBoro
KIHIA
iHTEpBaATY

1

4 |5y &

=200 m207 b=210

Puc. 10. I'padiune noganus GpyHKuii
HaJIOKHOCTI HEYiTKOTO TPUKYTHOr O
guciaa £(200,207,210)

5 H 264143 | 203,58 | Hecumerpuu-
1 Ha, MOJa m
HaOJIMKAETHCS
a 10 J1BOr'O KIHIIA
iHTEpBaATY
X, | X £
@200 m203 b2

Puc. 11. I'padiune noganus GyHKuii
HaJIOKHOCTI HEYiTKOTO TPUKYTHOI O
gucna £(200,203,210)

7. CymicHa ist 1Box HaBaHTaxeHnb Ha HIICC
Hexaii posrismaeTscs CyMmicHa His BOX HCUITKAX HABAHTAXKEHb «TPOXHU
OinbIe, Hixk 2 xH» onrcaHi HEUITKI MHOXUHHA

Plfuzz)/:l+£+£+i, sz"‘zz)’:l_,'_ﬁ_,_%_,_i'
2 204 212 22 2 204 212 22
Ha ocHOBI 03Ha4YeHHA JIeKapTOBOro N00yTKa [4] HediTkux MHOXUH £ 1 P
OTPUMAEMO
min(l,1) min(1,0.8) min(1,0.4) min(1,0) min(0.8,1)
(2,2)  (2,204)  (2,2.12)  (2,22)  (2.04,2)
min(0.8,0.8) min(0.8,0.4) min(0.8,0) min(0.4,1) min(0.4,0.8)
(2.04,2.04)  (2.04,2.12)  (2.04,22)  (2.12,2) = (2.12,2.04)
min(0.4,0.4) min(0.4,0) min(0,1) min(0,0.8) min(0,0.4) min(0,0)
(2.12,2.12)  (2.12,22) ' (2.2,2)  (22,2.04)  (22,2.12) (2.2,22)

RxP,=

_ 1 0.8 0.4 0 0.8 0.8 0.4
(2,2)  (2,2.04)  (2,2.12)  (2,22) (2.04,2)  (2.04,2.04) (2.04,2.12)
0 0.4 " 0.4 " 0.4 4 0

+
T 2.04,22) T (212,2) T(2.12,2.04) T (2.12,2.12) " (2.12,22)
-0 4 0 , 0 ., 0
(22,2) (22,2.04) (22,2.12)  (22,22)
3HaquHﬂ 06’€My npyu OaHUX HAaBAHTAKCHHAX 3 peIHiTKI/I ACKapTOBOIrO
IOOYTKY pO3paxoByeThes 3a anropurmom 11, B pe3yabTati 90ro 0TpuMaemo:
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Vfuzzy _ 1 i 0.8 i 0.4 i 0 + 0.8 + 0.8
259903 261152 263641.6 266122 263850.4 265101.3
0.4 0 0.4 0.4 0.4 0

+
267596.0 270081 271737.4 272993 275497.4 277993
=0 4,0 , 0 , 0
279616 280876 283389 285893
Etan nedasndikamii OTPUMAaHOL 27 2200 221 222
HEUiTKOl MHOKHHU nae ' ’ : '

Ve =265296.2 .

HVED gl F gl B A
2062 | 208200\ 204,212 | 204,22
B2 E B A
2122 2206 | 212212 | 21227
2 TR (oA 2 B O

ve _Vdct (25 2) _
Vi (2,2)

=2.07% nokazye HACKUIbKM O4YiKyBaHHUI

pesynbrar  Oinblle, YMM  pe3yJNbTar,

CmiBBiguomenuss A%=

OTpUMaHU npu JeTePMiHOBaHUX 222 22204 | 22212 2222
3HA4YCHHAX. i f:f i j&f i f—‘] ) Jl:.’j
BuUCHOBKH Puc. 13. PenriTka 3Ha4€Hb F0Y0T0O

. HaBaHTa)KEHHS y BY3J1i hepMu
1. TlokazaHo 3aCTOCYBAHHA OAHOIO 13 y Bysai dep

CyJacHHX METOMIB "M'SKHX" OOYMCIICHBb - TEOpis HEYITKUX MHOXHUH IO 3a]ad
BaroBOi ONTHUMI3aIlii.

2. HewiTke MOMETIOBAHHS O3BOJISIE OI[IHUTU BIDIMB CTEHCHIO "PO3MHUTOCTI"
BUXI/IHUX JaHUX HA KiHIICBUH pe3ybTaT.

3. HaBemeHo 3amava MpOEKTYBaHHSA, KONU iHGOpPMAIS PO HABAHTAKCHHS
Ma€e HEBU3HAYCHICTh JPYTOro POAY, a CaMe: HeUiTKO-BUTIAIKOBHH OTIVC.

4. ChopMynp0BaHi €Ty HEUITKOTO MOJCTIOBAHHS.

5. BukoHaHO YMCIIOBI EKCIIEPUMEHTH ISl DPI3HOMAaHITHUX KoMOiHamii
HEYITKOTO HaBaHTAKCHHS.

6. IlpomoHoBaHWiI migXim 3aCTOCOBAHO [UIS  OIIIHKH  ITOKa3HUKA
HaBaHTa)KEHHS 110 HAXIHHOCTI 1 MOIYJISl IPY>KHOCTI.
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Cmamms naoiiwna 17.07.2018

Baranenko V. A., Volchok D.L.
FUZZY MODELING IN OPTIMAL DESIGN OF HINGE-ROD SYSTEMS

In design theory, optimal problems are formulated in the form of deterministic (clear) models of
mathematical programming. It is of interest to consider such tasks of optimal designing of structures,
which would take into account the information situation in relation to the initial data, conditions of
consolidation, behavior of the environment, goals and other factors of the uncertain nature. For the
formulation and solution of such problems, an appropriate mathematical apparatus is needed that would
a priori include the possibility of taking into account this situation. The concept of uncertainty is intuitive
for every person. However, its formalization causes some difficulties.

Simulation of random uncertainty is carried out in the boundaries of probability theory. Here a
priori are assumed to be known and reliable functions of distribution and density of random variables,
their numerical characteristics. This information is obtained on the basis of processing a large statistical
sample.

For a long time it was believed that all the necessary work for uncertainty gives the theory of
probabilities. But over time, due to a change in human perception of the environment, the adequacy of
this approach began to cause doubts.

In this paper we consider the problems of optimal design of a hinge-rod system, which is imposed a
restriction on rigidity, strength and stability under conditions of fuzzy and fuzzy-random information.
The application of one of the modern methods of "soft" computing - the theory of fuzzy sets to problems
of weight optimization is shown.

The implementation of the problem is accomplished using the method of dynamic programming.
The algorithm of implementation of the set optimization models is developed. The stages of fuzzy
simulation are formulated and described: fuzzification, optimization and analysis, defuzzification.

The analysis of the choice of load safety factor coefficient is carried out using the proposed
methodology. The results of the influence of the form and character of the membership function in the
case of fuzzy data information about Young's modulus on optimal solutions are given. According to the
defuzzificated volume of hinge-rod system we can propose corresponding determined Young's modulus
as recommendation. Numerical examples for various load combinations are given and results of all
numerical experiments show how the mechanical system reacts to the inaccurate description of the given
load. The problem of designing, when the information of the load is uncertain as the fuzzy-random
description is presented.

Keywords: hinge-rod system, fuzzy and fuzzy-random variables, optimal design, fuzzy modeling,
dynamic programming method.
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bBapanenko B.A., Borvox J].J1.
HEYETKOE MOJAEJIUPOBAHUE B OITUMAJIBHOM ITPOEKTUPOBAHUHN
HAPHUPHO-CTEPKHEBBIX CUCTEM

B naHHO#i paboTe paccMaTpUBAIOTCS 3aJa4d ONTUMAIBHOIO IPOCKTHPOBAHUS ILAPHUPHO-
CTEp)KHEBOM CHCTEMBI, Ha KOTOPYIO HAJIOXEHO OrPaHWYCHHs I10 JKECTKOCTH, INPOYHOCTH U
YCTOMYMBOCTH B YCIIOBHSX HEYETKOH M HEYeTKO-ciydailHoW uH(popMmaimu. IIpeayiokeHa MeTouKa
peleHusT 3aJa4d Ha OCHOBE MPHMEHEHHS TCOPHM HEYETKHMX MHOXECTB. Pa3paboTaH airoputm
peamu3aiuu npejularaeMoil Meroauku. OMNHcaHbl OCHOBHBIE OJTallbl HEYETKOTO MOJICIMPOBAHUS:
(azsudukanms, onTaMHU3alMA U aHau3, Aedaszsudukanus. ONTHMHU3ANUS OCYIISCTBICHA HA OCHOBE
METO/Ia JIMHAMHYECKOro mporpammupoBanus. [IpoBeneH aHaimi3 BbiOopa Kod(hHIMEHTa HaJIKHOCTH
1o Harpy3ke. [IpuBeIeHbI pe3ysbTaThl BIHSHHUS (OPMBI U XapakTepa (GYHKIHMHU MPHHAUISKHOCTH HPH
HEUYETKOM 3aJ[aHi1 HH(OPMAIMU Ha ONTUMAJIbHBIC PELLICHHSI.

KaioueBble C¢jI0Ba: IIAPHUPHO-CTEP)KHEBAs CHCTEMa, HEYCTKHE W HEYETKO-CIydailHbIe
BCJIMYMHBI, ONTUMAaJIbHOE IPOSKTUPOBAHHE KOHCTPYKIHMH, HEYETKOE MOJCIMPOBAHHUE, METOJ
JIMHAMHYECKOT0 POrpaMMHUPOBAHHSI.

VK 517.11+519.92+539.3
bapanenxo B.O., Boauox J[.JI. HeuiTke  MopeOBaHHsT B ONTHMAJIbHOMY
NMPOEeKTYBAaHHI IIAPHiIPHO-CTepKHeBUX cHcTeM // Omip MmarepiaiiB i Teopist copyxm. —
2018. - K.: KHYBA, 2018. — Bum. 100. - C. 71-93.

Po3zenanymo 3a0auy onmumanbHo2o npoeKxmysaHHs WapHipHo-CIMepICHegoi cucmemu,
Ha SIKY HAKAAOEHO 0OMedICeHHsl WoO0O0 JICOPCKOCHI, MiyHOCMi ma cmilkocmi 8 yMo8ax
Henoenoi inghopmayii Hewimkoeo ma HewimKo-6UNaoKo8020 XapaKmepy.
Tabmn. 11. In. 12. biGmiorp. 7 Ha3B.

Baranenko V.A., Volchok D.L. Fuzzy modeling in optimal design of hinge-rod systems
/I Strength of Materials and Theory of Structures: Scientific-and-technical collected
articles — Kyiv: KNUBA, 2018. — Issue 100. — P. 71-93. — Ukr.

The problem of optimal design of a hinge-rod system, which is imposed by the
stiffness, durability and stability restriction in conditions of incomplete information of
fuzzy and fuzzy-random nature is considered.

Tables 11. Fig. 12. Ref. 7.

bapanenko B.A., Boawox J{JI. Hederkoe MoJeJUpOBaHHe B ONTHMAJIBLHOM
NMPOeKTUPOBAHUU IIAPHHUPHO-CTEP:KHEBBIX cucTeM // CONPOTUBIICHUEC MAaTEPHUAIIOB U
teopust coopyxkeruil. —2018. — K.: KHYCA, 2018. - Beim. 100. — C. 71-93.
Paccmompena 3a0aua onmumanbHo20 NPOEKMUPOBAHUS. WAPHUPHO-CIEPIHCHEBOU
cucmemvl, HaA KOMOPYIO HANOJNCEHO O2PAHUYEHUe NO IHCECKOCMU, NPOYHOCMU U
YCMOUYUBOCMU 8 YCILOBUAX HENOTHOU UHMOPMAYUU HeuemKo2o U HeYemKO-CAYYalHo20
xapaxmepa.
Tabn. 11. V. 12. bubnuorp. 7 Ha3B.
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HANIPY)KEHUI CTAH KJIEMOBOTO 3’€THAHHSA
3 HO310BKHIM JE®EKTOM

C.C. KypenHos,
JI-p TeXH. HayK, JOLEHT, mpodecop Kadeapy BUILO] MaTEeMaTHKH

Hayionanvnuil aepoxocmivnuii ynigepcumem im. M.E. JKyxkoscvrozo «XAI»

IMepeMilieHHs eIEMEHTIB 30BHIIIHIX HECy4HX IIapiB B MONEPEYHOMY HAIPSAMKY BBAXKAIOTHCS
pIBHHMH HyIIO. 3ajady 3BEIEHO N0 CHUCTeMH AU(EpeHIIHHMX pIBHAHb B YACTHHHUX IIOXIJHHX
BIJIHOCHO ITO3IOBXKHIX Ie€peMillleHb MapiB, SIKy PO3B’sA3aHO 3a JOMOMOIOI METOAY BiOKpEMICHHS
3MiHHHX. Po3B’s13aHa MonenbHa 3amada. [TokazaHo, IO BiCYTHICTH KIEO B3IOBX Oi4HOI CTOpOHH
3’€JHAHHS MOYKE 3HAYHOIO MipOI0 301JIbLIYBAaTH HANIPY>KEHHS O1JIs Kparo KJIEHOBOro mapy.

Kaio4oBi ci1oBa: 1BOBUMipHA MOJIEIb, aHATIITHYHHN PO3B’SI30K, KJICHOBE 3’ €IHAHHS, TPHUIIAPOBa
KOHCTPYKIIisL.

Beryn. Binbmricte MaTeMaTHIHUX MOJICNEH HAITYCKHUX KICHOBHX 3’ €THAHD €
omHoBuMipanMHu [1]. ToOTo mpumyckaroTh 3aJaHUil ampiopi po3moin
Halpy)XeHb 32 TOBIIMHOIO IIapiB (SIK MpaBWIO, piBHOMipHHH a0o iHIHHMI) i
PIBHOMIpHHI PO3MOJIT HANPY)KEHb 32 IUPUHOIO 3’ e¢aHaHHA. OHAK pO3paxyHOK
HalPpY)KEHOTO CTaHy 3’€AHaHb B PsJli BUNAAKIB BHMAara€ BpaxyBaHHS
HEepiBHOMIPHOCTI pO3IOiTY HAIPYXKEHb 1 MEpeMIlleHb 3a IMUPHUHOIO 3’ €JHAHHS.
[MpuknagaMu Taknx KOHCTPYKIIH € 3’€IHaHHS CHJIOBHX €JIEMEHTIB 3 OOIIMBKOIO,
PeMOHTHI Hakjaaku, i T.1. [loOynoBa aHaNITHYHOrO PO3B’SA3KY 3adadi Hpo
JMBOBUMIPHHUIA HANPY)KEHUH CTaHi 3’€IHAHHS B 3arajbHIil ITIOCTaHOBI €
HAJ3BUYAWHO CKIQJHOI 3aJa4cio, PO3B’S30K SKOi TOKW HeBimomuid [2].
[TobynoBa po3B’si3Ky HaBiTH U OJHOTO LIApy € CKJIaaHOI0 Hpobiemoro [3].
Tomy, sIK TpaBWio, Al JOCTIUKEHHS JBOBUMIPHOTO HANPYKEHOTO CTaHy
3'€JJHaHb BHKOPHCTOBYIOTHCSI YHCEIbHI METO/AM, 30KpeMa METOJ CKIHYCHHHX
PI3HUITL 1 METOJ| CKiHUYCHHUX eleMeHTIB [4-6]. Jlns moOynoBHM aHATITHIHOTO
po3B’s3Ky naHoi 3amadi B poOoTi [7] Oyna 3amporoHoBaHA CHPOIIEHA
JIBOBUMIpHAa MOJENb HAIyCKHOTO 3’€IHAHHS IBOX IUIACTHH, sIKa 3aCHOBaHAa Ha
rimore3i Mpo BHUCOKY JKOPCTKICTh MIapiB B HAIPSAMKY, MONEPEYHOMY IO
HalpsIMKy HaBaHTaXeHHA. Ll Mojenp, Hampukian, BIIEpIIe JIO3BOJIMIIA
OTpUMAaTH AaHAIITHYHHH PO3B’SA30K 3ahadi PO HANpyKEHHWH CTaH KIIEHOBOTro
3’€IHaHHS TUIACTMHOK pi3HOI mupuHU [9]. AnexBartHicTe JaHOi Moxeni Oyna
nepeBipeHa  TOPIBHSAHHSAM  pO3paxyHKiB BHKOHAaHMX 3a MOJCIUIIO 3
pO3paxyHKaMH, BUKOHAHHMH 3a JOIOMOIOI0 METOAY CKiHYEHHHX EJIEMEHTIB a
TaKOX 3 pe3yJIbTaTaMH eKCIIepUMEHTIB [9].

Meroto 1aHoi poOOTH € po3B’sI3aHHS 3a/1a4i PO HANPYXESHUH CTaH 3’€THAHH,
sIKe HE MICTUTH KIJICIO Y3/I0BX OluHMX cTOpiH 3’equaHHs. CiiJ 3a3HAYWTH, L0
BioMi POOOTH, € JOCHIKYETHCS BIUIMB HA HANPYKCHUH CTaH 3’ €IHAHHS
MOpYIIEHb CYLUIBHOCTI KiIeHoBoro mapy Oust TopiiB oOmacti ckielku, abo B
cepenuHi 3’equanns [10, 11]. IIpu 1poMy Kl BBa)KaeTbCsl BIACYTHIM B3JIOBX
BCi€l MMpPHHM 3’€JHAHHS, IO JO3BOJISE 3aCTOCYBAaTH OJHOBMMIPHI MaTeMaTH4Hi
Mojeni 3’enHaHHA. B naniit poOoTi CyIiIBHICT KJIEHOBOTO IIApy BBAKAETHCS
TIOPYIICHOIO B3JIOBXK OIYHMX CTOpPIH CKJIGEHHX IUIACTHH, TOOTO 3a JOBKHHOIO

© Kypennos C.C.
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3’€JTHaHHS, 1110 BUMAarae 3aCTOCYBaHHS IOHAaMEHIIEe TBOBUMIPHOI MaTeMaTHIHOI
Moyedi. [laHa 3a1a4ya € aKTyaJIbHOIO ajle PO3TIISAAETHCS YIIEpIIe.

IHocTanoBka 3anavi Ta piBHAHHA piBHOBaru. Po3risHeMo cUMeTpUYHUN
KJIEHOBe 3’ €THAHHSA ABOX MPSIMOKYTHHUX IUTACTHHOK, IO TIOKa3aHe Ha puc. 1.

y
K H 3.8 &
oo
il I‘ e
: \ 1 : : 2
lo A TH
I
: IR
:r ____________________ : !
£ T8

Puc. 1

IMoznoxus Bick (0Ox ) € Biccto cumerpii. CuMeTpist 103BOJISIE BUKIIOUUTH
BIUIMB 3TMHY B IUIOIIMHI 3’€JIHAHHSA 1 PO3MISHYTH JIMIIE IIOJIOBUHY JAaHOI
KOHCTpYKIii. JloBxkuHA 3’e¢aHaHHS L , MIUpUHA TUIACTUHOK 2H , MIMPWHA 30HU
cxieriku 2/ . ToBIUHY 3’€HYBaHUX LIApiB 1 KJIEHOBOro LIapy BiANOBiAHO O,
6, U O,. bynemo BBaxaTu, L0 NEPEMIIEHHS U HANPY)KEHHS DPIBHOMIPHO
PO3IIOAINIEH] 3a TOBIIMHOIO MIapiB. 3’€JHYBaHI IUNIACTHHH MTOJIOXKUMO aOCOIIOTHO
XKOPCTKMMHU B HamnpsiMky ocu Oy . ToOTo enmeMeHTH mIapiB MaroTh TiJIBKH
HO3J0BXKHI IepeMillieHHs, AKi B oOiacTi ckiediku nosHaummo U, u U,, a
nepeMillleHHs Ha OIYHUX JiisHKax BignosimHo U, u U, nansd nepmioro i amus
Ipyroro ImapiB. 3a CTYINCHEM ijeaiamii JaHa MOJENb 3aliMae IMPOMiXKHE
MOJOXKEHHS MDK OajJouHMMK  MozensiMu  OyZiBenbHOI  MexaHiku  (omip
MaTepiaiiB) i Teopii IpyKHOCTI, 1 Oyia 3alpOIOHOBaHa, HAIIPHUKIIA, B podoTax
B.B. Bacunsesa [12, 13].

PiBHSHHS pIBHOBarW eIEMEHTIB 3OBHIIIHIX IIapiB B 001acTi CKIEHKH
(y €[—h; h]) maroTs B

ON, 0 ON, 0
P Shd R TRy AP B, - S (1)
ox Oy ox Oy
ne N, , ¢, — HOpMallbHi (II0310BKHi) 1 JOTUYHI 3yCWUIL B Wapi m, ne m=1,2;
T — JOTHYHI HANPY>KeHHS B KJIICHOBOMY IIIapi B MO3/IOBKHHOMY HAIPSIMKY.
CriBBigHomenHs Komri 3a yMOB BiJICYTHOCTI IIONEPEYHHUX IEpEMIllICHb
MAaIOTh BUIJISAL

U, U,

Nm:5mEm_8x s G =00 m_ay , m=1,2,

ne E, — MoIylb IPYXKHOCTI apy /7 B HanpaMmKy oci 0x; G,, — MOLylb 3CYBY
mapy m B miomuHi x0y .

JloTudHi HampyXeHHS B KICHOBOMY IPOIIAPKY BBaXKAEMO MPOIIOPIIiHHUMHU
PI3HHUII MiXK TIEPEMIIICHHSIMH 30BHIITHIX mmapiB [1, 4]
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t=RKU,-U), )

e Ry —KopcTKicTh KIeHOBOro IIapy Ha 3CyB, SKa, 3a3BUYail, BU3HAUAEThCA 5K
Ry =G,/d, . Tyr Bignosinao G, — MOIyiIb 3CyBY KICHOBOrO LIapy.

[TizcTaBuBIIM HaBeAEHI BUIIE CHiBBiAHOIIEHHSA B piBHAHHA (1), oTpuMyemMO

cucremy [7]
*U ’U
oy| —t+u—L |-U,+U, =0
dy’

ox? 3
U, o, ’
a +Uu +U,-U, =0
2( ) 2 e 1~ Y2
e a, = En15m . _ Gm
m I)() > lLlITl E’n

[Toza MexxaMu IUISHKM CKJICHKH TEpEeMIIeHHS MIapiB 3a BKAa3aHWUX BHIIE
rirmore3ax onMcyeThes piBHAHHAMHE [12, 13]

U, 8, o*U, U,
+ =0, + =0. 4
axz ;ul ayz axz Hz ayz ( )
3 orusaay Ha CUMETPiro, KpaioBi YMOBH MArOTh BHUTIIS;
ou| _ou,| _aus| ey, o )
ay |y=0 ay |y=0 ay |y=H ay |y=H
ou ou.
No| _=E8,— =F(y): N| _, =Ex5, 6—4 =F(y); (6)
x=0 X x=0
ouy|  _ous|  _au,|  _auy|l  _ 0 ™
ax |x=0 ax |x=0 a‘x |x=L ax |r L ’
ou ou
N|  =Es—H =F(y); N;| ,=E&—=— =F(y). @8
1|X=L 191750 L 1()’) 3|X=L P - 1()’) (3)
a(]/71 aUerZ |
= , U =U ,m=12. 9
ay |y=h ay - m|y=h m+2|y=h m ( )

YmoBu (5) mpencTaBisioTh COOOI0 YMOBM PIBHOCTI HYJIO JIOTHYHHX
Halpy)XeHb B HECYUMX IIapax B3JOBXK OCi CUMETpii 1 BIIBHUX KpaiB.

IToGynoBa po3s’s3ky. 3 mepuioro piBHAHHA cucTeMH (3) MOXXHA BUPA3UTH
MepeMileHHs APYroro miapy yepes MepeMilieHHs epioro

U, U
U, =U —a| —L+pu L. (10)
2 1 1( axz 1 ayz J
[MixcraBuBmm (9) B apyre piBHAHHA cucTeMu (3), OTPUMYEMO
Y Y o', ,ou, ,
By axl B> 2612 ﬁ3 1 ﬂ4 1 ﬂs 1=0: (11

Bi=ayo, ;s By = +1)p ;s By = H1H2ﬁ1» Bi=oy+ay; ﬁs =ath Fas i, .
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B pobori [7] 3a nmomomMoror0 MeETOmy BiJOKpeMJICHHS 3MIiHHHX Oyio
OTpUMAaHO 3arajbHUil po3B'a30k piBHAHHA (11) 32 ymMOBOIO L = 1, , 1 IOKa3aHO
110 PO3B’SI30K MA€ BUIIISAJ] CyMH

Uy =W, (0)+V,(x,),
ne w, (x) SIBIISIE COOOI0 KIIACMYHMK OJHOBMMIpHHUI po3B’sizok DonbkepceHa
[1]. B cBoto uepry ¥, (x,y) ABIAIOTH cOOO0 psiaM, CKIajeHi 3 po3s’s3kiB (11) i
(10), sxi B CBOIO 4epry MOXKe MpEACTaBHTH Yy BUINIAIL JIiHIHHMX KoMOiHamii
dynkmiit e sinky u e
moOyoBl PO3B’sA3Ka JaHOI 3ajadi BUKOPHUCTAEMO JaHY CTPYKTYPY PO3B’SI3KY.
Po3srnsHeMO KOXHHN JOAAHOK OKPEMO.

“cosky (sax i pos3s’sizok piusaus (4) [12]). Tpu

[lizcTaBuBIIM, HaNpHUKIAA e sinky B (11), orpumyemo anrebpaiune
PIiBHSHHS, sIKe 3B’s13ye A 3 k :
4 24,2 4 2
Bsk™ +(Bs = oA + BA" = A7 =0, (12)
1 3 IKOTO BHIUIMBAE, 110 KO)KHOMY 3HAYEHHIO +/1 BIAIOBiZa€ YOTHPU 3HAYCHHS
k, sxi MmoxxHa mopat y ¢popmi tk(A) u tk,(A) . TakuM YHHOM, YaCTHHHHMIA
po3B’si30k piBHsHHS (11), SKuil BiAmoBigae, HaNpUKIal, TOJATHOMY 3HAUYCHHIO
A Mae BHTIISI,
* . .
V=M (S1 sink;y+ C, cosk;y+S, sink,y +C, coskzy) ,
ne C

m?

S, — JOBLIbHI Koe(ilieHTH.
I3 cniBBigHOMEHHS (10) BumMBae

V; =™ (Sl}/1 sink;y + Cy,cosk;y+S,y, sink,y+C,7, coskzy) ,

ne ¥, =l-og(A* —mky), m=1,2.

Bynemo BBaxkatm, 1o 3araibHi po3B’s3KH PiBHAHB (3) 1 (4) MarOTh TOYHO
3aJI0BOJIBHATU KpalioBi ymMoBHM Ha cropoHax y=0, y=H, 1 y=H, (5), a
TakoX nmpu y=h (9). I3 nepumx aBox ymoB (5) BummuBae S; =S5, =0.
BpaxoByroun mo JaHi YaCTHHHI PO3B’S3KH CIPABEUIMBI U JUTS BiJl’ €EMHHX
3HA4Y€Hb A , YACTHHHI PO3B’S3KN MOMJINBO MONATH y BUIJISL.

V| =[Ach Ax+BchA(x—L)|¥"; V5 =[AchAx+Bch A(x—L)|Y?;

YW =C cosky+Cycoskyy; ¥YP =Cyy, coskyy+C,y, cosk,y,
ne A 1 B — 1oBUIbHI KOHCTAHTH.
YactuHHI po3B’si3ku piBHSHHS [lyaccoHa (4), sKi 3aJ0OBOJNBHSIOTH KpanHoBi
yMOBH (5), MaroTh BUIJISA

Ve =[ 49 ch Ax+ BY ch A(x L) Jeos (A ) (v - H).
Vi =[ A9 ch Qe+ BY chQ(x—L) |eos (@/ 1) (y—H) .

me A, Q — KOHCTaHTH BiJOKpeMJICHHS 3MiHHWX; 4 i B — [OBUTBHI
Koe(illieHTH.
OpnoBumipHi po3s’sizku (3) u (4) marots BUrIIAA [ 7]

W, = Agx+By+d, (Aél) ch /B, )+ B ch ((r= 1)/ /B, ).
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Wy = a4 50, W, = a@x 52,
e dy=1; dy =—a,/ay ; m=1,2; Ay, By, ay, b, — HOBIIbHI KOHCTAHTH.
I3 ymoB (9) BunmmBae
Wy =Wys Wy =W, 5 Wy (x,h)=V; (x,h); Vs (x,h) =V, (x,h),
v | ars|  ovy| _ov,
ay |y=h ay |y=h ay |y=h ay |
IIO JIa€ 3MOT'y BCTAHOBUTHU HACTYIIHE:
AV =B —0; al™ = 4; 0" =By A¥ =c,a; BY =B,

y=h

ne C;, C, —xoedimientn, mo 38’s3yiore A% i BY) 3 xoedimienramn 4 u B .

Binnocuo koediuienriB Ci,...,C, OTpUMYEMO CUCTEMY OJHOPLIHMX JIiHIHHKX

PIiBHSHB:
A-C=0 R (13)
e
(&} (&) —C3 0 Cl
| ha 1£1%) 0 -, s
A= klsl kZSZ _;{’M;O,SS3 0 , C= C3 s
kysi ks, 0 ;s G,
Cm = COSkmh > Sm = Sinkmh 5 Cptp = COS l(h —~ H) > Smy2 = Sll’l—l(h _ H) .
Mo My
Cucrema (13) Mae HeTpUBIANBHUI PO3B’ 30K, SKIIO
detA(1)=0. (14)

PiBuanna (14) Mmae HecKiHUeHY MHOXKHHY [JIHCHHX KOpeHIB A, , SKiM
BiAnoBinao™s £, , =k, (4,), ¥V, =V¥n(4,). Koucrawtu C,, C,,, Cs,,

C, , 3HaxonAThbcs 3 cucteMu (13) ¢ TOYHICTIO 10 IOBLIBHOIO MHOXKHHKA.

Taxum yuHOM, nepemituenns Uy, ..., U, MoxeMmo 3anucatu y popmi
U, =g+ By + 2 [ 4,X0 (1) + B, X2 () [ YD (»), (15)
n=1
ch(4
j=1.,4; xW = (4,) Yn(l) =C,, cosk; ,y+C, , cosk,,y,

" sh(L)

@ _h(AG=D) Lo

= =( cosk, ,y+C, cosk, .y,
T sha Ly o el SRR 2 €08 LY

() _ A Lyl o
Y, =G5, cos y-H); YW =C,, cos y-H),
’ \/#1( ) ! \/#2( )

ne MHOoXHUKH A, sh(A,L) y 3HaMEHHHMKY BBeIEHI JUIsl MOKPAIICHHS aHA3y

301KHOCTI PO3B’SI3KY.

Ockinbku koedivientn C ,, C,,, C;,, C;, BU3HAYCHI 3 TOUHICTIO 10

NG
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JIOBIJIBHOTO MHOXKHHKA, TO /ISl BU3HAYEHOCT] 1 MOKPAIeHHs aHalli3y 301KHOCTI
Ha JlaHi Koe(ilieHTH TOUiIBHO BBECTH JOAATKOBY YMOBY HOPMYBAHHS

h ) h ) L L,
J‘[Yn(l)} dx+J‘[Yn(2)} dx+J‘[Yn(3)} dx+J[ ()J de=1.
0 0 h h

Takum umHOM, KpaioBi ymoBH (5) u (9) 3aqOBONBHSIOTBCS TOYHO. A

koebiuientn A4,,A4,,B,,B, HaxoguMo 3 KpaioBux ymoB (6)-(8). Bkazani
KpaioBi yMOBH NIPUBOIATH 10 PiBHSIHB

AO—iBn v=0: 4-3 5, Y,,(z)—if(;)' ve(0;h);

n=1

Ao—i -0; AO+ZAY) () ve(hH);

S 0 FO) F(y) .
4 - B, 7, 55, AO+ZA y 0, ye(h H);
_AW)

5

1¥1

A0+iAnYn( =0; AO+ZAY . ye(0;h);
n=1

OOMexuBIIM fonmaBaHHA y psapax (15) neskum uymcioM JnomaHkiB N,
3aIUIIeMo MepestiueHi KpaioBi yMOBH B BeKTopHiI‘/'I (bopMi

N
AH+Y 4, W ZB w -R=0, (16)
n=1
1 0 —Y,,“) 0
1 g -¥@ F, (y)/ Ey0,
1 5 _y® 0
Aol woo| " wo o o | go| AG/ES
1y P L Y F, (»)/ Ey6,
1 r® " 0
1 Y(Z) 0 0
g 0
1 y 0 )/ ES,
Oynkuii ¥, (1) Yn(4) HE € OPTOTOHAJTHHUMH Ha BIJIIOBIHUX iHTEpBalax, a

ix cucremu € mnepenoBHeHuMu. Ll oOcraBuMHA [O3BOJS€ 3aJ0BOJIBHUTH

He3aJeXHI KpalloBl yMOBH 3a jonoMororw koediuienris 4,, B,, 4, u B, . Lli

Koe(iLliEHTH 3HAXOAWMO i3 YMOBH OPTOTOHAJILHOCTI JIBOI YaCTMHH PiBHSHHS
o aowl w

(16) miniiftHO-He3aekHUM BekTopam H | W,g ) s W,g ), n=1,.., N. Jlna uporo

BBEJIEMO CKaJIAPHUM 100YTOK

h h H H
(ﬁ,V) = Iulvldy + Juzvzdy + Iu3v3dy + Iu4v4dy +
0 0 h h
H H h h

+I Usvsdy + I UgVedy + Iu7v7dy + Iugvgdy ,
h h 0 0
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J€ u; U V; — BIINOBLAHI KOMIOHEHTH JEAKUX BEKTOPIB U U V.
Bxazanwuii miaxia mpu3BOAUTH IO CUCTEMHU JIIHIHHUX aNTreOpaiYHuX piBHSIHD

Y LR (CO V) (U RO
M2D M2 MCY L A=|R® |, 17)
MGED MG MG R®

A=(4y; By; A; .. Ay B .. By,

G \HE: MED =W 1 B = W@ H) -
Mi,j _(HaH)aMn _(Wn ,H), Mn _(Wn ,H),
MG = (WD W) 5 MY = (W2 W) s MY = (Wi Wi
M@ — [M(I,Z)]T; MG = [M(I,S)]T : MG — [M(2,3)]T; ij=12;

1 5 aiy. o _ i wby. pB _ b w .

RV =(R,H"); P =R,W"); R = R,W?); nk=1,.,N.

Monenbna 3agava. [IpoBeseMo po3paxyHOK HamIpyKeHO-Ae(POpPMOBAHOTO
CTaHy KJIEWOBOTO 3’€JJHAHHS JIBOX OJHAKOBHX IUIACTHHOK po3Mipamu 5x4 cMm,
(2H=4 cm, L=5 cm), u toBumHOW O=4 MM, E=E,=70 I'Tla, i G,=G,=
=25,9 I'Tla (amominieBuii cmas). Ilapamerpu kneifoBoro mapy: &, =0,1 Mm,
G, =0,5 I'Tla. Ilonoxxumo, WO A0 OJHOrO 3 INApiB NPUIOKEHE PiBHOMIpHE
HaBaHTaxXeHHA F(y)=F=const .

Ha puc. 2 nokazanuii rpadik po3noginy JOTHYHUX HANPYKECHb B KICHOBOMY
mapi, kit Mae mupuay 24 =3 cM. B cuimy cuMerpii okaszaHo HanpyXXeHHs Ha
MTOJIOBUHI 001aCTi CKIIEHKH, X € [0; L] ,
ye[0;h].

3 naBeneHoro rpagiky BHAHO, IO
HalpyXeHHs Ourg OiuHOro Kparo
MIEPEBHIIYIOTh HaNpy>KEHHS y
cepenuHi  KinedoBoro mapy. Lle
3YMOBJICHO THM, IO 3YCHIII, SKi
NPUKIAZeHl /0 IUTaCTUHKHM 11032

MEXaMHU KJIEWOBOro IIapy y € (h; H ]

MepearoThesl 10 1HMIOl  IUTACTUHKH
yepe3 HAWONMK4i JUISHKA KIEHOBOTO
mapy, a came depes o0mactb Oinst Horo
0i9HOTO Kparo.

Koediuientu 4, i B, B dopmynax

(15) 3MeHIIyIOTBCS C POCTOM IHIACKCY # HE MOHOTOHHO 1 3aJieKaTh BiJ
KiJIbKOCTI wWieHiB psay N . Jawi, HaBemeHi y TaOm. 1, imrocTpyloTh mi
3aJeKHOCTI. 3a PO3IISIHYTHX IapaMeTpax MIapiB 1 KpaloBHX yMOBaxX MaeMo
A,=8B,.
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Tabmnms 1
n A”
N =30 N =60 N =100
0 0,17857-107 0,17857-107 0,17857-107
1 0,93462-10"" -0,24992-10"" 0,24109-10"
2 0,25231-10° 0,25233-10° 0,25233-10°
3 -0,32325-10° 0,90986-10°" -0,81125-10"
4 0,24843-10°° 0,24842-10°° 0,24842-10°
5 -0,45493-1077 -0,45443-1077 -0,45455-1077

Po3paxyHKH MOKa3yroTh, 10 32 JaHUX KpaioBHX yMOB JesiKi KoeilieHTH 31
3pocTaHHAM N HaOIWKaAlOTbCd A0 Hyls (Hampukian A, A;), a gesaxi
(manpuxnan 4,, 4,, A, ) 3aJIUIIaI0THCS IPAKTUYHO HE3MIHHUMH.

Juis  Bepudikamii 3amporOHOBAHOI  MOJENi  IMPOBEJACHO  IOPIBHSHHS
OTPUMaHMX pPE3YNbTAaTIB 3 pe3ylbTaTaMH pO3paxyHKiB, BUKOHAHUX 3a
JIOTIOMOT'OI0 METOAy CKiH4eHHMX eneMeHTiB y mporpami Comsol Multiphysics.
TpancBepcasnbHI NepeMillleHHs 30BHIIIHIX CTOpiH IIApiB JIOPIBHIOIOTH HYIIIO
(BUrMH BiZICyTHI), TIepeMimeHHs B HapsAMKy oci 0y y miomuHi x0z Takox
HynboBi. Yucno enmementiB y crBopeHid 3D momeni cranoButh 1158516.
BigHocHo Mana TOBHIMHA KIEHOBOrO INapy 3YMOBIIIOE BEIHUKY KiJIBbKICTh
CKIHUCHHX EJIEMEHTIB.

Ha puc. 3 mokasani rpadiku JOTHYHUX HANPY>KEeHb, AIIOYMX B CEpEIUHHIN
IUTOLIMHI KJICHOBOTO MIapy B HANPSMKY OCi X , B3JIOBX JiHil y =0 (a)i y=h
(6), xe[O; L] (mynktupHa JiHisA). [y MOpIBHSIHHS HaBEeIEHI TaKoX rpadiku

HanpyXeHb (2), po3paxoBaHUX 3a HAaBEJCHOIO MOJEIIIIO (HellepepBHa JIiHis).
L
— 8
i \ fd
6 ! 7
\ J/
N\
A\ N\ W
N (6) / /
N
9 f\ N P |
(a\)\ﬁ 3 /

s
4 __| y
S "'-—-"‘”‘1{/ h
0 0,2 0,4 0,6 0,8 1
Puc. 3

Sx OaunMo, HampyXeHHS MA0BONI OJM3bKi. bimg kparo mBa JOTHYHI
HaNpYy)XEHHS, PO3PaxoBaHi 32 CKIHYEHHOEIEMEHTHOIO MOJEIIII0 3MEHIIYIOThCS.
Ile € HacmigxkoMm TOro, IO 30BHIIIHIA Kpail KiefoBoro miapy BiJBHUHA Bix
HaBaHTa)KECHHS M HANPYKEHHS Ha HOro IMoBepxHi JOPiBHIOIOTH HYMIO. | B cuiny
3aKOHY NIApHOCTI JOTHUYHUX HAIPY>KEHb HAIPY)KEHHS T, Ha KpasX IIBa TAKOXK €
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BIJICYTHIMH, a iX MakCHMyM pO3TAalllOBaHWH Ha BiJICTaHI MOPSAKY TOBIIMHU
KieiioBoro mapy Big kparo [14]. Cmig Takok 3ayBaKUTH, IO BHACIITOK
nedopmariii  30BHIMIHIX ImapiB, 3yMoBieHHX KoedinieHtamu Ilyaccona, y
KJIEHOBOMY IIapi TaKOXX BUHHKAIOTH JOTHYHI HANpPYKEHHS Yy MONEPEYHOMY 0
HABAHTAXKCHHS HANPSMKY (7, ). AJe BUKOHaHI PO3PAaXyHKH IOKa3yiOTb, IO

JlaHi HanpyXeHHs B JEKiJbKa pa3iB MEHII 3a JOTHYHI HANpYXEHHS Yy
MO3/JOBXXHBOMY HANpsIMKY. A MakCHMaJIbHI pe3yJbTYIOUi JOTHYHI HANPY>KCHHS
y KJIEHOBOMY mIapi, po3paxoBaHi 3a CKIHYEHHOEJIEMEHTHOIO MOJIEIUII0 MAaJIo
BiJIPI3HSIOTHCS 1 HE MEPEBUIIYIOTh MAaKCUMAJIBHUX HAIPYXEHb, PO3PaXOBaHMX 32
JIOTIOMOT OO 3aIpOIIOHOBAHOI HAOIMKEHOT MOJIEIT.

BucHoBoOK. 3anpornoHoBaHO CHpOLICHY JBOBHMIpHY MaTeMaTHYHY MOJIEIb
HAITyCKHOT'O KJIEHOBOro 3'€ZIHAHHS 1 OTPUMAHO AHAJITUYHUI PO3B'SI30K 3amadi
PO HANPYXEHUH cTaH 3'€IHAHHS TNPSIMOKYTHHMX IUIACTHH, SIK€ Mae 00JyacTi
HETPOKIICI0 3 OIYHWX CTOPiH KJeWoBoro mmBa. Ha mpukimaai MojenbHOI 3amadi
MOKa3aHo, IO HasBHICTH Ae(eKTy 3 OiYHOi CTOpOHI 00JacTi CKICHKH 3HAYHO
301IbIIye HANPYKEHHS! B KYTOBHX 00JacTsIX KJIEHOBOro mapy. 3amporoHOBaHa
MOJIETTb MOXKe OyTH pO3BHHEHA Ha BpaxyBaHHS BHIMHY B IUIOLIMHI 3'€THAHHS,
BUKOpDHCTaHAa Uil PO3PaxyHKYy 3'€lHAHb BHAIYCK CHJIOBUX EJIIEMEHTIB
KOHCTPYKILIi 3 OOMIMBKOIO, pO3paxyHKy HalpyXeHb B 30HI 3'€JJHAHb €JIEMEHTIB
IHTETpaThbHUX KOMIO3UTHUX KOHCTPYKINH i T.1.
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Cmamms naoiiwna 07.05.2018

Kurennov S.S.
STRESS CONDITION OF GLUED JOINT WITH LONG-TERM DEFECT

Here a simplified two-dimensional model of overlapping adhesive joint is proposed. The transverse
displacements of the bearing layers are assumed to be zero. The stresses are assumed to be distributed
uniformly over the thickness of the layers. The adhesive layer only works in shear, i.e. bending of the joint
is absent. These simplifications make it possible to obtain an analytical solution of the problem. Here the
stressed state problem of the adhesive joint of two variable thickness rectangular plates is solved, this joint
has defects in the adhesive layer along the lateral sides. It is assumed that the joint has symmetry relative to
the longitudinal axis. The problem is reduced to the second-order partial differential equations system
relative to the longitudinal displacements of the outer bearing layers. The solution constructed by the
variables separation method is an eigenfunctional series. The boundary conditions at the joint symmetry
axis, at the lateral sides, at the edge of the glued area and bearing layers beyond of the adhesive layer (i.e., at
the edge of the glued and not glued area) are exactly satisfied. The boundary conditions at the plates ends
are satisfied by orthogonalizaiton of the residual to a system of eigenfunctions. The eigenfunctions are not
orthogonal. The orthogonalization of the residual leads to a linear equations system relative to the unknown
coefficients of the functional series.

It is proved that the solution of the system can be obtained by the reduction method. The model
problem is solved. Here is investigated the influence of the solution series terms number on the values of the
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coefficients entering into the solution. Mechanical effects are investigated, and it is shown that the defects in
the adhesive layer can significantly increase the stresses at the edge of the adhesive layer. The comparison
of the numerical results with the results obtained by finite element method is made. It is shown that the
proposed approach to the problem has an accuracy, sufficient for the design problems.

Key words: glued joint, analytical solution, two dimensional model, separation of variables.

Kypennos C.C.
HANIPSI>)KEHHOE COCTOSHUE KJIEEBOI'O COEAUHEHMUSA C TPOAOJIbHBIM
JE®EKTOM

ITepemeleHne >I€MEHTOB BHEIIHUX HECYIHX CJIOCB B IOINEPEYHOM HAIPaBICHUH CUUTAIOTCS
paBHBIMH Hymo. 3ajada CBefeHAa K cucreMe AuddepeHIUaNbHBIX ypaBHEHHH B YaCTHBIX
IIPOM3BOJHBIX OTHOCHTEIBHO IIPOJONBHBIX MEPEMEIICHUN CIIOEB, PelIeHHEe KOTOPOH CTPOUTCS IIPH
IIOMOIIY METOJa pa3/ielicHHs IepeMeHHbIX. Penrena MozenbHas 3agada. [lokasaHo, 4To OTCyTCTBHE
KiIes BHONb OOKOBOH CTOPOHBI COCAMHEHHE MOXET B 3HAYUTENHHOH CTENEHH YBEIMYHBATH
HaIpsDKEHHE Y Kpast KJIISEBOT'O CIIOSL.

KiloueBble ciloBa: KileeBO€ COCAUHEHHE, AHAIMTHYECKOE pEIICHHE, JBYMEpPHAs MOJEINb,
paszeNeHue MepeMeHHbIX.
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In the approximate two-dimensional formulation with the help of the method of
separating the variables, the problem of the stress state of the adhesive bond with the
longitudinal defect in the adhesive layer is solved.
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HEJITHIMHA OIITUMI3ALIS TOMOJIOT T
nHPOCTOPOBUX CTEPKHEBUX CUCTEM

€.A. €ropos,
II-p TeXH. HayK, Ipodecop

0.€. KyuepeHnko,
acmipaHT

TIpudninposcvka 0epaiicasra akademis 6yOigHuymea ma apximexkmypu, M. JHinpo

PosrisaeTses 3aladya ONTUMI3ALil TOMOJIOTII MPOCTOPOBOI crepskHEBOi cuctemu. HaBenena
MonmudikoBaHa HAIiBBU3HAUCHA 3aJada MAaTeMAaTHYHOTO IPOrpaMyBaHHS, sKa JOHOBHIOETHCS
JIONATKOBHMH IH)KEHEPHO-TEXHIYHUMH KPHTEPiSMH, IIO BHCYBAIOThCS O KOHCTPYKIIl HOpMaMu
IIPOEKTYBAaHHS. 3alPOIOHOBAHO aITOPHTM KyCKOBO-IIHIHHOI alipOKCHMAIii, [0 JO3BOJIIE HA OCHOBI
IUTOLII Tepepi3y CTEpXKHS BHU3HAYaTH HEOOXiJHI Ui PO3PaXyHKY TEOMETPUYHI XapaKTepHCTHKH,
HaBeJICHO AJTOPUTM BU3HAUCHHS (GopMHU Iepepidy crepxkHs. IIpomoHyeTbCs y3araabHeHa cxeMa
PO3B'sI3aHHS 3a7adi ONTHMI3amil TOMONOTii CTeP)KHEBOI CHCTEMH, HABOIATHCS IIPUKIATH PO3B'I3aHHS
ONTUMI3aNiiHOI 3a1a4i JAJIsl CTPYKTYPHOI IJIUTH.

KorouoBi cioBa: Tomonoris, onTUMi3alis, cTepXKHeBa CHCTeMa, CTPYKTYpHA ILIATA, MOMEHT
iHep1ii, KyCKOBO-JIiHiHA alipOKCUMAILLisl, CTIHKICTb.

Beryn. EdexTrBHICTE NPOCTOPOBHX CTEP)KHEBHX CHUCTEM, SIKi 3HAHILIN
LIMPOKE 3aCTOCYBAaHHS B OYIIBHMIITBI, B 3HAYHIN Mipi 3aJICKUTDH BiJ IPaBUIBHO
00paHOi KOHCTPYKTHBHOI CXEMH, 1HAKIIEe KaXydH - TOIOJOrii. Y CBOIO uyepry
3aJaua BU3HAYCHHS PalliOHAJIBHOI TOMOJIOTIT IPOCTOPOBO] CHCTEMH HEPO3PHUBHO
IOB’s3aHa 3 IPOOJIEMOIO 3HIKEHHSI MaTepialoMiCTKOCTI Ta 3a0e3reueHHs
HaAiHHOCTI (PYHKIIOHYBaHHS KOHCTPYKWii. 3a3Buyail poOOTH, IO ICHYIOTH B
rajy3i ONTUMAaJBHOTO NPOEKTYBaHHS, a0 JOCHIKYIOTh Cyrybo MaTeMaTHiHy
CTOPOHY ONTHMi3aliiHOI 3a/1a4i, 800 0OOMEXYIOTHCS PO3B'S3aHHIM 1H)KEHEPHUX
NpUKIaaauX 3aaad. JJo mepmoi rpynu moxHa BigHectd poborn H.B. Baniuyka,
T. Takamu, A.ben-Tams. Tax, B [l] aHamiTHYHO pO3B'SBYyEThCA 3aaava
OINITHUMAJIBHOTO MTPOEKTYBAaHHS Yy BHUIIIsAL (yHKIioHANIB. B [2] aBTOp posrisigae
3a/ady ONTHMi3amii TOMONOTIi 3 MO3UIIiH JIiHIHOrO MporpaMyBaHHs, a B poOOTi
[3] npoBoauThCS aHami3 Ta OOIPYHTYBaHHS MPOOIEMH ONTHMIi3amii CTEP>KHEBHX
cHCcTeM, SIKa ITPEACTaBIIeHA SIK 3a]aya HalliBBU3HAUCHOT'O IIPOrpaMyBaHHsL.

3  gpyroi Tpymm  MoXkHa ~ BuAumTH  podotm  B.B. I'puHBOBa,
A.B. Ilepensmytepa, B.O. Ilepmsikosa, B.B. Tpopumosnua, C.®. [Tiuyrina. B
[4] aBTOp, Hampukiam, pO3IJANAE ONTHMI3AII0 EIEMEHTIB KOHCTPYKLIH 3a
CHEKTPOM BJIACHHX dacToT. B [5] aBropu HaBOIATH NpPaKTHYHI METOAH
PO3B'sI3aHHS AKX ONTUMI3almiitHUX 3amad. B [6] cepen iHIIOTO pO3TIIsAaeThCS
ONITHMI3amlisl TONEPEeIHbO HANPYKEHWX MeETaJeBUX KOHCTPYKWiH, a B [7]
BHUKOPHCTOBYETHCSI IMOBIpHICHI METOIM JUIsI MiO0pY XapaKTEpPHCTHK CTalIeBUX
0aJIoK.

B 3a3nauennx Bume poboTax MOXKHA BIIMITUTH Taki OCOOJIMBOCTI: 3arajbHi
OINITHMI3aniiiHi METOIM MaJI03aCTOCOBHI IPU PO3B'SI3yBaHHI PeabHUX TEXHIYHUX
3aj]a4, a YaCTKOBUH IHKEHEpHHUN MiIXiJ 3a3BU4ail He 3a0e31edye ONTUMaIBLHOTO
po3B's3Ky. B OinpmiocTi BUnaaxiB e 3BOANTH HaHIBENb BCi 3yCWILIS 3 TOOYIOBH
e(QeKTUBHOI KOHCTPYKTHBHOI CXEMH.

© €ropos €.A., Kyuepenko O.€.
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B 1iif poOoTi MPONOHYETHCS ANTOPUTM ONTHUMI3amii TOMOJOTII POCTOPOBUX
CTEP)KHEBUX CHCTEM, SIKUH JIO3BOJIIE TOETHATH MAaTEMaTUYHy ONTHUMIi3aliiHy
CXeMy 3 IHKEHEpHMMH 3aJadaMH, 30KpeMa 3 HOPMAaTHBHHUMH BHUMOTaMH [0
MIITHOCTI Ta CTIHKOCTI, a TAKOX /10 KOHKPETHOI KOH(piryparii nepepisiB KOXXKHOTO
KOHCTPYKTUBHOT'O elleMeHTa. L[iTh onTuMi3amiifHOro alropuTMy - MiHiMi3aIlis
MaTepiaJoMiCTKOCTI Tpu 3a0e3NeYeHHI BHKOHAHHS HOPMATHUBHHUX BHMOT. Y
BignoBizHOCTI 10 [8], BHTpaTH Ha MaTepiaqu MOXYTh csratd 73% BapTocTi
MeTajeBoi KOHCTPYyKLii, TOMY pO3B’S3aHHS Takoi 3ajadli € aKTyaJbHOIO
Ipo0GJIEeMOI0.

1. HoctanoBka 3agaui. [IpobGiema ontumizamii Tomosyorii MpocTOpoBOi
CTEP>KHEBOI CUCTEMH - CKJIaJHA OaraToKpuTepiajibHa 33/1a4a, Ky YMOBHO MOYKHA
TIOIaTH 32 JOTIOMOT 010 (yHKIioHaTiB [1]:

{J,,J,,—Js} — min, (1)
pe J, - iHTerpaibHuil (QyHKUioHan 00’eMmy, J, - JOKaubHUM (hyHKIIOHAI

KOPCTKOCTI, J

- JIoKaNbHUHM QyHKIiOHAN MimHOCTI. DYHKIIOHAT >KOPCTKOCTI
MOB'SI3aHUM 13 3CYBOM BY3JIIB CTEPKHEBOI CHCTEMH, a OTXKE - 1 3 CHEeprieio
cTepkHeBoi cucreMu. [imoTe3a monsrae y TOMy, IIO MiHIMi3alis eHeprii
CHCTEMH BeJle JI0 JKOPCTKOI TeOMETPUYHO HE3MIHHOI KOHCTPYKTHBHOI CXEMH.

3a3Buyail mpoOsieMy ONTHMI3alii TOMOJOrii CTep’KHEBOI CHCTEMH MOXKHA
3aIMCcaTH SIK 33/1a4y OIYKJIOro MporpaMyBaHHs y HalliBBU3Ha4YeHiH (opmi:
minimize y; W

m

Yy <V, v,20,i=1,..,m )
i=1
w F'

< Ev; >0.

T

F 2 2 plp i
i=1 L,'

Tyr W - BepxHS OLIiHKAa BEJIWYMHH €HEprii mpyxHoi aedopmarii crep>kKHEBOI

chucTteMu; v, - 00'eM CTepXHS; F - 30BHIIIHI CHWJIM, NPHUKJIAACHI 10 BY3JIB

1

KOHCTpykuii; E, - momynp IOHra; L, - NOBKUHA CTEpXKHS; p; - CTOBIELb
Matpuni P, sika BXoxuTs y piBHsHHS OanaHcy cun Pf—F =0.

Bapro Bim3HauuTH, M0 y TaKii MOCTAHOBILI 3ajada Ma€ CYTTEBHH HEIOMIK:
HEOOXITHO 3a3[alierilb 3HATH 3HAYCHHS MapaMeTpy V, SKWid TOB'S3aHHAN i3
iHTerpasbHUM (PyHKIiOHAIOM 00'€eMy Ta JIOKAIBHUM (DYHKITIOHAJIOM MIITHOCTI.
[Ipu 3MiHi BenWUYWHHU J TOBOJWTHCS HAHOBO PO3B'sA3yBaTH 3amady (2), mo y
BHIAJKy PO3PaXyHKiB MPOCTOPOBHX CTEP)KHEBHX CHCTEM 3 BEJIHMKOIO KiJIBKICTIO
CKIHUEHHX €JIEMEHTIB IPU3BOANTS JI0 HEBUIPABIAHNX BUTPAT MAIIMHHOTO Yacy.
e BukimMKae HeOOXimHICTH y Moaudikamii 3aad4i (2) 3 THM, 00 a) 3abe3rneunTn
il iHTerpamito 3  IHKEHEPHO-TEXHIYHMMH  KpuTepisimMu; ©O) 3HHM3HTH
PECYPCOMICTKICTh OOYHCIICHB.

2. MomudikoBana HamiBBH3HAYeHAa ONTHMi3amiiiHa 3agadya. YMOBY

m m
ZV,. <V MoXHa 3aMiHUTH OLIBII >KOPCTKOIO YMOBOIO ZV,. =1, Aka 3HaA4YHO
i=1 i=1
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3By)Kye o00nacTh TOIIyKy. Toal onTuMizamiiHa 3ajada MaTeMaTHYHOTO
IporpaMyBaHHSI HA0yBa€ TAKOTO BUTIISLY:
minimize ,, W

2\)[_:1’\}1.20,1':1,...,”’[ (3)
i=1
w Fr
" By, 5|20,
F 27[’5175
i=1 T

3 mo3umii OIyKJIOi ONTHMi3amii L 3aMiHa [UIKOM IIpaBOMipHA, aKe
¢GyHKINI, M0 BXONATH Yy 3amady, 3aJUIIAIOTBCS ONYKIMMH. Po3B's3K0M
onTuMizaniiinoi 3agaui (3) Oyne CHIBBiIHOIIEHHS MK 00'€MaMu CTEp)KHIB
CUCTEMHU V|iV;i...:V,. 3acTocoByroun ymoBu Kapyma-Kyna-Takepa no Takoi
3a1a4i, MO)KHA BUPA3UTH 00'€M CTEPIKHS Y 3aMKHYTOMY BUTJISI:

t,=V-v, =V f*E, i\/Lﬁ.ff/Ej. )

IMomryx mapamerpy V 3IiHCHIOETBCS B iTepamiiHOMY pPEXHMi, BUXOISIYH i3
JIOAATKOBHX 1H)KEHEPHO-TEXHIYHUX KPHUTEPIiB Ta YMOB.

3. AnpokcuMmanisi reOMEeTPHYHUX XAPAKTePHCTHK Mepepidy CTep:KHA.
[Nepmr HiX MepelTH 10 PO3IIALY IHKEHEPHO-TEXHIYHUX KPHUTEpiiB, HEOOXiTHO
PO3B's3aTH 3a/1ady alpOKCUMAallii MOMEHTIB iHepuii mepepizy CTepKHs 110 Horo
wromti. L9 3amavya Mae KIIOYOBE 3HAYEHHS NIPH PO3paxyHKax Ha CTIHKICTb,
30KpeMa, TOoOymIoBa MATpPHUINl JKOPCTKOCTI 3MIACHIOETBCS CaMe Ha OCHOBI
00YHCICHUX 3HAYCHh MOMEHTIB 1HEpIIii.

Jia mpocTHX Tepepi3iB TUIY «KOJO», «KBaJIpaT» BU3HAYCHHS MOMEHTIB
iHepuii - TpuBiaJbHA 3a1adva, 0 PO3B'S3YETHCS 32 JAOMOMOTOI0 J00pe BiIOMHX
(dhopmyi. 3aekHICTH MOMEHTIB 1HEpIIii BiJT TUTOIII IS Pi3HOMAHITHUX CKJIAJTHUX
nepepi3iB He Taka MpoCTa, TaK SK OJHIN IUIOMIMHI Iepepily MoXe BiImmoBinaTu
Garato MOMeHTIB iHepuii. BiamoBiguo no Anamapa, 3a1a4a € KOPEKTHOIO, SIKIIO
BiJITIOBi/1a€ TAKMM yMOBaM:

1. 3agaua Mae po3B's30K.

2. IcHye TiTBKM OJUH PO3B'S30K.

3. Po3B's130k Oe3mepepBHO 3aJICKUTH B yMOB 3a/1a4i.

3amaya BU3HAYCHHS MOMEHTIB iHEpIIii IIOCKOTO Mepepi3y 3a HOro INIONICIO
MOpYIIye SK MIHIMyM Jpyry YMOBY, a OTXe€, € HEKOPEKTHOIO. Po3B's3aHHS
MOAIOHUX - HEKOPEKTHUX - 3aJad MO)KHA 3IIMCHUTH KIJbKOMA IUIIXaMH,
HaIpHKJIIa, 3a JOINOMOIOI0 TaKMX METOJIB MAIIMHHOTO HaBYAHHS SK HEHPOHHI
Mepexi [9]. BukoprucToByeThCs 1 perymspusanisi, sika J03BOJISIE 3aCTOCOBYBATH
JIOAATKOBY  iHGOpMAIilo s pO3B'I3aHHA HEKOpPEeKTHOi 3azavi. [lpwm
anpoKCHUMAallii MOMEHTIB IHEpIlii IUIOCKOro TIepepidy y SKOCTi J0JaTKOBOI
iHpopMaii MO)XHAa BUKOPHCTOBYBATH TaOIMYHI JaHi i3 COpPTaMEHTY.

3 IOy CTATUCTUKU BKpail MaJoiMOBIPHO, 100 MpH pO3B'sI3aHHI OIyKJIIO]
OINTHMI3aniiiHol 3aJa4ui BUXOAMIN TOYHI YUCTIa i3 COPTAMEHTY: 00YMCIIeH] IO
CTEP)KHIB TIPAaKTHYHO 3aBXAW OyayTb nepeOyBaTH B [EIKOMY iHTepBali
(4,,4,,), ne A A;1 A, - ol CTEPKHIB 13 COPTAMEHTY, SKUM BiAOBilaIOTh
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IUTOCKI MOMeHTH iHepuii /; i [;. Buxomsum 3 BUINE3a3HAYCHUX MIipPKyBaHb,
MOXHa BHKOHATH KYyCKOBO-TiHIHHY ampOKCHMAIlif0 MOMEHTIB iHepumii,
IpPUITYCKAIOYM Ha MajoMy iHTepBaii (4;,A4,,) MiHIHHY 3aJ€XHICTb MIX
IUIOCKKM  MOMEHTOM  iHepmii ¥  rmwiometo  mepepizy. Tomi s
A€ (4;, 4,,,) MaTuMeMo:
1:2’“ Z’AH,.—;"“ ZAi=1i+j’“—I"(A—A,.). (%)
i+1 i i+1 i i+1 i
SIkmo oOYMCIIeHHST MTPOBOAMTH IIapajielbHO VIS KUJIBKOX COPTaMEHTIB, TO
TAKOXX MOXKHA BH3HAYUTH W ONTHUMaJbHY I'€OMETPIiI0 Mepepizy 3a HaCTYITHUM
AITOPUTMOM:
Bxin: S=(S1, ..., S,) - Tabmui gopmary (4, 1); A - mioma cTep>KHsL.
Has S;:
3naiitu intepBamu (4,1, 4,), (In, ).
Po3B'szatu piBasAHHEA (5).
SIxuro HOBe 3HAUEHHS / OLUITBIIIE 32 TIOTIEPETHE, TO
3anam'aratu j, L
Kineus /5.
Busin j, .

o
@ '1—— [lpsimokyTHa Tpyba (<]
--%-- KpagpartHa Tpyba /
—©-  PiBHONONOYHUIA KYTOYOK /

25

20

MoMeHT iHepuii, cM*
15
1

10

1

5.7 5.8 59 6.0 6.1 6.2 6.3
Mnowa nepepisy, cm?

Puc. 1. 3anexHicTs MOMEHTIB iHepIii Bij ruTomi

Ha puc. | npoimocTpoBaHo w0 ixero: s wiomi A=6 cu® ONTHMaIbHEM
nepepizoM Oyzne piBHOHONOYHMKA KyTodok. Tomi, BukopucroByroun (5),
OTPUMaEMO MOMEHT iHepIii:

23.1-13.07
I=13.07+"=—"""(6-5.69) =20.14 cr*.
6.13-5.69

4. lonaTtkoBi yMOBH i 00'€M cTep:KHeBOi cuctemMu. Jl07aTKOBI YMOBHU Ta
KpHTepii, Taki SK MIIHICTb Ta CTIHKICTb, 03BOJIIIOTh BU3HAUYMTH KiHIIEBUI 00'eM
Matepiany V, skuii Oyne BHUTpadyeHO Ha BUTOTOBJICHHS KOHCTPYKIIii. YMOBY
MIITHOCTI 3aIHIIeMo Y BiamosigHocTi g0 [10]:
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N YR ©)
4,
ge N — cuia, IO Ji€ Ha CTepXKeHb; Y, - KoedilieHT yMOB pobory; Y, -
Koe(illieHT HAAIHHOCTI 32 NpU3HAYCHHSIM; R — pO3paxyHKOBHH OIip MaTepiaiy;
A — 1Ioma NepeTHHy CTEPXKHS.

Poap’sszanns

onTUMi3aliiHol
sanadi (3) TTowarok

V=394
- TlobynoBa joTUUHOL
ATIpoKcHUMaliis
MOMEHTIB H Matpumi K, ama
irepril
ik ob’emy V

|

Jexommosnriis

K, =LDL*

V=V4+6l—Hi —

Kimnenn

Busi o6’emin

Tak .
CTPUKHIB

Puc. 2. Y3aranbHeHH#H alropuT™ pO3B's3aHHS ONTUMI3ALIHOI 3a1a4i.

AJle HOPMHM TPOEKTYBaHHS HE MICTATh TOYHHX pEKOMEHJALH IIoI0
PO3paxyHKIB Ha CTIMKICTh NMPOCTOPOBUX CHCTEM. B IbOMY BHIAAKy IOLIIBHO
BHKOPHCTOBYBAaTH CKIHYEHO-CJIEMEHTHIM MiJXiA, CYTHICTh SIKOTO IIOJSTae y
1moOynoBi JOTHYHOI MaTpumi >kopcTkocti K, 3 HacTymHuMm 11 po3kiiazoM 3a
XonenbKum:

K, =LDL, (7
ne L - HWKHS TpUKyTHa MaTpuus; D - niaroHasbHa MaTpHns. SIKIIO eleMEeHTH
Ha TOJOBHIH miaroHami Matpuri D Oimemmi 0, TO BBaXKAETHCS, MO CHCTEMA
3HAXOIUTHCSL y cTaOunbHIM piBHOBa3i. [y BU3HAYEHHS 3arajbHOrO 00'eMy
CTEP>KHEBOI cUCTeMH V IIPOIOHYETHCS AJITOPUTM, SKMH HaBEAECHO Ha pHcC. 2.
Toni 00'eM KOXKHOTO CTEPIKHSA OOUHUCIIIOEThCA K £, =V, - V.

5. Npuxaang ontumizanii TomoJiorii cTpykrypHoi mimtu. PosrisiHemo
0a30By IMPOCTOPOBY CTPYKTYPY 9 M X 8§ M X 2 M, HaBe/IeHy Ha puc. 3.
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CTOCOBHO Takoi CTPYKTYpW pO3B'SDKEeMO 3azady (3) Ui IBOX BHITAIKIiB:
1) Hepyxomi oropu y KyTax CTpykTypi (By3mu 1, 4, 17, 20); 2) HepyxoMmi omopu
yBy3nax 1, 4,9, 12, 17, 20. [ToBepxHeBe HaBaHTa)XEHHS HAa CTPYKTYPY JAOPiBHIOE
10 kH/ar*.

Y-Z
40
36 o
32 g 39
28 1 ‘16 35
24 o 31 »19 38
8 o7 15
34
% 4 -1
SN /R 23 30 18
\v\vm \\\q\\ 7 37
NSNS, ¢ J K 14
s“%’s&\i@ Y h 3 o 26 +10 83
PYANPSRIANPO) e
NRIAIRBIIEANS 2 9 B4

IRXEALP
2. %
Zan.d

X-Z

Puc. 3. ba3oBa cTpykTypa - IpoeKuii, By3iu, HOBHHH rpad

Po3B'si3anns 3amayqi (3) Bene BiAMOBITHO A0 ABOX BapiaHTIB KOHCTPYKTUBHOI
cxemu (puc.4). bykBamMm BKa3aHi BHW3HA4€HI 3a HaBEeACHMM Yy 3 po3xim
anroputMoM riepepizu: H - nBoraBp, CTUBE - 1pyba, HREC - npsimokyTtHa
TpyOoa. Ha puc.5 300pakeHi KOHCTPYKTHMBHI CXEMH 3 ONOpaMH Ta
HaBaHTa)KEHHSAMH, IO NPUKIAIEHI 10 BY3JiB cHCTeM. BapTo Bin3HauuTH, 1o
He3HayHa 3MiHa y PO3TalllyBaHHI OMOp Mae€ HACHIJKOM KapJWHAJIBHI 3MIiHH y
TOIOJOri Ta HmapaMeTpiB CTEpXkHIB, IO BiJOOpa’ka€ 3HAYHY YYTIHMBICTH O
MIOYaTKOBHUX YMOB.

Puc. 4. Po3B's30k 3aaayi (3) 11 IBOX BapiaHTIB pO3TallyBaHHS OIOP.
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Puc. 5. Mozeni pocTOPOBHX CTPYKTYP 3 HABaHTAXKSHHIMHU

3arampHa Maca KOHCTPYKIIH 3a mepImmuM BapiaHTOM (OIOpH 1o 4-X KyTax)
cknagae 674 xe. Y apyroMmy BapiaHTi PO3MIIEHHS OHOp Maca KOHCTPYKIIH
nopiBHIOE 544 ke. e miaTBepmKye inero, HaBeneHy y [11], mo mpu po3mimnieHH1
OIOp TUIBKM IO KyTaxX CTPYKTYPHOI IUIMTH 3HA4YHO 301JBIIYIOTHCS BUTpaTH
MeTay.

BucnoBku. Hasenena MomudikoBana ¢opMa HamiBBH3HA4YEeHOI 3ajadi
onTHMi3amii  TOMONOrii  CTEp)KHEBOI  CHCTEMH  JI03BOJSIE  IHTErpyBaTu
ONTHMi3aniiiHy 3axady 3 0a30BUMH IHXKCHEPHHMH KPHUTEpisSIMH Ta JoNoMarae
YHUKHYTH 3aiBHX OOYHCIEHb NpH pO3B'SI3yBaHHI CKJIAJHHAX IPOCTOPOBUX
chcTeM. 3ampollOHOBaHa Yy3arajJbHEHa CXeMa pO3B'S3aHHA ONTHUMI3aliifHOl
3ama4di 00'€Hye MaTeMaTWYHUHA Ta IHKEHEPHUH MiJXOAM IO ONTHMAalIbHOTO
MIPOEKTYBAHHS MPOCTOPOBHUX CTEP)KHEBUX CHCTEM.
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Egorov E.A., Kucherenko A.E.
NONLINEAR TOPOLOGY OPTIMIZATION OF SPACE TRUSS-LIKE STRUCTURES

The paper considers the problem of topology optimization of space truss-like structures. The
proposed algorithm combines convex optimization problem with non-convex conditions. The
purpose of the algorithm is to minimize the mass of the space structure according to such non-convex
conditions as structural safety requirement and buckling.

In general the problem can be specified as multicriteria optimization task as follows:

{J,,J,—J 5} — min,

where J, is a functional of volume, J, is a functional of stiffness, J, is a functional of strength. The
stiffness functional can be defined by the means of nodes displacements and the energy of the
system. The hypothesis is that that truss compliance minimization leads to the invariable structure

topology. Here we use the modified semidefinite optimization problem (SDP) which can be written
as follows:

minimize , W
v

m
2";:1» v, 20, i=1,..,m
i=1

T

w F

F i E"zv" ol |77

=1 Ly

Solution of the semidefinite optimization problem defines the relation between the beams volumes

additional conditions.
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The next important step is approximation of geometric characteristics of the cross-section. We
need area moments of inertia to assemble stiffness matrix of the structure. This matrix plays a key
role in defining of buckling conditions. For simple cross-sections such as "solid circular", "square"
calculation of moments of inertia is a trivial problem solved via well-known formulas. For complex
cross-sections the dependence of moments of inertia on area is not so simple and may be considered
as an ill-posed problem. According to Hadamard, the problem is well-posed if it meets the following
requirements: a) the problem has a solution; b) there is only one solution; ¢) the solution continuously
depends on the initial conditions. Solving of ill-posed problems can be done with machine learning
techniques (e.g., neural networks). Also we can use regularization to get the most probable solution.
In case of approximation of moment of inertia we can use additional information from assortment
tables of beams. The calculated area of the beam will almost always be in a certain interval (4;, 4;11),
where 4; and 4;;, are the areas from the assortment table of beams with corresponded moments of
inertia I; and /;;;. Assuming a linear relationship in a narrow interval, it is possible to perform a
piecewise linear approximation of moments of inertia. Thus, we have:

PR/l A+1, - fin = 4, =1, +M(A— 4).
A =4 A =4 A — 4,
Using several tables it is possible to obtain optimal cross-section geometry with the following
algorithm:
Input: S=(S|, ..., Sy) - table of (4, I); 4 - area of the beam
For §S;:

Find interval (41, 45), (I1, 1)

Approximate moments of inertia Iney

If Liew > Ioia Then Save j, L
EndFor
Output j, /

Additional conditions and criteria such as buckling allow us to determine the total volume of
material V that we need for the structure. The condition of structural safety requirement can be
written in a standard form as follows:

R
N Y2
A Y.,

The next step is to define tangent stiffness matrix K; of the structure using approximated
moments of inertia. This matrix can be decomposed as follows:

T
K. =LDL,

where L is a lower unit triangular (unitriangular) matrix and D is a diagonal matrix. If the entries on

the main diagonal of matrix D are greater than zero then the structure is stable. To determine the total

volume ¥ we propose the algorithm:

Solve SDP G
V=325

Moment of inertia

K, assembling for v

approxaimation

(Cena )

[

S v -’ EPE—

The volume of any beam can be calculated as t;=v; V.

For illustration we applied the algorithm for optimization of space truss topology. We used a
ground structure with dimensions 9 m * 8 m * 2 m with 40 key points. We explored two cases:
1) with 4 hinged supports; 2) with 6 hinged supports. Solving of semidefinite optimization problem
leads to the cases with masses 674 kg and 544 kg respectively. This reflects significant sensitivity to
initial conditions.

Keywords: topology, optimization, truss, structural plate, moment of inertia, piecewise linear
approximation, buckling.
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Ezopos E.A., Kyuepenko A.E.
HEJMHENHAS ONITUMU3AIAS TOMIOJOT MM ITPOCTPAHCTBEHHBIX
CTEPKHEBBIX CUCTEM

PaccmarpuBaercs 3aiada ONTHMH3AIUH TOIOJIOTHU IPOCTPAHCTBEHHON CTEPXKHEBOH CHCTEMEL
ITpuBenena MoxupUIMPOBaHHAS HOIYOIPEAEIeHHAs 3aja9a MaTEMaTHIECKOr0 IPOr PAMMUPOBAHUS,
KOTOpast IOMOTHEHa JOMOIHUTEIbHBIME HHKEHEPHO-TEXHHIECKUMU KPHTEPUSIMH, IPEABSIBIIIEMBbIMU
K KOHCTPYKIMH HOpPMaMH IIPOEKTHpOBaHUA. [IpemnioxeH alropuTM KyCOYHO-JIHHEHHOU
aNIMpPOKCUMAIIHH, TT03BOJLIIOIMII Ha OCHOBE ILIOIANN CEUECHHsS CTePIKHS OIpENessiTh HeOOXOAUMbIE
UL pacdeTa TeOMEeTPHIECKHE XapaKTePHUCTHKH; IPHBECH aITOPUTM OIpeJeleHus (OpMBI CedeHHs
crepkHsa. Ilpenmaraercs o00oOIeHHas cxeMa peIICHHsS 3aJaddl ONTHMH3alUH  TOIIOIOTHH
CTeP)KHEBOH CHCTEMBI, IPUBOSTCS IIPHMEpPH! PEIIeHNs ONTHMU3ANMOHHOM 3a1a9ul UL CTPYKTYPHOU
ILTHTEL.

KiioueBble c€10Ba: TONOIOrHS, OINTHMH3AIMS, CTEPXKHEBas CHCTEMa, CTPYKTypHas ILIMTa,
MOMEHT HHEpIUH, KYCOYHO-IIHHEeIHast allPOKCUMANHs, YCTOHIHBOCTb.

YK 624.04:519.853:519.688

€eopos €. 4., Kyuepenxo O.€. Heninilina ontuMizanisi TomoJorii MpPocTOpPOBHX
cTep:kHeBUX cucTeM // Omip MarepianmiB i Teopis cmopyx: Hayk.-Tex. 30ipH. — K.:
KHVYBA, 2018. — Bum. 100. — C. 105-114.

Po3zenadacmoca 3a0aua onmumizayii mononozii npocmoposux cmepiucHegux Cucmem,
AKA HABOOUMbCA Y PopMi 3a0adi mMamemMamuyno20 NPOSPAMYSAHHA mMa OONOBHEHd
000amMKOBUMU YMOBAMU.
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The space truss-like structure topology optimization task is considered as a task of
mathematical programming which has been supplemented by additional conditions.
Fig. 5. Ref. 11.
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VK 539.3

3MIIIAHUM BAPIAIIMHUM ® YHKIJIOHAJI B 3AJTAYAX
MOB3YYOCTI TA MOIIKO)KYBAHOCTI CTEPKHIB ITPY 3T THI

0O.b. Casin,
KaH/I. TEXH. HayK, OLEHT

B.M. Co6o.ib,
KaH/I. TEXH. HayK

Xapxiscokutl HayioHanbHUll yHigepcumem O0yOisHuymea ma apximekmypu, Xapxie

B crarti po3risigaeThes BapialliiiHa IOCTAaHOBKA 3ajad IOB3y4OCTi Ta MOIIKOUKYBAHOCTI
CTepXKHIB 32 yMOBH iX 3ruHy. MeToj po3B’si3aHHs 3a[adi 3aCHOBAHO Ha CIIOJIYYCHHI ITOKPOKOBOIO
iHTErpyBaHHsS PIBHSHb CTaHy IOB3y4OCTi i pO3B’S3aHHSIM Ha KOKHOMY KpOIi 4acy BapiauidHOl
piBHOCTI. HajaHi 4uMCIIOBI pe3ynbTaTH JOCHIIKEHb Ha 0a3i 3alpoIOHOBAHOIO METOINY PO3B’SI3KY
3a7a4i TOB3YYOCTi Ta IMOLIKOMKYBAHOCTI CTEP)KHIB 3 pI3HUMH BHJAMH 3aKpillJICHHS iX KpaiB.
3po0IieHi BUCHOBKH 32 OTPUMAaHHMH Pe3yIbTaTaMH.

Kao4oBi ciaoBa: 1OB3y4icTh, IOLIKOKYBAHICTh, 3MilIAHWH (YHKI[IOHAN, BapiauiiHo-
CTPYKTYPHHIT METOJI, CTCPIKCHb.

Beryn. YV pospaxyHkax ~Ha  MILOHICTH  €IEMEHTIB  KOHCTPYKIIH
MaIIMHOOY/IBHOI, aBiaIlifHOI Ta PAaKETHO-KOCMIYHOI TEXHIKH, CKCIDTyaTalliiHi
YMOBH SIKMX XapaKTepH3yIOThCS BHCOKMM pIBHEM TeMIleparyp, HEOOXiIHO
BpaxoBYBAaTH Take SBUILE, SK MOB3y4icTh. [IOB3YyUiCTh €IEMEHTIB KOHCTPYKIIH
CYIIPOBOKYETHCS HAKONMYCHHSM HE3BOPOTHHX JAedopMariiii MmoB3ydocTi Ta
MOIIKO/DKYBAHOCT], 10 TPHU3BOIUTH 10 pPYHWHYBaHHS TaKHX €JIEMCHTIB
KOHCTpYKIii. J[1s OaraTbox BIAMOBINaNbHUX €IEMEHTIB MANIMHOOYiBHUX,
aBlallifHUX Ta PaKETHO-KOCMIYHHMX KOHCTPYKILIH BHKOPHCTOBYIOTH PO3PaxyHKOBI
CXEMH Yy BUIJISIII TOHKOCTIHHMX CTEP>KHIB, Ha Ki 3p0O0JICHO aKLEeHT y JaHiil CTaTTi.
VYBara OaraThbOX JOCHIAHUKIB TPHKyTa A0 NOMIYKY €(EKTHBHUX IiIXOJIB
BUPIIICHHS TaKUX MPOOJieM TPHUBaJIOl MIITHOCTI TEXHIKM NMpH X eKCIuTyaTamii i
JIi€10 BUCOKUX TEMIIEpaTyp Ta 3 BpaxyBaHHAM noB3y4docTi [1-10].

IMocTanoBka 3agaui. B po0oTi po3risgaeTbes MOCTAaHOBKA TaKWX 33/ad, a
caMme i30TPOITHOI MOB3YYOCTiI W ITONIKO/PKYBaHOCTI TOHKOCTIHHHX CTEp)KHIB 3a
YMOBH iX 3THHY. MOXIMBOCTI METOZiB, IO 0a3yloThCS Ha pPO3B'A3aHHI
nudepeHiagbHuX PiBHAHD KPaoBHX 3a7ad Teopii MPYyKHOCTI, MIIACTHYHOCTI H
MTOB3yYOCTi JOCHTH OOMExeHi. BimoMo, 1o BapiamiiiHi TOCTAHOBKH TaKUX 3a/a4
€ 3pYYHOI0 OCHOBOIO JIsi TOOYJOBU Il TEOPETUYHOTrO OOTPYHTYBaHHS OaraTbox
PO3paxyHKIB CKIamHUX KOHCTpYKmiii [1-3,7]. Y poboTi 3amponoHOBaHO
eQeKTUBHUI METOJ] PO3paxyHKy IIOB3Y4OCTI CTEp)KHIB Ha 0a3i 3MiIIaHoro
BapianiiiHoro QyHkmioHana i BapiamiiHO-CTpyKTypHOro Mmeroxy [3,5,7,9,10].
Taki migxoam A0 po3B'sS3aHHA 3aJad MIIHOCTI KOHCTPYKTUBHHX EJIIEMEHTIB
MAIllMH [IPUBEPTAIOTH yBary 0araTtboX MOCIIAHUKIB, IO TOSICHIOE aKTyalbHICTh
TEMH JOCIIJDKEHb 1 IPOBEICHHUX PE3yNbTATiB y AaHIH CTATTi.

Meta i 3aBgannsi. Mera poOOTH Ta 3aBHAaHHS HACTYIHI: COPMYIIOBATH
MIOCTAHOBKY 3aj[adi MOB3Y4YOCTi Ta IOMIKOPKYBAHOCTI CTEpPXHIB IPH 3TWHI Mix
JIEI0 PO3MOIIJICHOT0 HABAHTAKCHHS 110 JIOBXKHHI CTEPKHIB JUISL PI3HUX THIIIB
3aKpiIuIeHHs iX KpaiB; 3alpONOHYBaTH BapialliiHUHA METOX PO3B’S3aHHS IaHOI

© Casin 0.B., Cobonb B.M.
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3a[a4i; CTBOPUTH IporpamMHe 3a0e3IedeHHs Ui pO3B’A3aHHA 3aJadi; BUKOHATH
YHUCIIOBI PO3paxyHKH 3ajadi NpU BapilOBaHHS YMOB 3aKpIIUIEHHS CTEpP)KHIB;
MIpOaHaJli3yBaTH OTPUMaHI Pe3yNbTaTH NOCHTIPKEHb — BUSIBHUTH BIUTUB METOIIB
IHTErpyBaHHS KOe(]ili€HTIB CTPYKTYp pillleHb Ha 4Yac 10 PyHHYBaHHS CTECPKHIB
TIPY TIOB3YYOCTi Ta MOIIKOPKYBAHOCTI, BUSBUTH BIUIMB THIIB 3aKPiIUICHHS KpaiB
CTEp>KHIB Ha Yac J0 PyHHYBaHHS MPH IX MOB3Y4OCTi.

Buxigni moio:keHHsI Ta MOCTAHOBKA 3a4a4i. 3arajbHa IIOCTAHOBKA 3a1a4
130TpONHOI TTOB3YYOCTi Ta IONIKO/PKYBAHOCTI TiJl JETAIBHO pPO3IIISHYTa B
poborax [3,5,9,10]. B maniif craTTi po3mIIsiHEMO ITOCTAHOBKY 3ajadi MOB3Y4OCTi
Ta TIOUIKOMXKYBAHOCTI TOHKOCTIHHOTO TPSIMOJIIHIHHOTO CTEp)KHS 32 YMOBH
30epekenns rinore3 bepnymmi-Einepa [2]. Cuctema koopauHar mist AaHOi
3a1adl BBOAWTHCS HACTYIHMM YHHOM: BiCh z € HAampaBJEHOIO B3JOBX OCI
CTEp>KHS, OCl X Ta ) HaNpaBJeHi Y MOIEPEYHOMY Iepepi3i CTepXHS BiIOBIIHO
puc. 1. [lonepeunnii mepepisz cTep>KHs BBAKAEMO IPSIMOKYTHHM.

PosrnsHemMo  miockuit
3TUH CTEp)KHS Yy IUIOIIMHI
», z iz Jiero
pO3TONITICHOTO  HaBaHTa-

Z .
JKEHHS B3J0BXK Horo
JIOBKHHU. B TAaHOMY
BHITAJKY 3MiIIaHAI

BapialiiiHuii  GyHKIIOHAT
[2-5,7,9,10] nmna  3amaui
MOB3YYOCTI Ta IOLIKO/KYBAHOCTI CTEpKHS TP IUIOCKOMY 3THHI Oyne MaTH
BUIJISL

Puc. 1. Cxema XOPCTKO 3aKPIIIICHOTO CTEPXKHS

=T 2F dz |,

B nanomy ¢yHKmioHani IO3HaYEHO BEPTHKAJIbHE MEPEMIIICHHS CTEpIKHS

L
R,=[[ | _yazz‘Z—Vf—c o, - 2= dFdz—qudz+QyW| —de—WL.(l)
Fo: z 0 0

(mporun) u, uepes W . BBiBIIM YMOBHE MO3HAYEHHsS TAK 3BAHOIO MOMEHTY
MTOB3y9OCTi
c —
M = E[yC.dF
F

3Mimanui ¢pyHkmionan (1) MoXKHA 3anMcaT HACTYITHUM YHHOM:

0 WooOMM, M} ‘
R, =] MrdVZV+ et 4 dz+Q,W|L—Mrd—W )
o dz EJ.  2EJ, v tdz |,

VYMoBa crauionapHocti 6R =0 mia QyHkuioHana (2) MaTUME HACTYIHHI

BUIJISIL;
laiw M© M. d*M ‘
OR,, = d VZV ~— — \OM _ + ~—q 5Wdz—5Mrd—W +
o| \ dz EJ  EJ, ’ dz S odz ||,
awl" M, .
+60 —| +(Q, ——)6W| . 3
0, al 0, n VW], 3)

3 BapiamiiHOI pPiBHOCTI (yHKIiOHama OTpUMYyeMoO piBHAHHS Efmepa, siki
3aIUIIYTHCSl HACTYITHUM YHHOM:
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aw M:-M M
+ = L= 0 5 ~—q= 0 ) 4
i’ EJ. FER @
Ta TpaHUYHI yMOBHU
dM |
Wi_, =W_, =0 ) _dv =0; [Qy— ") =0. (9
== == dz |,., dz|,_, dz oL

Otpumani piBusHHs Eiinepa (4) ans BU3Ha4YeHHS HeBimoMmux nedopmaniit
MOB3YYOCTI HAa KOXKHOMY KpOIli 4Yacy JONOBHIOIOTHCS DIBHAHHAMH CTaHy
noB3ydocti [1,3-6,8-10]. ¥V moganbsmomy mmpu po3B’si3aHHI OJHOBHMIPHUX 3a/1a4
Teopii IOB3Yy4OCTi CTEP)KHIB 332 YMOBHM IX IUIOCKOTO 3THHY PIBHSHHS CTaHy
TIOB3Y4YOCTI MPUHAMAIOTHCS y TAKOMY BHTJISIL

n-1 k

dC., Blo. do _ Do
_ZZ:—mo-zz’_:—S (6)
dt (l—w’) dt (l—w’)
3 HACTYITHUMHU [TOYaTKOBUMH YMOBaMH:
C.(0)=w(0)=0,
_ (7
w (tx) - 05 95
pge C_ — ocpoBa cKiagoBa jaedopMmaulii HOB3y4oCTi; @(f) — mHDapaMerp

TIOIIKO/DKYBAHOCTI; O, — HOPMaJIbHI HAPYXEHHS, 110 IIOTh Y HONEPEUYHOMY

B
mepepi3i crepxkus; B,D,n,m,r,k,s — KOHCTaHTH, SKi BHU3HAYAIOTHCA IPHU
00poOIIi eKCIIEpUMEHTANBHUX JTaHHX.

Mertox po3B’s3ky 3amaui. [Insd po3B’s3aHHSA IMOYATKOBO-KpAoBOi 3amadi
TIOB3Y4OCT] TUJI 3aIIPONIOHOBAHMH YUCEIbHO-aHAJIITHIHUIA METO, IO SIBJISE COOO0I0
CIIOTYYEHHS BapiallifHO-CTPYKTYypHOro Meroy Teopii R-yHKmii s BiAmykanHs
TOYOK CTaI[iOHAPHOCTI 3MIIIAHOTO BapialiiHOro (yHKIOHaJla HA Kpoli Yacy i
yrcenbHoro Meroxy Pynre-Kyrra-Mepcona 11 mponoBeHHs pilieHs y gaci [8].

CTpyKTypH pillleHb NpH PO3MIISAAI IOB3YYOCTI CTEPXHIB ISl HEBIOMHX
¢byHkuil W,M_  — DporuHiB i 3rUHAIbHUX MOMEHTIB, BU3HAYEHHX Y TOYKAX

KOOPJIMHATHOI OCi JKOPCTKO 3aKpiIUICeHOro CTepkHs (puc. 1), NpuiHATI Yy
HaCTYITHOMY BHTJISII:

N N
W0y BE M =Y AP o= -] ®
i=1 i=1 L L
ne P — momiHomu i -of cremeHi, 4, B, — xoedinieHTu anpokcumanii, @ —
(YHKIIISI 32 JOTIOMOTOIO SIKOI 330BOJIBHSIOTHCS] TPAHUYHI YMOBH.

Pimrennst BapianiiiHoi piBHOCTI 171 3MimaHoro QyHkmioHana (2) Ha Kpoui
yacy 3/iHCHIOBaJIOCS BapiamifHO-CTPYKTYpHUM MeTogoM. /[l BU3HAYEHHS
HEBIIOMUX HapaMeTpiB, IO BXOAATh y CTPYKTYpH pimeHs (8), y maHiil poOoTi
3aCTOCOBAHO BapiallifHO-CTPYKTYpHHUN MeTOo[. [nest Merony momsrae B TOMy, IO
CTPYKTYpPH pillleHb Y BUTIIAAL (8) IMiACTaBIAIOTECS y BapiauiiiHe piBHAHHS (3), Yy
SKOMY Bapiamii OepyTbCsi 1O HEBH3HAYCHHX IIapaMeTpax, [0 BXOIITH Yy
CTpYKTypH pimeHb. JlopiBHIOIOUM HylII0 KOe(IIieHTH TpH  Bapiarisx,
OJIEp)KYEMO CHCTEMY JiHIHHNMX anreOpaiunux piBHsHE (CJIAP) BigHOCHO
HEBM3HAUYEHHUX MapaMeTpiB, IO BXOAATh Y CTPYKTYpH pilleHb. TakuM YHHOM,
BapiamiifHO-CTPYKTYpHUN METOA 3BOJWUTH BapialliiHy 3amady [0 3a;adi
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poss'szanas CJIAP. 3anmmemo nani CJIAP mnst crpykrypu pimens 3amadi (8)
JUIs  BapiallifHOrO pIBHAHHSA, 3 ypaxyBaHHSAM TOro, IO CTPYKTYpH
3aJI0BOJIBHSIIOTH BCIM KpalOBMM yMOBaM, IIpH LIbOMY ITO3HAYHBIIH

wo_ M _
oF" =y, B" =g,
OTPHUMAEMO JUIS CTEP)KHSI CHCTEMY PIBHSHD BiJIHOCHO HEBIIOMHUX Koe(illieHTiB
CTPYKTYp Y HACTYITHOMY BI/IFJ'ISII[i'

P L n L

ZBjjy/jgokdz—ZA jwp dz+—J‘M (2)p,dz=0, k=1,

J=1 0 i=1 x 0

. L L (9)
ZA[J‘I//mgo;dz —jqz (2)w,dz=0, m=1,...,p

=l ¢ 0

B nmanux piBHSHHSX, Ha BIAMIHY BiA 3amadi HpyXHOro ne(opMyBaHHS
CTEp>KHS 32 IIOCKOTO 3THHY, BPaXxOBaHi J0JaTKOBI CKIIAJI0Bi, IO BiJIIOBiIAIOTh
noB3ydocTti. CucteMy piBHAHB (9) MOXKHA 3aIlicaTH 3 YpaxXyBaHHSIM m =k =n B
MaTPUYHOMY BUTJISIII HACTYITHUM YHHOM:

Ky, K12}[‘]Mj|_ qzc 1

= , 0

l:KZI Kzz q, q. ( )
ﬂeqM[i]=A“qu[i]=B“

Kll[ i, j ]:

L
Q.p,dz; Ky i, ]=|wedz
EJ, I el ! g

Kylij ]=Iwi¢>}dz; Kp[ij]=0; (11)
0

[ L
1
q.lil=\qwdz, qlil=-———|Mpdz.
J o |

B nanomy BHUNasKy OTpEMaEMO MaTpHYHI PiBHSHHS:

(K au ) +[Ku 0.} = {ac s
[KZI]{qM} = {qz};

IMotpibHO BigMITUTH, IO I OOUUCIICHHS BUpasy ¢. [i] = ——IM @,dz Ha

(12)

KO)KHOMY KpOIIi 3a 4acoM HeoOXiJHO MaTH 3Ha4eHHS KOMITOHEHT HE3BOPOTHHX
nedopmariii moszydocti. [yt 9oro piBHAHHSA CTaHy MOB3y4ocTi (6) HEoOXimHO
IHTErpyBaTHn, HalpHUKIIaJ, 3a JOIoMoroto Merony Pynre-Kyrra.

3ajava, TakUM YMHOM, 3BOJAWTHCS JIO TIOIIYKY HEBWU3HAYCHUX KOMIIOHEHTIB
CTPYKTYP PIIlIeHb 3 YMOBH CTalliOHAPHOCTI 3MIIIAHOTO BapialiiiHOro QyHKIioHama.
Jlns 3HaXODKCHHS HEBIIOMUX KOMIIOHEHTIB CTPYKTyp pimieHb (8) 3 cucremu
anreOpaiuanx piBHsiHb (12) B poOoTi BHKOpucTOBYBaBCcs Merox layca. s
BU3HauYeHHS KoedinieHTiB Marpuib (11) cucremu piBHAHB (12) BUKOPHCTOBYBABCA
4rCIIoBUH MeTon I ayca py iHTerpyBaHHS 110 TOBXKHUHI 1 TOBIMHI CTEPIKHSL.

TakuM 9YMHOM MeToi PO3B’sI3aHHS 3aJadi MOB3Y4YOCTI M MOIIKOMKYBaHOCTI
CTEP>KHS TIOJISITA€ B HACTYITHOMY: BHKOPHCTOBYIOUHM 3HAUCHHS HANpPYKEHb, IO
BH3HAYAIOTHCS Yepe3 3rMHAIIBHUI MOMEHT i3 CHCTEMH PiBHSHB (5) y MOYaTKOBHIH
MOMEHT 4acy, BUKOHY€EThCSI IHTETPyBaHHs PiBHSIHD CTaHy IMOB3y40cCTi BUAY (6) 3
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BUKOpHCTaHHSIM Merony Pynre-Kyrra B momudikanii Mepcona # TpuBae
pIlICHHS 32 YacOM Ha OCHOBI 3MIIIaHOTO BapiauiiiHoro ¢yHkmioHana (4). lana
METOJMKAa Yy 3arajbHOMY BHIIQAKY JUIA 3aJad II0B3y4OCTi T BHUKIJIAJEHA
JIOKJIAHO B poboTax [3, 5, 9, 10].

PesynbraTn pocaimkenns. Ilo 3anponoHOBaHOMY alrOpPUTMY PO3B’A3aHHS
3a/1avi IMOB3yYOCTi B CTATTi BUKOHAHI YHCIIOBI TOCIKCHHSI.

Jls KoHKpeTH3anii MaTepiajJbHUX MOCTIHHMX, SKI BXOAATH Y PIBHSAHHA CTaHy
130TpONHUX MatepiaiiB MpHU MOB3y4YOCTI BUKOPUCTOBYIOThCS JOCIIAHI aHi 1Mpo
OJIHOOCHOBY IIOB3Y4iCTb 3pa3kiB [1,3-6,8].

Crioyatky B poOOTi pPO3IIISIHYTO CTEPXKEHb MPSIMOKYTHOTO IIONEPEYHOro
mepepiza 3 JKOPCTKO 3aKpiIUIEHMMHU KpasiMu (puc. 1), SIKMH BHTOTOBJIECHHH 3
matepiany JI16AT. Crepsken» npu Temmnepatypi 300°C  nmepopmyeThcs B
YMOBax IIOB3y4OCTi IIiJ [i€0 pPIBHOMIPHO pPO3MOAIJICHOIO IIOIIEPEYHOrO
HaBaHTaXeHHS ¢=2.5 kH/m. Tlapamerpm cTep>kHS B pO3paxyHKax INPHHHATI
HACTYNHUMU: noBxkuHa [L=2 m, mmpuaa b=0.01m, Bucora Ah=0.1m. [ns
BHBYEHHS 301KHOCTI YHMCIIOBHX pilIeHb B MOYATKOBUH MOMEHT Hacy pe3yiIbTaTH
PO3paxyHKIB IOPIBHIOBAINCH 3 AHAIITHYHUM PO3B’SI3KOM 3azadi (IPYKHOTO
nepopMyBaHHS CTepxHsS), K 1 B poborax [2,3]. 3icraBieHHS OTpUMaHHUX
pe3yNbTaTiB CBIAYMTH MPO X CHiBIAiHHS.

QDizuKo-MeXaHIvHI TOCTIHHI i30TpormHOro criaBy J{16AT y piBHIHHIX CTaHy
HOB3Y4OCT], SIK i y poori [3, 9, 10], mpu Temnepatypi 7=300"C , IpUHHATO PiBHUMM:
E =65 ITla, B=0.34-10" MIla"/u,

D=19-107 MOa"/u, n=m=k=1=293, a=0,v=03.

Jlani pe3ynbTaTH Briepiie HaBeAeHi B poOorti [3], B maHii poOOTi iHTErpyBaHHS
KoeiI[ieHTIB MaTpHIlb cucTeM PiTna BHKOHYBAIOCH 3 BUKOPHCTAHHSM YHCIIOBOTO
merony CiMricoHa mpH iHTETpyBaHHI IO JOBKMHI 1 TOBIIMHI CTEp)KHSA. AJie B

JTAHOMY BUIAJKY JUIS IHTErpyBaHHS 6., Mlla
koeillieHTIB MaTpuilb cucreM Pitna 60 E
(12) BukopucroByBaBcs MeTox ['ayca. 40 \Y
Ha pwuc.2 mpencrasneni —emopu 20 ™ 1
HOPMAJIbHHX  HANPYKEHb Y nepepi3i 0 N T
CTEp)KHSI B MICIl >KOPCTKOTO 3aKpill- -20 \\‘
JICHHS Ta HalaHi 3MIHM TPOTHHIB -40 \%
CTEpIKHS JUTSl PI3HMX MOMEHTIB Yacy: 1 -60

P JU i3 4 -1 07 03 0 03 07 1
— y TIOYaTKOBHi, 2 — Y MOMEHT 4acy 2l
29 romuH i 3 — y MOMEHT OJM3BKUI 10 W. en
3aBEpIICHHS NPUXOBAHOTO PyHHYBaH- 12

51 P 10 TN
ust (51 roguna). PospaxyHku mpoBo- N 7 \\
JUUTMCS 3 YTpUMaHHsIM 4 0a3ucHHX 8 / \
(GYHKIIH B anpOKCUMAIIisSX MPOTHHY 1 6 7 > N
3TMHAIIBHOTO MOMEHTY B3JIOBXK JIOB- 4 / ,>=;\ N
xuHM crepxkHa. CiTka U1 3HaXox- 5 / \
JKEHHSI  KOMIIOHEHTIB  HE3BOPOTHOI 1
.. 0 S —  ——
nedopmartii moB3ydocTi 1 mapamerpa o 03 07 1 1317 2
A , M

TIOIIKO/DKYBAHOCTI 00Mpasacs HacTy-
NHOIW: 48 ToYka B3JIOBXK JOBKHHU Puc. 2. 3miHa y yaci HOpMaJIbHUX HANPYXKEHb i

CTEPXKHA ¥ 32 TOYKU B3IOBXK BUCOTH TIpOTHHY CTEPXKHA
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niepepisy crepskHs. Citit 3a3HaYUTH TOCHTH CYTTEBUI TTEPEpPO3NOALT HAIPYKEHb Ta
3pocTaHHs POTMHY y 4Yaci. BcraHoBieHO, 1m0 3a BUKOpUCTaHHs Meroxy CiMrcoHa
JUTsl iHTerpyBaHHS KoeilieHTiB MaTpuib cucteM PiTha, yac 10 pyiiHyBaHHS Takoro
CTEp)KHS 3MEHIIyBaBcsi Maibke Ha 10% y TIOpIBHAHHI 3 BHKOPHCTaHHSIM
BHCOKOTOYHOTO Meroza ['ayca mpwm iHTerpyBaHHS KoedimienTiB cucremu (12) mo
JIOBXKHHI Ta TOBILHHI.

Jlani po3riisiHyTa MOB3YUICTh Ta MOLIKO/KYBAHICTh CTEp)KHSI HA MIAPHIPHUX
HepyxoMmux omopax (puc.3). ['eomerpuuHi po3MipH CTEpKHS, 3HAYCHHS
HaBaHTa)XEHHS, (Di3MKO-MEXaHIYHI BIACTUBOCTI MaTepiaiy MPUHHATI TAKUMH X,
SIK 1 B TIOTIEPETHROMY TIPHKJIAJl CTEPKHS 3 HKOPCTKUM 3aKpiIUICHHSM.

Ha puc. 4 npencrasneni emopu
HOpPMaJIbHUX HAIPyXXEeHb y Cepel-
HBOMY TIEpepi3i CTep)KHsS Ta HaJlaHi
3MiHHM IPOTHHIB CTEPIKHS JUIS PI3HUX
MOMEHTIB Yacy: 1 — y moJaTKoBui, 2
— y MOMEHT 4acy 8.7 roguHu i1 3 —y
MOMEHT OJM3BKHHA 10 3aBEpILICHHS

Puc. 3. Cxema mapHipHO 3aKPilUIEHOTO CTEPXKHS MMPUXOBAHOT'O p}’l\;IHyBaHI”I - 15
TOJIUH.

MoskHa 3p0OHTH BHCHOBOK IIPO CYTTEBE 3pPOCTAHHS MPOTHHY CTEP)KHS B Haci,
3MEHILICHHS 4Yacy [0 PyHHYBaHHsS CTEp)KHS B JaHOMY IpHKJIaai Maibke B 3.5
pa3u B MOPIBHSIHHI 3 MONEPEIHIM ITPUKIAIOM (KOPCTKOTO 3aKpIIUICHHS CTEPXKHS

TI0 Kpasim).
G, Mlla W, cm

100 1,0—
50 2 /g_~/ 0.8 3y
. 1)‘ 0,6 / / \ \
2
0.4
> T/ T~
-1091 0,5 0 0,5 0[ : \

1
2y/h 0 0,5 1 s ,,2

Puc. 4. 3miHa y 4aci HOpMAJIBHUX HAIPYXKEHb 1 IPOTUHY CTEPXKHS

Jlani posrisHyTa IMOB3y4iCTh Ta HOIIKOKYBAaHICTH JKOPCTKO 3aKPiIICHOTO

CTepKHS 3 JiBOro kparo (puc. 5). ['eomeTpudHi pO3MipH CTEp)KHS, 3HAYCHHS

y HaBaHTa)KEHHS, (i3MKO-MeXaHIuHI

BJIACTHBOCTI Marepiany 30epira-

q(z) IOThCS TAKUMHM K CAMUMH, 5K 1 B

z  TONEpenHiX MpHKIagax.

0 Ha  puc.6  mpencrasneni

7 eMopH HOPMAJIBHNX HaNpYXeHb y

repepisi KOPCTKOTrO 3aKpiIyIeHHS

CTep)KHA Ta  HamaHi  3MIiHHU

MIPOTHHIB CTEP>KHS JUIS PI3HUX MOMEHTIB 4yacy: | — y mo4aTKOBUi, 2 — y MOMEHT

gacy 0.15 romuH # 3 — y MOMEHT OJM3BKMHA /0 3aBEpUICHHS HPUXOBAHOTO
pyiinyBanHs — 0.26 ronuH.

Puc. 5. Cxema XOPCTKO 3aKPIIIICHOTO CTEPIKHS
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c.. »
N Mlla 1.0 W, cm
200 —~_ 3 1.0 3
200 <] \
100 S 0.8 )
0 0.6 “\
A /
0.4
N \
=)
200 2 02 1/ I\
-300 — 2 —
400, — . 10
- 0,5 5 2
' 0 0,5 1 .

Puc. 6. 3miHa y 4aci HOpMAJIBHUX HAIPYXKEHb 1 IPOTUHY CTEPXKHS

MoskHa 3poOHTH BUCHOBOK IIPO CYTTEBE 3POCTAHHS MPOTHHY CTEP)KHS B Haci,
3MEHILICHHS Yacy A0 pYWHYBaHHS CTEp)KHS B JaHOMY MpHKIagi Maibke B 57
pa3iB B TOpIBHSAHHI 3 MONEPEAHIM MPUKIAAOM (CTEpXKEHb 3 IMIAPHIPHO
HEPYXOMHMH OIIOPaMH).

BucHoBKH. Y CTaTTi pO3ITISIHYTI MTOB3YUICTh 1 MONIKO/DKYBaHICTh CTEPXKHIB Ha
6a3i 3Mimanoro BapiamiiiHoro ¢yHkumioHana. [IpoBeneHi YMCIOBI JOCHTIIHKEHHS
30DKHOCTI pillleHb TpH BapilOBaHHI KUIBKICTIO YTPUMYBaHHX KOMIIOHCHTIB
CTPYKTYp 1 4YHCIOM TOYOK MAMCKpeTH3awlii 00JacTi IHTErpyBaHHS CTEPIKHS.
Po3paxyHkamu BCTaHOBJIEHO, IO 3i 30UTBIICHHSAM 4Hcia Oa3ucHMX (QyHKIIH i
KIJIBKOCTI TOUOK O0JIAcTi AMCKpEeTH3alil pe3ylbTaTH pO3paxyHKiB NPaKTUYHO He
3MIHIOIOTBCSA. 3a pe3yJabTaTaMH IIPOBEICHHX pPO3PaxyHKIB MOXKHa 3pOOHTH
BHCHOBOK IIPO iCTOTHHH BIUIMB POCTY JeopMaliiif OB3y4OCTI Ha Mepepo3Noail
HAIpY>XEHb 1 3pOCTAHHS NPOTHHIB CTEP)KHIB 13 4aCOM IS YCiX BHIIB 3aKpiIUICHHSI.
Haii6inpm HeOe3meuyHnM BHSBIISIETHCS JKOPCTKE 3aKPIIUICHHS 3 JIBOTO Kparo
CTEpXKHs, 4Yac JI0 pyHHYBaHHS [JIi TAaKOro THILy 3aKpIIJICHHS CYTTEBO
3MEHIIY€EThCS Y MOPIBHIHHI 3 IHIIMMH TUITAMU HaBEJCHUMH B JaHIH CTATTI.
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Savin O.B., Sobol' V.N.
MIXED VARIATIONAL FUNCTIONAL FOR CREEP-DAMAGE PROBLEMS OF
BENDING BEAMS

It is necessary to take into account the creep phenomena in long-term strength analysis of structural
elements with exploitation at elevated temperatures. This process leads to evaluation of creep irreversible
strains and damage parameter and finally to predict the fracture. The most of structural members in aviation
and space-rocket techniques have such exploitation conditions. For isotropic materials in the creep process
can be used the Rabotnov-Kachanov theory with a scalar damage or continuity parameters. Defects in
material accumulate at elevated temperature due to the creep process. This fact is proved by experimental
data in metallurgical science.

In the paper the mathematical statement of creep-damage problems for thin-walled beams in bending is
presented. The mathematical statement include the mixed variation principle, which is formulated on
independently varied functions of displacements and stresses for known creep strains at arbitrary moment of
time, and the two numerical methods. The complete system of initial-boundary-value problem of creep for
thin-walled beams can be solved by using numerical methods. The first one is based on the variational
statement by using variational-structural method of the R — functions theory (RFM - Rvachov’s Functions
method). The second one is based on the Runge-Kutta—Merson method. The Runge-Kutta—Merson
numerical method is used for solving of creep state equations for isotropic material.
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Practically important numerical estimations of strength and durability of constructive machine
elements, such as beams, are given. Firstly, the test examples are presented. At initial time the numerical
results were compared with known analytical results. Numerical data demonstrate the full convergence and
coincidence of approximate solutions.

Also numerical results of creep-damage problems for bending beams with different types of edges
fixations are given. First numerical results are presented for fixed support beams under constant loading
along the beam length. The second one — for hinged supported beam and the last one — for beam with left
fixed support.

It can be concluded that there are significant stresses redistribution and growth of displacements in time
for all types of edges fixation of mentioned above beams.

Key words: creep, damage, mixed functional, variational-structural method, beam.

Casun A.B., Cobonw B.H.
CMEIIAHHBII BAPUALIIMOHHBINA @ YHKIMOHAJI B 3ATAYAX ITOJI3YYECTHU U
MOBPEKJIAEMOCTH CTEPKHE! ITPU U3T'MBE

B craThe paccMaTpuBaeTcs BapUaI[OHHAS TIOCTAHOBKA 3a/1a4d MON3YYECTH U MOBPEXKIAEMOCTH
cTepkHEl mpu WX wu3rube. MeToj penieHdsl 3aJaud OCHOBAH Ha COYETAHHH IONIArOBOTO
WHTErPUPOBAHUS YPABHEHHUI COCTOSHUS ITON3YYECTH U PEIICHHEM Ha KaK/[OM IIIare BapHAHOHHOTO
paBencrBa. [IpecTaBieHbl YHCIEHHBIE PE3YIIBTATH UCCIIENOBAHUI Ha Ga3e MPeIoKEHHOTO METOIa
pEIIeHust 3a/1ad TON3YYeCTH W TOBPEXKIAEMOCTH CTEPKHEH C pasHBIMH BHIAMH 3aKpEIUICHHUS HX
kpaeB. CenaHbl BEIBOJIBI 110 MOJIYYCHHBIM PE3YJIbTaTaM PacueToB.

KiroueBbie €10Ba: MON3YYECTh, MOBPEKIAEMOCTh, CMENIAHHBIH (DYHKIMOHAN, BapHAI[HOHHO-
CTPYKTYPHBIN METOJT, CTEP)KEHb.
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DESIGN SOLUTIONS OF OPTIMAL SYSTEMS
UNDER ACTION OF DEAD AND LIVE MOBILE LOAD

Yu.P. Kitov,
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G.L. Vatulia,
Dr. Sci. Eng., Professor of Structural Mechanics and Hydraulics Department

S.V. Deryzemlia,
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Abstract. The authors have considered the design of a three-span beam bridge of a given length
under live load. The purpose of this study is obtaining an equally strong system, in which the
maximum stresses in all elements are equal to the estimated ones. A few statically determinate and
statically indeterminate systems have been considered to determine the optimal one. It has been
proved that optimal solutions exist both in the set of statically determinate and indeterminate systems.

Keywords: reinforced steel concrete beam, live load, dead load, beam bridge, equally strong
system, design optimization.

1. General

In his monograph [1], A.L. Vinogradov considered the problem of design
optimizing and showed that there is no optimal solution in the set of statically
indeterminate systems if the geometrical characteristics of the cross-sections of
the elements are taken as optimization arguments. The optimal system can be
obtained by neglecting under-stressed constraints and is in the set of statically
determinate systems.

In this article, the example of optimization of a three-span continuous beam
was used to show that an optimal solution can be an element of both statically
determinate and statically indeterminate sets if a displacement of support
fastenings is allowed.

As before, the optimal internal stress distribution in the system shall be
understood as such a set of internal stresses with which the system becomes
optimal, for example, a system of minimum volume or value [3, 8-17]. The
system is optimal if the maximum stresses are equal to the estimated ones in all
its elements, that is, if the system is equally strong. If the stress-strain state and
the cross-sections of all the elements are also the same, then the system of equal
strength is a system with equal stresses in the design sections.

In the set of statically determinate systems, the stresses are determined from
the static equilibrium equations ; their distribution under the given load depends
only on the linear dimensions of the elements and on their mutual arrangement
and does not depend on the displacement of the support fastenings.

In the set of statically indeterminate systems, the stresses are determined
from the equilibrium equations, as well as from the strain compatibility

© Kitov Yu.P., Verevicheva M.A., Vatulia G.L., Deryzemlia S.V.
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equations [4-7]. Their distribution depends on the dimensions of the structural
elements, as well as on the displacement of the support fastenings. Therefore, not
only the linear dimensions of the elements should be changed, but also the
support fastenings should be displaced to obtain an optimal system in a set of
statically indeterminate systems.

2. Problem statements

In this article, the optimization algorithm of the multi-span statically
determinate and indeterminate uniform section beams is generalized as compared
to [2] for the case of action of dead and live mobile loads and is also applicable
to the beams with displaced supports.

A continuous beam of the constant cross-section on the fixed supports is
accepted as the initial system (Fig. 1, a). The beam length / and the number of
support fastenings n are considered to be given.

P
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Fig. 1. Design solutions of optimal systems:
a) given continuous three-span beam; b) multi-span beam with hinge joints on the end spans; c)
multi-span beam with hinge joints in the middle span; d) beam with unilateral support fastenings;
¢) beam with displaced supports; f) beam with resilient connections

If the optimal solution is searched for in the set of statically determinate
systems, n—2 connections should be dropped by mounting the same number of
hinge joints (Fig. 1, b, ¢). In such case, distances from the hinge joints to the
support fastenings x; and span lengths z, are accepted as optimization
parameters. If the number of hinge joints (n—2) is even, then since the system
is symmetric, the number of parameters x; will be two times less, i.e. (n—2)/2.
If the number of hinge joints is uneven, the number of unknowns is (n—3)/2+1.

The number of optimization parameters z,

is accepted being (#—2) minus the
number of parameters ;.

If the optimal design is searched for in the set of statically indeterminate
systems, it is possible with one of three design solutions:

— a beam with unilateral support connections (Fig. 1, d);
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— a pre-tensioned system obtained by vertical displacement of the supports
(Fig. 1, e);
— a beam with resilient connections (Fig. 1, f).

In all above cases, the optimization parameters which effect the stress
distributions are span lengths z;. Moreover, depending in the choice of the
design solution as optimization parameters k; (coefficient k; determines the part
of distributed load k;q, at which the beam touches the supports, i.e. becomes
statically indeterminate); A;EJ (A, — support displacement) or ¢EJ (c¢;—
support yield) are chosen, respectively. The number of optimized parameters is
determined the same way as with the statically determinate constructions, while
the number k;, A;EJ or ¢;EJ is equal to number Xx;.

3. Design optimization of the three-span beam bridge
3.1 Problem statements. An optimal design of a three-span beam bridge of
the specified length / under dead load ¢ =const and live load p (Fig. 1, a)

shall be obtained. The beam cross-section is uniform and equal in all spans, the
arrangement is symmetrical.

3.2 Optimization conditions. Since the load-bearing elements are beams
with the uniform cross-section, they experience the same stress-strain states
under the load. Therefore, the optimal bridge design is equal-strength beams -
with equal maximum bending moments in the typical cross-sections: in the first
span, above the support and in the second span (Fig. 1, a).

There are three typical cross-sections with maximum moments, therefore two
optimality conditions should be provided, namely:

M =My (1)

\M =M. 2)
Optimality equations are compiled based on these conditions, there are two of
them for this problem. Solving these equations together, we determine the
optimal design parameters for different types of beams.
Since the number of the unknowns ¢, E£J, A,EJ and k; in this case is 1, we
omitindex i: cEJ, AEJ, k.
The formulas for defining moments in the typical cross-sections under the
combined action of dead and live loads are given below.

sup

4. Optimization of a multi-span statically determinate beam

4.1 Multi-span beam with hinge joints in the end spans (Fig. 1,b)

After making the storey plan of the multi-span beam, we obtain the values of
the moments in the typical sections from dead load ¢ [2].

Based on the analysis of the influence line of the bending moment, we
conclude on the location of the unfavorable load case with the live load (Fig. 2).

Thus, having accepted that the live load intensity p is equal in all parts, we

obtain the expressions as follows for the moments in the typical cross-sections:

(q+p)x°
Mlmax = T s (3)
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+p)zi(x—z

Msupz (q p)21( 1)’ (4)
z(zy—x 1-2z))*

M2max :_LI%‘F(C]‘F}?)% . (5)

Form (1), we obtain the expression for x :
x=2z,2-1). (6)
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Fig. 2. Multi-span beam with the hinge joints on the end spans (a) and
unfavorable load cases for M, (b), M

ap (c) and M, (d), where M_,, support moment

Parameter z; is numerically defined by iterate over the values with increment
0f 0.001, until the condition is fulfilled (2).

4.2 Multi-span beam with hinge joints in the middle span (Fig. 1,¢)

After making the storey plan of the multi-span beam, we obtain the values of
the moments in the typical sections from dead load ¢ [2].

Based on the analysis of the influence line of the bending moment, we
conclude on the location of the unfavorable load case of the mobile load (Fig. 3).
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Fig. 3. Multi-span beam with the hinge joints on the end spans (a) and
unfavorable load cases for M, (b), M

d)

(c)u M, (d), where Py, support load

sup
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Thus, having accepted that the live load intensity p is equal in all parts, we

obtain:

2

Mlmax = Rl max (P+q) 2 (7)
Rlzi(zlz_xz_zzx)+&: max — Rl > Z2:l_2(x+zl)’
2z, 2 p+q

(g+p)x(z; —x)

My, 2_“’%, (8)
22

MZmax =(C]+p)?2 (9)

From (2), we obtain the expression for x :

{fl (1-2z,). (10)

Parameter z; is numerically defined by iterate over the values with
increment of 0.001, until the condition is fulfilled (1).

5. Optimization of the continuous beam

We will show the algorithm for determining stresses using the continuous
three-span bean (Fig. 4 (a)). Since the beam will be loaded with dead and live
mobile loads, stresses will be determined using the influence lines. We will
choose the main system by inserting the hinge joints in the middle sections above
the supports (Fig. 4 (b)). We accept moments at support as redundancies.
Isolated and load stress diagrams of the bending moments in the main system
which are required to determine the coefficients of the system of fundamental
equations, are shown in Fig.4,(c—g).

The unknown values X, X, under the live load are defined from the system

of fundamental equations

X108+ X8, +8 =0 (11
X1815 + X385 +8, =0
and are
8,6, —9,,0 8,0, —9,,0
(=00 Z000r -y O 2F ~ 0101 (12)

81, =87 8%, ~ 81
Coefficients of the system of fundamental equations at the unknowns for all
spans are equal and determined by the formulas

M} 2-z)

= = 1
Ou =)= "¢ (13)
M M -2z
812 = 821 = 2 d = 6EJ1 . (14)

In case of a symmetrical beam 9,, = 811 .
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Fig. 4. Continuous beam (a); main system (b); isolated (c, d) and load (e, f, g)
u

stress diagrams in the main systems; influence line M, , M, in cross-sections u,, u, (h, i)

Free terms of the system are written for each span:

— on the first span

—on the second span

81F(1) =

MM, du:”lzf(l_uf)

EJ 6EJ
M, .M
Syr() = —lgj 2du=0;

>

MopMy (=)@ —w)( = 22)”

>

81F(2) =

82F(2) =

EJ

6LJ

MypM, g 2t —ul)1-22)*

EJ

6EJ

(15)

(16)

(17)

(18)
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— on the third span

MM
Bire =] 315/ Hdu =0, (19)
M, .M 1—u)(2—uy)z>
82r(3) = 3£J : d”:ul( u%)éJ )i (20)

When we solve the system of fundamental equations (11) in each cross-
section u, in accordance to (12) we plot the influence lines X, X, . For this
purpose, during the numerical solution we divide each span into the given
number of equal intervals, and accept points # on the limits of ranges.

Ordinates of the influence lines of the moments in the cross-section u are
determined using the formulas

IL My, = M{™ + My@w)IL X, + Myw)IL X, , Q1)
LM, = M3 + M\(w)IL X, + M,u)IL X,, (22)

where M[™, M;™ — influence lines of the bending moment in the main system
on the 1% and 2™ spans, accordingly (Fig. 4 (h),(i)).

5.1 Continuous beam with unilateral support connections (Fig. 1,d)
Expressions for the moments in the typical cross-sections loaded with dead
load, according to [2], are:
3 2 3 3 2, 2 3
M, - l:xk(l 2z =) | w6l + 6z —2) 2

X1y, 0<x<z,0
4z, (31-4z) 4z,(31-4z)) 219’0 ¥<a. @)

_—(1-2z)) =5 + (P =21z +2))k

Msup 4(3[_421) q > (24)
IV 2P =20z + 2k + 1P — 417z, + 4z} - 22, 29)
2max = 831 -4z £

Based on the analysis of the influence line of the bending moment, we
conclude on the location of the unfavorable load case with the live load (Fig. 5).

1
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1 p.S
Pas
I EEEEER LHNH&
N

o sup

b)

p:

2max

0

Fig. 5. Unfavorable load case for M, (a), M, (b), M, (o),

where p_ - symmetrical load; p, -asymmetrical load
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We suppose that the live load p is equal in all parts, thus, p:

Py=D5 = Pus=P-
We obtain the unknown moments X, X, (Fig. 4 (b)) at the live load from

the fundamental equations (11), (12). The coefficients at the unknowns are
determined in accordance with (13), (14).
We take as free terms:
3
3 max max pZ
—to determine M, 8, =8, = & =87 = 241:1J .
Using the obtained values X; and expressions for M, from dead load, we

obtain [2]

(P =2z} +2)) k=1 +6° 2,61z - 2} |q+32 (21-32) p

Mlmax = 421 (31_421) Xmax ~
2
~(q+p)7 26)
[P =202+ 2)) k= + 612 =61 - 2} g +32] (21 =32) p
Xpax = 5
" 42,314z )(q +p)
—to determine M, 8, =87y =ﬁ[(l-221)3 +Z13]§
_2z)
b, = A3y = 222)
24EJ

Using the obtained values X, and expressions for M, from dead load, we
obtain [2]
1 (=22 +2) ~(IP =21z +2] )k [ q+] 11-22))° =25} (2= D) p |

M 41(3/-4z)) > 27)

: 1-2z)°
— to determine M, 8, =8,y = Oip™ = 53 = %

Using the obtained values X; and expressions for M, .. from dead load, we
obtain [2]

(207 ~21z} + 2 ) k4 1P ~41 2, + 4127 =22} |q+1(17 ~ 41z +427) p

M =
2max 8(31-4z,)

28)

Parameters z;, k are numerically defined by iterate over the values with

increment of 0.001 and 0.0001, respectively, until the conditions are fulfilled (1), (2).

5.2 Continuous beam with the displaced supports (Fig. 1,¢)

First, let us calculate support displacement of the beam under only dead load
(Fig. 6 (a)), for instance, using the area-moment method. Fig. 6 (c), (d) shows
isolated and load stress diagrams in the main system (Fig. 6 (b)), which are
required for calculation.

Thus,
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Fig. 6. Beam with the displaced supports (a); main system (b);
isolated (c, d) and stress diagrams (e) in the main system;
influence lines of the moments in the typical points (f— h)

Let us plot in accordance with (21), (22) using Fig. 4 (¢) — and influence lines
X,, X, without taking into account the support displacement. After we load

them according to Fig. 7 (f — h), we can find the moments in the typical points
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from the live load without taking into account the support displacement (we
accept that the live load intensity p is equal in all parts):

21 1
My, (p)= [ p(ILM,,)du+ [ p(ILM,,)du, (32)
uz [z
wz vizy - u2(1—2zl) V2(1—221)1 U3z, V32

T T
U332 |
|

Msp

]

Fig. 7. Beam on the resilient supports (a); main system (b);
isolated (c, d) and load (e, f, g) stress diagrams in the main system

I-z,

Myp(p)= [ P(IL X )du, (33)
0

I-z
MZmax(p):2 JP(IL MZ,u)du' (34)
Z
If we add the values of the moments which occur only from the support
displacement, we obtain

6AEJu

(35
z(31-4z) (9)

z) /
M,,(p)= _[P([L Ml,u)d”+ _[P(IL Ml,u)d”+

Uz, l-z,
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Iz,

6AEJ
Mg (p) = Z').P(ILXJd”“L21(3[_421): (36)
l-z;
6AEJ
MZmax(p) =2 JP(ILMZ,u)du+M (37)

2
Using the formulas (29) — (31), (35) — (37), we can find the maximum values

of moments M, , M, under the combined action of dead and live loads:

M2max :M2max(Q)+M2max(p)’ (38)
Msup = Msup (q) +Msup (p) ’ (39)
quz, (I —uz,) 6AEJu
= s —OALJU | (4
Mlmax 012,221( 2 Xluzl+Ml,u (p)+21(3l_421) ( 0)

Parameters z,, dEJ are numerically defined by iterate over the values with
increment of 0.001 and 0.0001, respectively, until the conditions are fulfilled (1), (2).

5.3 Continuous beam on the resilient supports (Fig. 1,1)

Analytical determination of the values of the maximum moments under the
combined action of dead and live loads is difficult, so the loads are considered
separately.

Under the action of dead load according to [2]

xX,
M) =S+ EED o, (@)

where
(=22 +z) —12¢cEJ(I-2)/ 7 q
: 3—dz +6cE] | 22 1 (1-2z2)° 4’
Mg (9) = X1, (42)

q(-2z)’

M2max (q) = Xl +T1

Under action of the live load, the values of moments in the typical points are

numerically determined; for this purpose the respective influence lines are plotted
and loaded (Fig. 7). We accept that the live load intensity p is equal in all parts.

(43)

The unknown values X, X, under the live load are determined from the

system of fundamental equations (11) using the formulas (12), where coefficients
at the unknowns for all spans are equal and are determined in accordance with
(13), (14) taking into account the support yield (Fig. 7):

I
8, =85, =8, + 3 R, 6EJ[2(1 zl)+6cEJ%1 (44)
2(1—21)2} 45)
7(I-2z)

Free terms of the system are written for each span. Taking into account the
support yield according to (15) — (20), we obtain (Fig. 7):

L =85,=8,+Y R 6EJ{(1 2z)—6¢cEJ
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— on the first span

z =1
8iey =81y + D Ric; = 1= u?)+ 6cE] —-—— 46
ey = S1ry + 2 Ric 6EJ|:ZI( R z,(1- 221)} (46)
B _ 1 cEJu
82ty =Borqy + 2 Ric; = EJ -2z “47)
— on the second span
81e2) =01p 2+ X Rici = uy (1=, )(2—u, )(I-22)) ? ey 200D (43)
1e(2) =017 (2) i€ 6EJ 2V 2 ! 7(1-2z) |’
3 =% +Y R, = wy (1= 2 )1 = 22,)% + 6¢EJ —1 12 | (49
2¢(2) = O2F(2) 2 iCi 6EJ|: 2( 2)( Zl) 1(1 2z 1):| ( )
— on the third span
B 1 cEJ(1-uy)
Sie3) =Oips) + L RiC = TEJ 1-2z ° (50)
1-u, [-z
Srccr =80 + R = g -7 e =2 s

When we solve the system of the fundamental equations in each cross-section
u, we plot according to (12) taking into account the support yield of the
influence lines X, X, (Fig. 8 (b),(c)):

TISIC _6162626 6161626 _8162816

— = X, =— (52)
@) -7 7 (6,) (5,

Ordinates of the influence lines of the moments in the cross-section ¥ of the
beam on the resilient supports are defined in accordance with (21), (22) and

Fig. 8 (d), (e).
The values of the moment M, . and the support bending moment from the

1:

live load are determined by the unfavorable load cases of the influence lines X
(on the negative parts of the influence line X)) and M,, (on the positive parts
of the influence line M, ), while the value M, . is reached in the middle of
the beam due to the symmetry (Fig. 8 (b), (€)):

ui'zy

My (p) = Jp (I X, du + Jp (IL X, )du, (53)
zZ U5z,
12
Mo () =2 [ p(IL My, M. (54)
ulz,

The points of intersection of the influence lines with the axis
Uz, U5z, , ulzz1 and further u1122 (Fig. 8) are numerically defined.

Using the formulas (42), (43), (53), (54), we can find the maximum values of
moments Mg, M, . under the combined action of dead and live loads:

M2max :M2max(q)+M2max(p)’ (56)

sup ?
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Msup :Msup(q)+Msup(p)' (56)
e ‘ A
c
zy zy=1-2z Z1
b) ‘ ‘ ’ ‘ IL X,
ulle
Y

Z + M;ZZ
) ILX,
d) ) L My

z) +u1122 J/
o ‘ \|j\\ IL M3 ax
=)
Uz
051

Fig. 8. Diagram of the beam (a); influence lines X, X, (b, c)and M M, . (e

Imax

M| ax 1S the maximum value of the total moment under the combined action
of dead and live loads. Moment M, , under action of dead load is determined

using the formula (41) and is

My (@ =, + 00 (57)
Under action of the live load (Fig. 8, d)
zi+UyZ,
My (p)= [plLs,, Jdu. (58)
Thus, ’
Mlmax = Oll}dagil [MXI + qu2“(21_“)-’_M1,u (p)J : (59)

Parameters z;, cEJ are numerically defined by iterate over the values with
increment of 0.001 and 0.0001, respectively, until the conditions are fulfilled (1), (2).

The results of optimization of all beam types are summarized in Table 1 (in
case of calculations without limitation of communality, single load density was
accepted as g=p=1kN/m).
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Table 1
cEJ,
o’
] ;
3 System type z,m| x,m| AEJ, Moy ‘Msupﬂ M na
| KNm? kNm KNm | KNm
ok
Statically Hinge joints in
determinate the end spans 11351 | 9404 11.054 | 11.050 | 11.054
three-span  Finoeomis
ge jomnts in the
beam middle span 11352 | 1947 11.058 | 11.049 | 11.049
With unilateral k
q support 11.369 10994 | 1099 | 10989
connections 0.0271
Continuous | With displaced AEJ
11.351 11.053 | 11.053 | 11.052
beam supparts 495
With resilient cEJ
connections 11.351 40,151 11.053 | 11.052 | 11.052
Statically Hinge joints in
p dﬂentz:mate the ond 11942 | 9.89% 24483 | 24433 | 24483
~Span - 'Hinge joints in the
beam middle span 11.005 | 2.049 24470 | 24465 | 24465
With unilateral k
support 11410 257750 | 25749 | 25.814
Continuous | With displaced AEJ
beam supports 11444 403 257732 | 25726 | 25727
With resilient cEJ
connections 11.351 2050 24.835 | 24.776 | 24.709

6. Conclusions

1. It has been shown that an optimal solution exists in the set of statically
indeterminate systems under the action of dead load.

2. An optimal design can be part of the set of both statistically determinate,
and indeterminate systems.

3. The optimal solution can be designed in the form of various options. The
technical issues of making structures require further investigation to select the
final version.

4. Under the action of dead and live mobile loads, the estimated stresses in
different variants differ insignificantly.
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FO.I1. Kimos, M.A. Bepegiuesa, I".JI. Bamyna, C.B. [lepuzemns
KOHCTPYKTHUBHI PILNEHHSI OITUMAJBHUX CUCTEM IIJ AI€X0 IOCTIHHOIO
I TUMYACOBOT O PYXOMOI'O HABAHTAXKEHHS

ABTOpamMH CTaTTi Oyna pO3rJsSHYTa KOHCTPYKIsl TPUIPOrOHOBOrO OAJ0OYHOrO0 MOCTa 3aJaHoi
JIOBXKMHHM MiJ €0 THMYacCOBOTO HABaHTAXXCHHA. METOI JaHOro MOCIHIDKCHHS € OTPUMAaHHS
PIBHOMIIIHOT ~CHCTeMH, B yCIX €JIEMEHTaX $KOi MaKCHMallbHi HAaNpYyXEHHsS JOPiBHIOIOThH
pO3paxyHKOBHM. Byio IOBeJeHO, LI0 ONTUMAaJbHI PIlICHHS IiCHYIOTh SIK Y MHOXHHI CTaTHYHO
BH3HAYCHUX CHCTEM, TaK i CTATHYHO HEBU3HAYCHHX.

KiarouoBi cioBa: craiesanizo0eroHHa 0alka, THMYacOBE HABAHTAXKEHHS, IIOCTIMHE
HaBaHTAXXCHHS, 0aJOYHMI MiCT, PIBHOMII[HA CHCTEMa, OITHMI3allis KOHCTPYKIIi.

FO.I1. Kumos, M.A. Bepesuuesa, I".JI. Bamyns, C.B. [epuzemns
KOHCTPYKTHUBHBIE PEIHEHUSI ONTUMAJBHBIX CUCTEM
IIPU JENCTBUU NOCTOSIHHON U BPEMEHHOM MOJABUKHOM HATPY30K
ABTOpaMI/I CTaTbH 6I>IJ1a paccMOTp€Ha KOHCTPYKOUSA TPEXIPOJIETHOIO 6aJ'IO‘IHOI‘O MOCTa
SHHaHHOﬁ JUIMHBI 11O BOSHeﬁCTBHeM BpeMeHHOfI Harpys3Kku. HCJ'H)IO JAHHOT' O HCCJICAOBAaHUS ABJIACTCS
TIOJTYy9€HUE paBHOHpO‘{HOﬁ CUCTEMBI, BO BCEX DJICMCHTaX KOTOpOﬁ MaKCHUMAJIbHBIE HAIPSKCHUA
PaBHbI PACUYCTHBIM. IIJ'IS[ BI)I60pa ONTUMAJIBHOA CHCTEMBI 6I>IH PaccCMOTpEH psaa CTaTHYECKU
ONpEeACIMMBIX U CTATUICCKU HEOIIPENCIIUMBIX CHCTEM. Breuto J0Ka3aHoO, YTO OIITUMAJIBHBIE PEIICHUSA
CYHECTBYIOT KaK B MHOJKECTBE CTATHYECKU OIPENCIIMMBIX CUCTEM, TaK U HEOIPEACIIMMBIX.
KiaroueBble cioBa: CTaJ'Ie)KeJ'IeSO6CTOHHa$[ 6am<a, BpEMEHHAas Harpyska, IOCTOsAHHAsI Harpyska,
63J]0‘1HLII‘/’I MOCT, paBHOIIPOYHAsA CUCTEMA, OIITUMU3AIUS KOHCTPYKIIUH.
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Abstract. Presented is the research of the stability of portal frames made of variable I cross-
sections, depending on supports fastening factors and frames elements unfastening. In the process of
mathematical research examined were five different cases of fixing columns nodes of portal frames
resiliently mounted in each case, the stability criteria having been defined. In addition, conducted
were studies to determine the coefficients of the portal frames elements effective length calculation in
finding critical load on the column. Coefficients of the effective length factor of the welded variable I
cross-section columns have been obtained. The influence of brace systems on stiffening of the whole
structure, stability of the unit frames as well as the overall stability of the building with computer
simulation and calculation have been studied, the coefficients of the influence of the frame structure
on the stability of the unit frames having been obtained.

Keywords: variable cross-section; elastic fixed-support; effective length factor, portal frame;
buckling of unit frame, load factor.

Introduction

The buckling of members of portal frame undoubtedly belongs to the
important problems of designs of steel constructions [I, 53, 54,
Timoshenko, S.P. (1908)]. The variable cross-section columns are an effective
element. Therefore, today the research of stability loss and the theoretical
research of Stability analysis of tapered elements should be more extensive. It is
necessary to obtain more numerical examples of critical buckling load and to
develop methods of calculating effective length factor.

Portal frames members buckling undoubtedly belongs to the range of
important problems of steel constructions design [1, 5, 6, 9, 11, 12, 14, 15, 25]
and [33, 34, 35, 38, 45, 46, 48, 57, 58]. The variable cross-section columns are
an effective element.

Therefore, development of a consistent buckling design procedure for tapered
columns is great importance [28, 29, 41]. The first works of studying buckling
analysis of elements of variable cross-section were written by Dynnyk A. and
Morley A. [17, 18, 19, 34, 46]. A. Dynnyk has reduced the governing differential
equation for buckling columns with wvariable cross-section to the linear

© Bilyk S.I., Bilyk A.S., Nilova T.O., Shpynda V.Z., Tsyupyn E.L.
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differential equations differential equation with variable coefficients. The
solution of the governing equation is obtained due to Bessel functions by
Gringhila method (The applications of elliptic functions (London, 1892). The
main results of these studies were translated in English by Malets (1925) [34].

Today the Bessel functions used to solve problems of loss stability of tapered
elements are well known [6, 7, 8]. Out-of-rotation plane bending vibrations of a
rotating tapered beam with periodically varying speed are presented in work
[13]: “the integro-partial differential equation of the beam is discredited via
Galerkin's method and a set of ordinary differential equations with periodic
coefficients (Mathieu—Hill type equations) is obtained”.

An approximate method was proposed for analyzing the problem of beams of
variable cross-section in article [4, 20, 42].

Articles [21, 22, 23, 24, 25] present a number of stability problems for
columns and simple frames that have a post and a variable cross-section of non-
uniform members. A free vibration of axially functionally graded beams with
non-uniform cross-section studies in [30]. Buckling analysis of non-uniform and
axially graded columns with varying flexural rigidity present in [3, 31, 35, 36,
39, 40, 44, 48]. The new numerical method is proposed [34] for the dynamic and
stability analysis of elastic plane structures consisting of beams with constant
width and variable depth. In this article [37] a generalized finite element for
buckling analysis of tapered columns with various cross sections is established
by using Chebyshev polynomial approach to the governing differential equation.
The heterogeneous prismatic finite element with variable cross sectional area and
taking into account the variability of components of metric tensor are presents in
[10], prismatic finite element used for studies and analysis of non-uniform
elements. In article [2] the solution of an ordinary differential equation of the
fourth order with variable coefficients is used the approach using power series is
given. The exact elastic stability functions for any general non-prismatic beam-
column element with a uniform tensile or compressive axial force are obtained.

Bazeos, N. and Karabalis, D.L. [11] developed the approximate method for
quick calculation of the critical load of tapered columns. The method is based on
a series of dimensionless design-oriented charts related the critical load of
linearly tapered columns of I-section to the taper ratio and boundary conditions.

Coskun, S.B. and Atay, M.T. use variation iteration method for research
critical buckling load for elastic columns of constant and variable cross-sections
[16]. The work of Huang Y. and Li X.F. authors have reduced the governing
differential equation for buckling of columns with varying flexural rigidity to
Fredholm integral equation [31].

In the work [39] the buckling of a non-uniform column with spring supports
under combined concentrated and distributed loads is presented. The governing
equation for buckling of a one-step non-uniform column is reduced to Bessel
equations and other solvable equations for 13 cases, several of which are
important in engineering practices.

In the method [43] Ozay, G. and Topcu, A. proposed a general stiffness
matrix for non-prismatic members that is applicable to Timoshenko beam theory
has been derived. The stiffness coefficients have been determined for constant,
linear, and parabolic height member’s variations, employing analytical and
numerical integration techniques.
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Rezaiee-Pajand M., Shahabian F., Bambaeechee for simple frames presented
methodology to determine critical load and effective length factor for buckling of a
frame with tapered and prismatic columns [46]. The combined effect of the shape
factor, taper ratio, elastic bracing system, and joint flexibility on the critical
buckling load, buckling length factor of portal steel frames are considered.

In article [47] the method calculating of the critical buckling load of portal
frames consisting of linearly tapered members is presented. Values of the factor
of the estimated length of columns with fixed supports of portal frames The
factor of the estimated length of the columns of the portal frame with hinged
supports is obtained.

Elastic buckling loads of columns with variable cross-section has been
studied due in the works [49, 50, 51, 52, 55].

In the research of Wei, D.J., Yan, S.X., Zhang, Z.P., and Li, X.F. [59] of
critical load for buckling of non-prismatic columns under self-weight and tip
force the governing equation subject to associated boundary conditions is
transformed into an integral equation. Critical buckling load is then determined
as the lowest value of the resulting integral equation.

A new shape function for tapered three-dimensional beams with flexible
connections was obtained due to the analysis of Valipour, HR. and
Bradford, M.A. [56].

Non-linear post buckling analysis of frames and columns with was made in
the works [5, 60, 61].

The effects of shear deformations are taken into account in the stability
analysis for variable cross-section columns based on Timoshenko theory and the
energy method in theoretical analysis [1, 10, 55].

These researches of rods buckling were conducted due to L. Euler’s, the first
work [26].

Foundation of the problem. Defining sustainability criteria and coefficients
of the effective length of the elements of portal frames, taking into account
elasticity of supports when calculating a flat buckling are important issue in
designing of steel construction.

Methods of research. To research the buckling criteria of portal frames and

calculating the coefficients of
the effective length of columns

A mathematical modeling method
= ] ‘:-—-__Q _,'::B was used. General view of the
LN ey structure model is shown in
= Vi Figure 1.

w7 S | .
T.T__ﬁ_ //\7;.-- ; B Results. In Figure 2 was
| —r ‘ considered a portal frame
- \\] (Figure 1) buckling resistance
V' with the columns of I-shaped
o o J\‘ cross-section with variable web
_ s height and the girder with
Fig. 1. General view of the model constant  cross-section.  The

frame has a span — L and
column height — /. The column stiffness of /-shaped cross-section with variable
web height considerably precise is written by the parabolic regularity if the
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correlation of least cross-
section moment inertia
I, to the largest cross-
section moment inertia
I is situated in diapason
L/lo=0.1...0.95. /
Five cases of
buckling column with /
variable cross-section on
elastic  support were
studied.
Function [, =1.(z)

is the moment of inertia
of the wvariable cross-

section is approximation
tapered columns with I- Fig. 2. Cases of resistance centrally compressed rods with
variable cross section on elastic supports: (a) - case 1; (b) - case 2

V4

(@

section for steel portal
frames. The I,, of the columns has approximation by the following parabolic
function.

2
]xzzlx(z)zle(l_Yytz) ; Yy=1_1x11/1x09 (1
where [, — is a maximum moment of inertia of variable cross-section of

member with coordinate zy = 0, /,, — is moment of inertia with of minimum

section dimensions, which has coordinate z,= 1.

We took the hypothesis: deformation of the column is satisfactorily described
by the Bernoulli—Euler theory [53], and was acceptance the assumption that the
load is applied only at the nodal points.

The bending moment at any cross section is

I
(nz_nO)N-‘-MxO_sz-‘-QTO%: > (2)

where M . —bending moment at any cross section, M ,, —bending moment at cross

section with coordinate zo = 0, N — is a constant axial compressive load, O, — shear
force at cross section with coordinate zy = 0, 1y — displacement (deflection) cross
section with coordinate zy= 0, r,— displacement any cross section.

Governing equation of flexural deformation of the column of variable cross-
section may be written as (of the member is approximated by the following
parabolic function).

2 2 2 3 2
NI* _ NI Mol 0yl o2 2o M 3)

” 2
WA=y ytz) M = Mo~ Elxo Ely, > =70 " TEL,

nzzno—\/_ ; Mg sin(viz, )+( {\/_[——sm(vu )+cos(vu,)]-1}—

y

k EI [\/——s1n(vuz)+t] \/_ J1- Yyl
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. =In(l-v,t.), u, =In(l-y,), v’ =k* /77 =0,25, v’ +0,25=k> /5. (4)

This homogeneous linear differential equation is second-order differential
equations with variable coefficients. The general solution for these differential
equations has analytical solution [6, 7, 8, 17, 18].

The general solution (4) written in form of method of initial parameters.

Was made studies for 5 cases stability of elastic rods with variable cross-
section where columns have elastic support.

Case 1 (Fig. 2(a)). Column has elastic fixed-support for cross section with
maximum dimensions (z=0) and free-end for cross section with minimum
dimensions (z=1).

Boundary conditions are:
kb
M.y, =0, 0,=0y=0, ngn=0, M,y =- B Mo &)

where b, — the width of the base of the column, and %, — the coefficient of

rigidity of elastic fixed base, 1(, — the rotation angle of cross section of elastic

fixed—support.
The factor of elastic fixed-support may be written as:

bg = (ELg /DNy / M) = EL g / (0,516 k). (6)
The combination of boundary conditions (5) and the decision (4) provides

stability loss equation to calculate the critical buckling load of column with
varying cross-section (7).

K2b —Y—y}—tg(”’")ﬂzo. 7
( Er 2 V'Yy ( )
Equation of stability (7) makes it possible to determine the stability factor
and coefficient of effective length. If k. —o0; bg,.—0; we have boundary
conditions for column with varying cross-section with fixed support — free-end.
Stability loss equation (7) gives stability loss equation for column with fixed-
support — free-end
tg(vuy)
2v
For variable cross-section column with fixed support — free-end were
obtained factors effective length in Table 1.

~1=0. (8)

Table 1
Effective length factor for variable cross-section column with fixed-elastic
support and free-end. Case 1, (Fig. 2(a))

Ll Lo 0,99 0,70 0,50 0,30 0,20 0,10
Wy, by, =0 2,0003 | 2,107 2,209 2,366 | 2,491 2,704
W, bp.=0,033 | 2,0669 | 2,169 2,268 2,419 2,54 2,747
Wy, by, =0,33 2,635 2,708 2,779 2,891 2,983 3,145
Wy, bg. =05 2,918 2,981 3,043 3,141 3,223 3,365
Wy, by, =1,0 3,652 3,699 3,746 3,819 3,879 3,985
W, g, =2,0 4,809 4,843 4,876 | 4,928 4,971 5,046




ISSN 2410-2547 145
Omip MatepianiB i Teopis copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

Case 2 (Fig. 2(b)). Column has elastic fixed-support for cross section with
maximum dimensions (z=0) and pin-ended (articulated) support for cross section
with minimum dimensions (z=1).

Boundary conditions are:

My, =0, O,=0,,
Mo =M, =0, Oyl =0,5k,mb}, Opl =—M o, Mo =-0,5km4b7. (9)

Stability loss criterion to calculate the critical buckling load for column with
varying cross-section may be written:

2 Yy 80
(kb 5 +1) W, +1=0. (10)
Effective length factor for variable cross-section column with fixed-elastic
support and articulated—end is in table 2.

Table 2
Effective length factor for variable cross-section column
with fixed-elastic support and articulated—end
Im/]xo s bEr =0 s bEr =0,5 s bEr =1,0 s bEr =2,0

0,99 0,7009 0,9247 0,9584 1,0023
0,90 0,7177 0,9454 0,9804 1,0263
0,80 0,7389 0,9713 1,008 1,0564
0,70 0,7633 1,0011 1,04 1,0911
0,60 0,7921 1,0361 1,077 1,1319
0,50 0,8271 1,0782 1,122 1,1811
0,40 0,8711 1,1307 1,178 1,2428
0,30 0,9299 1,2002 1,252 1,3245
0,20 1,0164 1,3009 1,359 1,4434
0,10 1,1738 1,4802 1,5503 1,6555
0,01 1,7661 2,1179 2,2225 2,401

Case 3 (Fig. 3(a)). Column has fixed support for cross section with maximum
dimensions (z=0) and articulated elastic support for cross section with minimum
dimensions (z=l). m, — displacement cross section with coordinate z,=l,
displacement of articulated elastic support. Coefficient of rigidity of elastic
articulated support is k,;. Boundary condition are the coefficient of rigidity of
elastic fixed-base.

Mo=mo=0,M,,=0,n,#0, Oy =0, =-M,k,3. (11)

Standard procedures connections equation Boundary condition and the
general solution give the stability loss equation (criterion) to calculate the critical
buckling load of column with varying cross-section. By using factor of elastic
articulated support (6) — b, , was obtained the stability loss criterion:

{ 1 Y—y} ey . (12)

1=k Ibgy) 2] Yy
In table 3 effective length factor for variable cross-section column with fixed-
support and elastic articulated support for bgz =0 ... 3.0 were obtained.
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(@ (b) (©

Fig. 3. Cases of resistance centrally compressed rods with variable cross section on elastic supports:
(a) - case 3; (b) — case 4; (c) - case 5

Table 3
Effective length factor for variable cross-section column with fixed-support and
elastic articulated support for bz;=0 ... 3.0 (case 3)

by
1m/1x0

0,99 0,70091 0,80758 0,99647 1,55882 1,73845 1,901

0,90 0,71772 0,81906 1,00456 1,57401 1,75817 1,926

0,80 0,73886 0,83412 1,01493 1,59273 1,78250 1,957

0,70 0,76330 0,85235 1,02724 1,61390 1,81005 1,992

0,60 0,79213 0,87486 1,04226 1,63827 1,84178 2,032

0,50 0,82708 0,90340 1,06130 1,66702 1,87921 2,080

0,40 0,87112 0,94093 1,08673 1,702122 1,92485 2,1382

Case 4 (Fig. 3(b)). Column has the mobile elastic fixed support with
horizontal springy support for cross section with maximum dimensions (z=0) and
articulated support for cross section with minimum dimensions (z=/). np —
displacement cross section with coordinate z;=0, displacement of articulated
elastic support. &, — the coefficient of rigidity of elastic fixed-base. Coefficient of
rigidity of horizontal springy support is &,,. Boundary conditions are:

QO :Qn :+kr2nO: Ny =0, Mxn =0, (13)
M o =-0,5kmpb%, —MgN+M o +0yl =0. (14)

Recurrent formula for the relationship between the angle of rotation mobile
elastic fixed support and deflection of horizontal springy support is:

0,5k.b>
“MoN+M, 0+ =0, n, Zﬁ'ﬂo (15)
r
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Substitute in equation (16) deflection of horizontal spring support on angle of
rotation for mobile elastic fixed support by formula (19) leads to stability loss
criterion of frame.

K2 (ElLy /D) , 1 V| eOu)
2 2 ) -
0,562k, 1—k> EI o/ (k.,I%) VY,

If k,, —o0; than boundary condition have form (9) and stability loss criterion

0. (16)

(16) converted to stability loss equation of column (10) — case 2.

If k., —0; than stability loss criterion (16) converted to stability loss
equation of column (7), — case 1.

Case 5 (Fig. 3(c)). Column has the mobile fixed support with horizontal
spring support for cross section with maximum dimensions (z=0) and articulated
support for cross section with minimum dimensions (z=/). o — displacement
cross section with coordinate zy=0, displacement of articulated elastic support.
Coefficient of rigidity of horizontal springy support is %, .

If in equation (16) put the condition &, —oo; it gives stability loss criterion of
column for case 5:

Yy | t
—L Sebu) g, (17)
1-k*El o ko) 2 ) VY

If in equation (17) put the condition £,, —oo; than stability loss criterion
column with fixed- support and free-end (7).

Present methodology obtain coefficient the effective length of portal frame to
calculate the critical buckling load of column with varying cross-section.

Portal frame has columns with varying cross-section and rigid frame rafter

with constant cross-section. Columns with varying cross-section of portal frame
is elements, which have boundary condition: column has the mobile elastic fixed

support and articulated support for cross section with minimum dimensions, £, -
the coefficient of rigidity of elastic fixed-base. Coefficient of rigidity of
horizontal springy support is k,., =0.

Critical buckling load on the column with varying cross-section of portal
frame may be calculate by using equation (7) or (16) for k,, —co.

Critical buckling load of frame depends from factor of elastic fixed-support,

the ratio of angle of rotation node joint rafter and column corresponding of
bending which is acting in the node:

, I
_ Elvose Mok _ Elvose Iy (1-z/1)°

b = . oy, =2
Er hy My Ely, hy e W '([(I—sz/l)z

where: M, — bending moment in node, which is acting due to loss stability of

dz, (18)

frame of asymmetric shape; mg; — the angle of rotation node joint rafter and
column, is acting from loss stability steel frame of asymmetric shape; Ay, —
length of column of frame; £ modulus of elasticity of steel; /.y, — maximum
moment of inertia of variable cross-section of column.
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The coefficient v, is the integral parameter of the stiffening cornice units of
the jamming of the column in the cornice units, and determined by integrating of

(18,19), takes into account the cross section of the rafter in determining the
cornice unit rotation angle.

Y, =l -y, —D =20y, DI -y )+ v, b=y, =D (19)
Ty Ty
Performed numerical study of effective length factor of columns with varying
cross-section of portal frame due loss stability of frame of asymmetric shape
Table 4.
Table 4
Effective length factor of column of portal frame ( E1,, / EL o, =1,0;

length of column H=4...8 m), case |

M — ﬂ EIxOstlr /EIxOrhst
Ixost  Irx0 1,0 2,0 3,0
0,999 2,6348 3,18 3,652
0,9 2,671 3,2219 3,7
0,8 2,712 3,27 3,755
0,7 2,759 3,323 3,816
0,6 2,812 3,387 3,8865
0,5 2,876 3,46 3,969
0,4 2,952 3,54 4,07
0,3 3,05 3,61 4,198
0,25 3,112 3,732 4,277
0,2 3,187 3,817 4,373
0,1 3,4135 4,073 4,66

It is also proposed to review the work frame structures with two-hinged
frames of I-section with respect to the passage length to the height of racks of 1:
3 in terms of the spatial loss of stability in the composition of buildings and
structures. The horizontal elements of bond systems should be computed not
only for external transverse loads, but for additional efforts that occur in the
compressed-bent frame widths[61]:

S, =8y + Sk - (20)
where: S — efforts by external loads, S, — additional efforts at buckling frame

of structures.

To find the total value of the load on the brace system it is necessary to
calculate the value of the longitudinal force at unfastening. Since the materials
and methods for determining the factors influence the structure of the whole
structure for the stability of individual diameters practically no numerical studies
have been conducted in the software package ANSYS by using calculation
modules «Static Structural» and «Linear Buckling». Module «Linear Buckling»
allows finding the critical value of the load in the design and getting graphical
chart deformations in various forms of stability loss.
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To obtain data on the critical = = e
load values (Pyuckiing) 11 models with '
different number of frames and
brace systems of structures have
been built and designed.
Computational models can be
divided into the following main
groups:

- Frames without brace system;
- Frames with brace systems on
the building ends. N J J

This  distribution  calculation : =
models performed are aimed at
determining the effect of different
types of brace systems or their
absence on individual frames and
building stability as a whole.

Let us consider the calculation of
the results and analyze deformed
buckling diagram of the building s
frame shown in Figure 4 and
Figure 5.

Without brace system in the
structure, buckling of unit frame
leads to deformations of other
frames, namely:

- deformation of the elements of
restraint; . - -

- buckling of other major load- e o .
bearing elements of the
building structure.

For the structures with bracing
system at the ends, shape of buckling of a single frame is different: the buckling
of the frame occurs by one half-wave sine wave between points of restraint from
the plane. The value of the critical load on the system is increased by 25% in
comparison with a similar system without constraints.

These results demonstrate the necessity of the calculation of brace system not
only for the action of the external loads effect, but for the perception of
additional lateral forces [Sg.] to provide the necessary rigidity and overall

0.000 5.000 10,000 {rm)
1

2.500 7.500

Fig. 4. Buckling shape of the frames in the
structure without brace system

Fig. 5. Buckling shape of the frames in the
structure with brace system on the ends of building

stability of the entire building.
To facilitate iterations in the software package, the critical load is calculated
according to the equation [62]:

Pbuckling = Lactual © >“’ (28)
Fyyexiing — critical load; £, — actual load; A —load factor (load multiplayer).

Figure 6 shows depending A of the number of frames for structures without
brace systems, and with brace systems at the ends of the building.
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Figure 6 clearly demonstrates the impact spatial stiffness of building structure
on the critical load for a particular frame. The difference between the critical
load values for different layout options ranges from 16% (for structures with 6
frames) to 67% (for structures with two frames).

6

5 -_-______-------
r=-

»”° i 54

.
caseetet?
vet

LOAD MULTIPLYER [A]
\

N
IS
EN

NUMBER OF FRAMES IN THE STRUCTURE
## ¢+ Structure without braces = e Structure with bracing system

@ nit frame with rigid restraint

Fig. 6. Graph of the relationship between the critical load factor and number of frames in the
longitudinal direction of the building

Conclusions. Buckling of a portal frame is very important problem of design
steel constructions, composed of members with variable cross-section.

In this paper, study the elastic stability of the column with of variable cross-
section.

For portal frames is presented methodology to determine critical load and
effective length factor for buckling of a frame with tapered and with prismatic
columns.

The buckling of columns with varying cross-section of portal frames results
in the stability loss of frame asymmetric shape or symmetric shape.

The buckling columns with varying cross-section of portal frame causes the
necessity to consider cases of buckling columns with the mobile elastic fixed
support with horizontal springy support for cross-section with maximum
dimensions z=0, and articulated support for cross-section with minimum
dimensions, z=1.

Critical buckling load of frame depends on the factor of elastic fixed-support
that in its turn depends on the ratio of joint rafter and column node rotation angle
corresponding to bending acting in the node.

This simple method in the first design of steel frame makes it possible to
obtain effective length factor of column variable cross-section of portal frame.

The formulation of the problem is based on the exact solution of the
governing equations for buckling.
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Binux C.I, Binux A.C., Hinosa T.O., llInunoa B.3., [{ionun €.1.
CTIMKICTh CTAJIEBUX PAM I3 IBOTABPIB I3 3SMIHHOIO BUCOTOIO CTIHKHA

IpencTaBieHoO IOCIHIKEHHS CTIMKOCTI CTaJeBUX MOPTAILHUX paM 3 JBOTAaBPIiB 3i 3MiHHOIO
BUCOTOIO CTIiHKH. 3aJIeKHO BiJl JKOPCTKOCTI BY3JiB 1 yMOB 3aKpilUICHHS €IEMEHTIB B paMax
JIOCJIIIKEHO CTIHKICTh KOJOH. [IpONOHYEThCS MiAXi/ U1 BU3HAYCHHS CTIHKOCTI paM 4epe3 CTiHKiCTh
KOJIOH Ha IpPYXHHX onopax. JKopcTKicTb BY3IIB i IPY>KHICTh ONOP BH3HAYA€ThCS i3 CTATHYHOIO
PO3paxyHKy paMH. PO3rIsHYTO I'ATh Pi3HHX BHUIIAJKIB CTIKOCTI IPYKHHUX CTPUXKHIB IIPU Pi3HHX
KpailOBUX yMOB 3aKpiIUICHHS KOJOH Ha HPYKHUX omopax. IIpoBefeHO 4YHCEeNbHI JOCIiIKCHHS
KOe(iI[i€HTIB PO3paXyHKOBOI JOBKHHH €JIEMEHTIB MOPTAaJIbHUX paM IpU 3MIHHOCTI Iepepisy i
JKOPCTKOCTI KOJIOH. PO3BMHEHMI MiXiZ 10 BU3HAYCHHS CTIMKOCTI €JIEMEHTIB paM 3 IUIOLIMHU pam
3aJIeKHO BiJl MiJIATIMBOCTI CHCTEMH B'SI31B, IPOBEICHUI aHAII3 CTIHKICTh OYMIBII 3 KOMIT'IOTEPHUM
MOJICIIIOBAaHHSM i 3 00UHCICHHIM Koe(illieHTIB CTifiKoCTi, (JakTOpy BILUIMBY CHCTEMH B'SI3iB paMH Ha
CTIfKiCTh PHTeIIB 3 INIONMHHY IOPTAIEHUX PaM.

KorouoBi cioBa: 3MiHHe INOIepedHUH Iepepis; HPYXKHI ONOpH; e(eKTUBHA pPO3PaxyHKOBA
JIOBJKHHA, KOe(hiliEHT pO3paXyHKOBOI JIOBXKUHU KOJIOH paM, BUTHH paMH, (paKTOp HaBaHTaXKECHHSL.

Bunvix C.I., Bunvix A.C., Hunosa T.A., [LInunoa B.3., Lfionun E.I.
YCTOMUYMBOCTH CTAJBHBIX PAM C JIBYTABPOB C IEPEMEHHOM BbICOTOMN
CTEHKMN.

IIpencTaBieHO HMCCICAOBAaHUE YCTOHYMBOCTH CTalbHBIX IOPTAJbHBIX PaM M3 JIByTaBPOB C
TIEPEMEHHON BBICOTOW CTEHKH. B 3aBHCHMOCTH OT JKECTKOCTH Y3JI0B M YCJIOBHH 3aKpeIUICHHs
JJIEMEHTOB B paMax MCCIe0BaHa yCTOMYMBOCTH KOJNIOHH. IIpemaraeTcst moaxod Ui OIpenesieHUs
YCTOMYMBOCTH paM 4yepe3 YCTOHYMBOCTH KOJIOHH Ha yNpyrux onopax. JKecTkocTs y3JI0B U yIpyrocTb
OIop OmpeeNsieTcs W3 CTaTHYECKOro pacuera paMbl. PacCMOTpeHO MsATh pa3iM4HBIX CiIydaeB
YCTOWYMBOCTH YIPYTUX CTEPXKHEH NpPH Pa3IMYHBIX KpPAeBBIX YCJIOBHH 3aKpCIUICHUS KOJOH Ha
ynpyrux omopax. IIpuBeaeHbl YHCICHHBIC HCCICAOBaHUS KOI(DPHUIMEHTOB PAaCUYCTHOM JJIMHBI
2JIEMEHTOB HOPTAJIBHBIX paM IPH IEPEMEHHOCTH CEYECHUS U KECTKOCTH KOJOHH. Pa3BHUT moaxon k
OIPE/ICIICHUIO YCTOWYMBOCTH JIEMEHTOB PaM M3 IIJIOCKOCTH PaM B 3aBUCHMOCTH OT MOJATIUBOCTU
CHCTEMBI CBsI3€il, IPOBe/IeH aHaIu3 yCTOWYMBOCTH 3/1aHHS ¢ KOMIIBIOTEPHBIM MOJEINPOBAHUEM U C
BBIYHMCIICHUEM KOX((PUIMEHTOB YCTOWYMBOCTH, (paKTOpa BIMSHHS CHUCTEMBI CBSI3¢d paMbl Ha
YCTOHUMBOCTB pUTreseit U3 MIOCKOCTH IMOPTAJIBHBIX PaM.

KaioueBble cJIoBa: IEPEeMEHHOE IIONEPEYHOE CEUeHUe;, ymnpyrue omnopsl; 3ddexTuBHas
pacderHasi JuIHa, KO3 GHIUEHT pacueTHON JUTMHBI KOJIOH paM, U3ru0 pambl, (HakTop HArpy3KH.
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binux C.I., binux A.C., Hinosa T.0., [lInunoa B.3., Llionun €.1. CTilikicTh cTaeBUX
paMm i3 ABOTaBpiB i3 3MiHHOIW BHCOTOI0 cTiHKH // Omip MarepialiB i Teopis CHOpYy.:
Hayk.-Tex. 30ipH. — K.: KHYBA, 2018. — Bum. 100. — C. 140-154.

Ilpusedena memoouka i npogedeno yucenvHi O00CniOdCeHHs — Koeghiyicnmia
PO3PAXyHKO80I O08JICUHU eNleMeHMI8 NOPMANbHUX pam Hpu 3MiHHOCmi nepepizy i
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PO OJIUH AJITOPUTM YU CEJIbHO-AHAJITHYHOI' O
PO3B’SI3YBAHHS IVIOCKHUX 3AJIAY TEOPIi TPYKHOCTI AJIS1
OBJIACTE HEKAHOHIYHOI ®OPMH

A.O. KpacneeBa

Kuiscokutl HayioHanwHutl yHisepcumem 6yoieHuymea i apximexmypu, Kuig
Tlosimpogpnomewruii npocn., 31, m. Kuis. 03680

Jlana poGora mnpucBsideHa I100YHOBI €(EKTHBHOIO alrOpPUTMY Ul PO3B’SI3yBaHHS ILIOCKOL
3a7a4i Teopil NMPYXHOCTI aus obnacreil meBHoi (opmu (MPIMOKYTHHK, IIO 3 OJHOrO i3 OOKIB
o0pizaHuii IeKO0 KPUBOKW [ ) Ha OCHOBI y3arajJbHEHOr0 METOAY MPSMHUX.

KarwuoBi ciaoBa: merox mnpsMux, o01acTh HEKaHOHIYHOI (opMmH, NPOEKUiHHMN MeTox,
peayKOBaHi piBHSHHS.

Beryn. B pobGoti KanropoBuwa [1], OyB 3amporoHOBaHWA HaONMKCHUN
YHCENbHO-aHANITHYHUN  MiAXiZ A0 PO3B’S3aHHA  JNBOBUMIPHUX  3aja4
MatemMarnyHoi (i3ukM, sgkuii TOTIM B poboTax Oarathbox aBTOpiB OyB
PO3BUHEHHH B YHCENbHO-aHANITHIHUA MeToa npsmux [3] [4] [5]. TonosHa imes
METOIy MpsSMUX IOJISITa€ B BUKOHAHHI JJBOX €TamiB PO3B’S3aHHS JABOBHMIipPHHX
3aJad Ha TEpUHIOMY eTami IO OAHIA KOOpIWHATI 3a JONOMOIOI METoAa
CKIHYCHHUX Pi3HUIb 3HWKYETHCS BUMIPHICTh BUXIHOI TBOBUMIipPHOI 33/1a4i, a Ha
JIpyroMy CHCTeMa OJHOBHMIPHHX pPEIYKOBAaHHUX PIBHAHb PO3B’SA3YEThCA
aHAJITHYHO, 200 3a jonomoror HaOmmkeHux MmeroniB. Ilpm mpomy romosHa
npobiieMa BUHMKAE B TMOOYJOBI 3arajJbHOTO PO3B’S3KY CHUCTEMH 3BHYANHNX
mudepeHIiadbHUX — piBHAHB. Maroud Takuid  pO3B’SA30K, K [IOKa3aB
KanTopoBnu JI.B. [1], MOXHa BHKOPHCTOBYIOUM TpPaHHYHI YMOBH B3JIOBX
TpaHWYHOI KpHBOI, IO o0OMexye o0yacTe ckiaaHoi ¢opMu, mo0yayBaTH
HAODKEHUH PO3B’ 30K BIAMOBIMHOL 3a1a4i [6].

B pobGorax [7] [8] 3ampormoHOBaHO y3araJbHEHHS METOMa MPSMUX, B SKOMY
JIBa €Taly pO3B’s3aHHS JBOBUMIPHHX 33j1ad IOMIHSHO Micusmu. Ha mepmomy
erami 3aMicThb YHCENFHOIO METOAY CKIHYEHHHMX PI3HUIb IS 3HIKCHHS
BHMIPHOCTI BHXIJIHMX pIBHSHBb 3aIllpOIIOHOBAHO 3aCTOCOBYBATH MPOEKLIHHUN
Mmeron byonoBa-I"ansopkina-Ilerposa [9] Ha npyromy-cy4dacHi YuceabHI METOAN
PO3B’sI3yBaHHS TPAaHWYHOI 3a7adi JJIsl CHCTEMH 3BMYAlHMX IudepeHIiaabHuX
PIBHSHB.

B mammx pobGorax [10] [11] 3ampomoHOBaHO 3arajbHHUN alTOPUTM JUIS
PO3B’sI3yBaHHS HA OCHOBI Yy3araJJbHEHOI'O METOJy MPSMHUX IIOCKHMX 3a7ad Teopii
TEIIONPOBITHOCTI Ta TeOpii MPYKHOCTI AJIsl 00acTell HeKaHOHIYHOT POpMH.

Meta: mnoOynyBaTi OuTbIn e(hEKTHBHUHA QITOPUTM Ui PO3B’SI3YyBaHHS
IIOCKOi  3afadi  Teopii MpyKHOCTI Juis objacrei cremianbHOi  (opMu
(IPSIMOKYTHHUK, IO 3 OTHOTO 13 OOKiB 00pizaHuii AesiKOI0 KpuBoto ).

OcHoBHa 4acTHHA. B sKOCTI BHXIZHMX pIBHAHb PO3TJISIAEMO CHCTEMY
PIBHSHB IUIOCKOI 3ajadi Teopii NMPYKHOCTI y BHIJISINI CHCTEMH pDIiBHSHb B
YaCTHHHUX TOXIHUX TIEPIIOro MOPSIKY BiTHOCHO HeBimoMux i (x,y), v(x,y),

c,(xy) T,(xy):

© Kpacneepa A.O.
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Kommonentn TeH3opa agedopmamii TyT BHKIIOYEHI 3a JIOIOMOTOIO
anreOpaiyHuX PiBHAHB 3aKOHY 1'yka, a HanpyXKeHHA O, Jajli BUKIIOYAETHCS 3i

CHCTEMHU PiBHSHB 32 JOIIOMOTOIO CITiBBiTHOIIICHHS:

Auop A
, = =+ o, 2
YA +2udy A+2u Y @)
OCKUJIBKM 3 BiJIOBiTHOrO CIBBiTHOMICHHS I O, MOYKHA BHKIIOYHTH g—” 3a
2 X

noromMororo mepmoro piBHAHHA cucteMu (1). Takox TyT NpHUHHATHO Ui
TriepeMilieHb BUKOPHCTOBYBATH ITO3HAYEHHS U = [u , Vv = V.

Posrmsimaerbest 061acTe D ABOBHMIPHOTO MPOCTOPY, OOpi3aHa 3 OIHOrO
TOpLS AOBUIBHOIO KpuBoto [ (puc. 1).

}7
/N
a y
= 7
y=k r
= !—\
[ D i e | 0T S ()
2 | L~ xela,l]
D'~ X
|
v=nh I N
x
3 4
Puc. 1

Sk 3BHYaiiHO, Ha 00JacTh [ HAHOCHTHCS CHCTEMa NapalieIbHUX MPSIMHX 3i
cramuM (200 3BHYAMHUM) KPOKOM A:h;v;_}i_, ne N — KiJIbKICTh NpSIMHUX
BKJIIOYHO 3 TIpaHuunuMu y=h , y=h". OOmacte D 3aHYpIOETbCS B
IpAMOKYTHY o0macth D' = [O <x< Z]®[h_ <x< h+] Ta BUXiAHI DPIBHSHHSA

e . . . *
TCOPI1l NPYKHOCTI, BU3HAYCHI Ha obmacti D , HOHINPIOIOTBCA Ha obimacte D
. . . *

HECCPCPBHUM YHMHOM 1 JaJI1 PO3TIAAA0TECA Ha obmacti D .
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JUts 3HIKEHHS BUMIPHOCTI BHUXIAHUX piBHSIHB (1) BHKOPHCTOBYETHCS
NpoeKUiitHni MeToa. B sikocTi 6a3ucHUX QYHKIIH BUKOPHCTOBYIOTHCS JIOKAJIBHO

. e . . *
30cepepKeHHi (yHKii, OB’ a3aHi 3 BHOOpOM npsiMuX Ha obmacti D [10].
Ha ninsHkax TpaHudHuX JHIA y=h",y=h" pO3IISAIAIOTECA TpaHWYHI

YMOBH 3arasibHOro Buriisiny [10], ski B pe3yipTaTi 3HMKEHHS BHUMIpHOCTI 3a
JIOLIOMOTOI0  ITPOCKIIHHOrO METOMy NOTPAIUIsfioTh B IMPaBy YacTUHY
pEeIyKOBaHUX piBHSAHb. ['paHWYHI YMOBM Ha BEpTHKaJIbHOMY BiJpisky x=0,
NpUHHATI B 3araibHid (OpMi, € NPUPOAHIMH TPaHUYHUMH YMOBAaMH, IIO €
HEOoOXiTHOI0 yMOBOIO Ul 3aCTOCYBaHHsS IpoeKuiiHoro wmeroxy byOHoBa-
I'anbopkina-IlerpoBa. Lli yMOBU peayKyrOThCs 10 KOOPAUHATI ) 1 B pe3ynbTaTi

3aMHCYIOTHCS Y BUTIISIL:
Co(Y(0)=®() =0, A3)
ne  Y(x) — saragpHMii PO3B’A30K PEAYKOBAHOI CHCTEMH 3BHYAMHHX

nudepeHiadbHuX PiBHSHB, dTO — BEKTOp PEAyKOBAHMX 3aJaHUX TI'PaHUYHHX
ymoB 1ipu x = 0. Matpuusa C; Mae BUTTIAL:
C - G, 0 C;0
0 0 Cpr 06,

Tyt chix 3a3HAYNTH, WO B SIKOCTI HEBIJOMHX PEIYKOBAaHHWX DIBHSHb MPUHHATO
Koe(illieHTH B PO3KJIagl HEBiIOMHX (YHKIIH MO OCHOBHOMY 0a3ucy, TOOTO

u(x,y) = u'(x) , ocKinbKH
u(x, ) = u' ()@ (N +u’ ()@, (M) +...+u" (DPy(») =’ ()9, (), i=1,N.
B ocTaHHBOMY CIiBBiJJHOIICHHI BUKOPUCTOBYETHCS Y3ro/KeHHs EiHIITeHHA

— MO IHJEKCY, IO TOBTOPIOETHCS B JBOWICHHOMY NOOYTKY, IependadaeThes
ITiICyMOBYBaHHsI B MEXaxX BU3HAUCHHS iH/AeKca. BianosigHo

7(x, 1) =7 ()9, (y)
0, (x,7) = 6,(x) ,(»),
Ty (6,) = Ty (%) 0,(1).
PenykoBani piBHSHHA 3 HEBiIOMHMU ﬁ",ﬁ",cfv,’cfw OymeMo Ha3WBaTH

piBHSHHSIMH B KoedimieHtax. Lli piBHsHHS, 3anucani y ¢opmi Komri, marors
BUTJIISIL;

PO 4wi )+ F, @
ae

u*f(x) 0 ay a3 0

— _ v l(x) 4921 0 0 (25X}

Y(x)_ G;(x) s A(x)_ Cl31 0 0 a34

Tiy(x) 0 ag aqg3 0

I I

an = x+2“ gb,'j: a13_7u+2},tcx’
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i

Ay = Ubys Gy =0,
_ky_x il ky+x iN i
a31—Tg +Tg . ay =g"by,
a42=—kyuygi kyuyg o) tay=
Ay AWy e
“a+on ® b+ Aron & T8 By ©)

Ha BimMmiHHICTD Bij anroputMmy, po3BHHEHOMY B Hamii pobGoti [10], me
LIYKa€eThCs 3arajlbHUM po3B’ 130K 3a1adi (3) OyJeMo HrykaTtd po3B’s30K 3a1adi:

D) i)+ F(x)

C,(Y(0)-Dy) =0, xe[0,],

TOOTO 3araJlkHUH PO3B’S30K CHCTEMH pPIiBHSIHB, IO 33J0BOJIBHSE TPAHUYHUM
yMOBaM Ha JiBOMy Topmio. Takuif  pO3B’SI30K  3MEHIIYE  MOPSIOK
(yHIaMEeHTaIbHOI CHUCTEMH pPO3B’SI3KIB BABIUl 1 OyayeTbes 3a ajuropuTMOM
lonynosa C.K.[2] 3 BukopucTaHHSM oOpToroHaiuizamii QyHgaMeHTaNbHOI
CHCTEMH PO3B’SI3KIB Ta YACTKOBOTO PO3B’SI3KY HEOJHOPIAHUX PIBHSIHB B MEBHUX

(6)

TOYKax (IIpU3HAYCHI TOYKH OPTOrOHaNi3alii) Ha BiApi3Ky [O,Z ] . B 3B’13Ky 3 UM
B KOXHIH Toull oproronamizanii Oymyerscs ¢yHAaMeHTalbHa MaTpuus Z
posmipom 4N xX2N (3amictb 4N X4N B 3arampHOMy anroputmi [11]) ta
BEKTOP ZO BUMipHOCTI 4N .
[ykanuii 3aranbHUA PO3B’I30K BU3HAYAETHCS CITiBBIIHOICHHIM
Y(x,)=Z(x)b(x)+Zy(x,), x, €[0,1], x,=0, x, =, (7)

J€ X, - KOOpJMHaTa TOYKU opToroHamizauii. Tyr l;(xk) — BEKTOp JOBLIBHHUX
CTaNuX, SKHil 3aNeKHUTh BiJl TOYKH OpTOroHaiizamii. Moro BEMipHicTh BBiui
MEHIIIA 33 BUMIPHICTb aHAJIOTIYHOTO BEKTOPY b 3araabHOrO aarOpUTMY.

Jis toro, mo0 3 MHOXHWHU YacTKOBHX PO3B’S3KIB peIyKOBaHOI 3ajaadi
BUAIJINTH €IWHUH PO3B’S30K, IO 33J0BOJIBHSE TPaHMYHMM YMOBaM B YCiX
TOYKax TPaHUIi, BKIIOYHO 3 TPAHUYHUMH YyMOBAaMH Ha AUIHII [a,/], HeoOXinHO
3a JIOIIOMOT0I0 3arajbHOr0 pO3B’s3Ky 3a1aui (6) moOyyBaTH piBHSHHS BiJJHOCHO
BEKTOpA JOBUIGHHX CTAamMX b . 3araibHuil PO3B’A30K HE 3aJOBOJBHSE IIAM
ymoBaM Ha MursHII Tpanumi [ :y = f(x), x €[a,/]. Ha it minsgami BuximgHa
3aja4ya Ma€ HACTYIHI I'paHWYHI YMOBH, IO BUIUIMBAIOTH 3 PIBHAHb PIBHOBaru
MIPUTPAHUYHOI 30HU (pHC. 2).

3 piBHAHB piBHOBarM JU(EPEHHIaTBHOIO MPUTPAHMYHOTO EJIEMEHTA
OTPUMYEMO CITiBBiZHOLIEHHS, IKUM ITOBHHHI 330BOJILHATH HEBiIOMI (YHKIIIi:

kB )+ L 6, (6,) 41, () = K BOIA, (5. ) + B, (5.0,
f( )

k SBx)V(x, y)+

Ty (6, 0)+0,(x, ) =k, B(X)A ,(x, )+ B(x)q, (x, ). (8)
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Tyr  k.k, — xopcrkocti
MIPYKHUX CTEPIKHIB, SKi
MOJIEIIIOI0Th KiHEMaTHYHY )
B3a€MOJIIO 3 OTOYYIOUNUM )

cepenosumeM, A, A, — 3ajxaHi

KiHEeMaTU4YHI BIUIMBH 3 OOKY
30BHILTHBOTO cepenoBHIIa,
q.,q,— CWIOBi BIUIMBU 3 OOKYy

30BHIIIHLOTO cepeaoBuina,

B=y1+(df /dx) .

OCKUIBKM 11 JOUISHKA B
3arajlbHOMY BHIAJIKy HE € dx
MIPSIMOIO OPTOTOHAJIBHOIO IO OC1
X, TO TOOYIyBaTH pEIyKOBaHi
TpaHW4HI YMOBH JUISl Li€1 AUISTHKY ITPOEKLIHHUM METO/IOM HE MOXKHA.

I'pannuni ymoBu (8) OymeMo po3risiiaTd B TOYKAax IMEPETHHY HPSMHX 3
rpaHW4HOI0 KpuBOoro [ . 3HauyeHHs koopauHart (x,y) Ha k-H mpsaMiil ciing

o (x,y)

Puc. 2

nosHadatd (x,,y,) 1 Ll KOOpPJAMHATH MAalOThb 3MICT, Ieplia KOOpIUHATa

X, BU3HAYAE IPOCKIII0 TOUKH k Ha Biapizok npamoi (0,/), To6To KoopauHaTy
BIJMIOBIHOI TOYKM OpTOroHaji3amii (BOHa >X TOYKAa BHAAYI pPE3YJbTATIB),
KOOpIMHATa ), BKa3ye, Ha sKill mpsAMii 3HaxoquThcs JaHa Touka. Kpim Toro,
BHUKOPHCTAaHHS B SKOCTI 0a3svcHUX (QYHKLIN «yHKUIH-KpUIIok» [9] ,3HaueHHs
SIKMX B TOYIll Ha TpsMid k JOPIBHIOE OJUHMIN, a 3HAYCHHS B TOYKAX IHIIIHX
NPSMUX JIOPIBHIOE HYIIO, JO3BOJISIE CTBEp/KYBAaTH, IO Kk - Koe(ilieHT B
PO3KJIaai HeBiOMOI QYHKIIT IO TakOMYy 0a3ncy:
u(x,y) = u' (x)-9;(»),
v(x, ) = v'(X) 9,(), ©)
0. (%)~ 0.(x)-0,(y),
Ty (%,3) ~ T, (%) 9, (1),
Ma€ 3MICT 3HAUeHHS 11i€i (yHKIiT Ha BiANOBixHIN npsmiit. ToMy rpanndHi yMOBH
(8) mepenmmemo y BUTIISIL:

keBOU )+ L 68 () 42,05 = K, B AR () + B )l ()

kBl )+ L ()4 04 () = K, B )AL () + B ) (x)- (10)

Ockinbku B (byHﬂaMeHTaanif/'I Mmarpuni  Z(x,) nepemimenus U k
3HAXOIATECS B k -My panaky, V5 B N+k psaaky, (Sf, B 2N +k paaxy, ‘E/;
3N+k psaaxy 1 koxHoMmy ¢ikcoBaHOMY k BidnoBinae B Z(x,) psiok 3 2N

€IIEMEHTIB, @ B BEKTOpI Z, OJHAa KOMIIOHEHTA, TO Ii/JICTABUBIIM B PiBHAHHA (8)

3aralbHUH po3B’s30K (7) Ui KOKHOTO k& oTpuMyeMo 2 piBHAHHA. OpHax
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PIBHSHHS [UIS PI3HUX Kk HECYMICHI, TOMY IO BiJIIOBIAIOTh PI3HUM 3HAYECHHSIM
X,, TOOTO PI3HMM TOYKaM OpTOrOHaMi3alii, OCKUIBKM HpU OPTOrOHAJI3aLi
3MIHIOETHCS MICIIEBUH Oa3WC YaCTHHHUI PO3B’SI3KIB 1, BiIIOBIIHO, 3MiHIOETHCS b.

B 3B’S3Ky 3 UMM TPONOHYETHCS HACTYIHHWH aJrOPUTM BpaxyBaHHS
TpaHUYHUX YMOB Ha AUISHIN X € [a,/]. JJI1 MoJanbsioro 3HaXOMKCHHS 7)(xk)
BUAIISETHCS 1 00HYmA€eTbest MaTpulst AM (BumipHocTi 2N X 2N ), a 115t IpaBoi
YaCTHHU DIBHSHb — BEKTOP 70 BumipHocti 2N . Ilicnst oproronamizamii B
ocranHiii Toumi Bigpiska [0,a] 3a momomoroio rpaHmyHEMX yMoB (10)
3HAXOIATHCS J(BAa TEPUIMX psAAKA Marpuii AM 1 [Ba Tepmiux eleMeHTH
CTOBITYMKA 70. Jlaymi BHUKOHYETbCS IHTErpyBaHHS IO TOYKH OpTOTOHAJI3aLii.
[Ticnst BUKOHAHHS OpTOroHaNi3alii B HACTYMHIN Toulli MaTpuns AM Ta BEKTOp

Y, nignaroThes diHIHOMY NEPETBOPEHHIO.

AM,, =AM, 'Q;in

o (11
Yoot =You + My Qg 4

Tyr Q, — Marpur npoexuii, mo GopmyeTbes IpyU OPTOroHaNI3aLil YaCTUHHUX

PO3B’A3KiB OJHOpinHOI 3amaui, ), — BEKTOp MPOEKIil YaCTUHHOIO PO3B’SA3KY
HEOHOPITHUX piBHSHB. ITicist TAKOro MepeTBOPEHHS 3a TOMOMOTOI0 TPAaHUYHUX
ymoB (10) Ha ocHOBI 3arajmpHOrO po3B’si3ky (7) B Toumi k+1 ¢opmyroThes

HACTYNHI 1Ba psaku Matpui AM Ta 1Ba enementa Bekropa Yy, ., -

®opmyBanHs MaTpuli AM Ta BekTOopa 70 MIPOJIOBXKYETHCSI TAKUM YHHOM
70 KiHIEBOi TOUKW. B pesynbrari oTpuMyemMo kBanpatHy matpuiio AM

BuMipHicTIO 2N X2N Ta 2N -BUMipHHUH BEKTOp 70 . Po3B’s13y10un piBHSHHS
AM -b =Y, (12)
3HAXOIMMO BEKTOp JOBUIBHMX CTaJIMX B KIHIEBIH TOYLi 00JIacTi BH3HAYCHHS
3arajbHOr0 PO3B’S3KYy DEAYKOBAHMX pIiBHSAHb. BHKOHYIOUM CTaHAApPTHHH
3BOPOTHIH Xi aJlrOpUTMY IMCKPETHOI OpToroHaiizamii ['ogyHoBa Ta 3HaxX0AIIH
3HAYEHHS HEBIIOMHX B TOYKAaxX OPTOrOHAJI3allil OTPUMYeEMO HaOIVKEHUH
PO3B’SI30K IUTOCKO 3aja4i Teopii nmpyxHocTi st obiacti D , 3 KO BUAIISIEMO
PO3B’SI30K PEAYKOBAHOI 3a/1adi, 110 33A0BOJILHSIE YCIM IPaHUYHIM yMOBaM.

Crip 3a3Ha4YMTH, IO U PEAYKOBAHMX PIBHSHb I'PAaHWYHI TOUYKM HA TPAaHHII
kpuBoi | NpOEKTYIOTBCA y BHYTpIHI TOYKM BiApi3Ka BU3HAYEHHS
peIyKOBaHUX PiBHSIHB, TOMY TaKa 3aja4a 3BEThCsl 0araToTOYKOBOIO 3a/1a4€I0 JUTs
cucTeMH AuQepeHIiabHAX PIBHSHb.

BucnoBku. B naniii po60Ti MPONOHYETHCS YaCTUHHUM BapiaHT 3arajbHOrO
ITOPUTMY pPO3B’SI3YBaHHS y3araJlbHEHUM METOJOM TMpSIMUX IUTOCKOI 3aaadi
MIPYXKHOCTI A71s1 00J1acTeil HeKaHOHIYHOI (JOPMHU, SIKIIO OJIHA 3 TOPLEBUX IPAHUIb
€ BiJIPi3KOM KOOpAMHATHOI JIiHII B eKapToBiil cucTeMi koopauHat. Po3pobnena
METOJMKa JO3BOJISIE BIBiUI 3MEHIIMTH TPYIOMICTKICTH pO3B’SI3aHHS 3a/ad
TIOPiBHSHO 3 3aTIEHIM BHUIAJIKOM.
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Krasnyeyeva A.O.

ABOUT ONE ALGORITHM OF NUMERICAL AND ANALYTICAL SOLUTION OF
PLANNED PROBLEMS OF THEORY OF ELASTICITY FOR AREAS OF NONKANONIC
FORM

Well known, that both the heat conduction equation and the equation for calculating the stress-
strain states of most models are determined in three-dimensional space and related to complex
problems of mathematical physics. For the simplest cases, analytical methods of solution have been
proposed, but most tasks, especially dynamic, analytical methods cannot be solved. In our time,
numerical methods (mainly the method of finite elements) or combined numerical-analytical methods
are used for practical solving of complex problems of thermal conductivity and elasticity theory. One
of the oldest combined methods for solving such problems is the direct method proposed by
Kantorovich in the 1930s.

The main idea of this method is the construction of multidimensional equations of mathematical
physics by spatial coordinates up to one-dimensional. The problem in the spatial domain is
continuous in one or two variables, and discrete by other variables.

The method of lines divides the solution into two stages. The first step is to reduce the
dimensionality of the original problem and move to a system of ordinary differential equations,
which is further called reduced. The finite difference method was used to reduce the dimensionality
of the original equations in the traditional version of the direct method. In the second stage the
analytical or approximate analytical methods were used to solve the resulting system, but numerical
methods were not used. In the generalized version of the method of lines for reducing the
dimensionality of the original equations the projection method is used, and the reduced equations are
solved by modern numerical methods.

In our works [10] [11] a general algorithm for solving flat problems of the theory of thermal
conductivity and elasticity theory for non-canonical forms based on the generalized method of lines
is proposed.

This paper is devoted to the construction of an effective algorithm for solving a plane problem of
elasticity theory for regions of a definite form (a rectangle cut from one of the sides by some curve I')
based on a generalized method of lines.

Key words: method of line, domain of noncanonical form, projection method, reduced
equations.

Kpacneesa A.A.
OB OJHOM AJIT'OPUTME YN CJIEHHOTI' O-AHAJIMTUYECKOI'O PEIIEHUSA
TUIOCKOM 3AJIAYM TEOPAU YIIPYTOCTH JIJIST OBJAACTH HEKAHOHUYECKOM
®OPMbI

Jlanas paboTa HOCBSIIEHAa MOCTPOCHUIO 3(P(EKTHBHOTO aJTrOpUTMA IS PEIICHHs IUIOCKOH
3a/1a9¥ TEOPUH YIPYTOCTH I 00IacTelt onpeesieHHol GpopMbl (IPSMOYTOIbHHK, KOTOPBIH ¢ OJHON
13 CTOPOH 00pe3aH HEeKOTOpoi KpuBoi I ) Ha OCHOBE MeToxa MPSIMBIX.

KiioueBble c10Ba: MeTO]] IPSIMBIX, 00JIACTh HEKAHOHNIECKOH (hOPMBI, IPOCKIIOHHEIA METOJ,
penyLHpOBaHbIC YPAaBHEHHUS.
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YK 539.3
Kpacnecea A.O. IIpo oaMH aJNropuT™M 4YHCEJbHO-AHAJITHYHOTO PO3B’SI3yBaHHS
IUIOCKHX 3aJa4 Teopii mpy:kHocTi 11s ofJjacteil HekaHoHiunoi ¢opmu // Omip
MatepiaiB 1 Teopist cnopya: Hayk.-TexH. 30ipauk. — K.: KHYBA, 2018. — Bum. 100. — C.
155-163.

Poboma npuceauena nobyoosi egpexmugnozo aneopummy Ons po38'sA3Ky NIOCKOT
3a0aui meopii npysjcHocmi 0na obnacmetl nesHOi hopmu Ha OCHOBI MEMOOY NPAMUX.
Ta6u. 0. In. 2. Bibmiorp. 11 Ha3s.

Krasnyeyeva A.O. About one algorithm of numerical and analytical solution of plane
problems of theory of elasticity for areas of nonkanonic form // Strength of Materials
and Theory of Structures: Scientific-and-technical collected articles — Kyiv: KNUBA,
2018. — Issue 100. — P. 155-163. — Ukr.

The paper is devoted to the construction of an effective algorithm for the solution of
the plane elasticity problem for regions of a certain shape on the basis of the method of
lines.

Tables 0. Fig. 2. Ref. 11.

Kpacneesa A.A. O6 opHOM anropuTMe YHCJIEHHO-AHAJUTUYECKOI0 pelleHHs
IUIOCKHX 3a/1a4 TeOpHMHM YNPYIrocTH s o0jacTeil HexkaHoHHYeckoil ¢opmbl //
CompoTHBICHNE MAaTEpPHATIOB M TEOPUS COOPYXKEHHH: Hayd.-TexH. cOopHumk. — K.:
KHYCA, 2018. - Bem. 100. - C. 155-163.

Paboma nocesaujena nocmpoenuto sgpghexmusrozo aneopumma 0ns peutenus niocKol
3a0auu meopuu ynpyeocmu 0as obaacmeil onpedenenHol Gopmbl Ha OCHOBe Memooa
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Abstract. The paper deals with some aspects of modelling the structures’ behaviour: the ‘engineering
nonlinearity’ method; determining stresses on the basis of nonlinear dependences ‘stress-strain’. The
‘engineering nonlinearity’ method enables you to indirectly consider physical nonlinearity while computing
by the standard method. The ‘engineering nonlinearity’ method enables you to consider physically
nonlinear behavior of reinforced concrete section by iteration and step-type method. The method makes it
possible to determine the stiffness parameters of the section. These parameters may be reduced because of
the crack propagation, plastic strain in concrete and reinforcement. Concept of the method is described.
Suggested method ‘engineering nonlinearity’ enables the user to consider stiffness distribution more
accurately. This method is almost similar to standard methods of linear analysis, that is, it is possible to
carry out analysis on all types of loads, compose DCF and DCL, analyse reinforcement. Comparison study
for peculiar features of ‘Engineering nonlinearity’ method is performed. Analysis results for the test
problem (based on engineering nonlinearity) are provided. Analysis results for the test problem shows some
redistribution of forces and convergence of results obtained in ‘engineering nonlinearity’ method and in
analysis with account of physical nonlinearity. This approach makes it possible to use the ‘engineering
nonlinearity’ method for computing and modelling the erection process, analysis of panel buildings
(platform joints), etc. The ‘Cross-section Design Toolkit’ module supports nonlinear analysis for a certain
set of forces. The proposed methods for modelling and analysis of structures with account of their life cycle
enable us to find out dangerous tendencies at the design, erection and further maintenance stage of the
structure and to prevent the possible destruction both for separate structural elements and the object as a
whole.

Keywords: physical nonlinearity, engineering nonlinearity, life cycle, design model, computer
modelling

Introduction. New methods of mathematical physics (for solving problems
of dynamics, stability, physical and geometric nonlinearity) were developed due
to unlimited capabilities for computer models on the basis of FEM. For example,
solving physically nonlinear problems within the limits of the active load
(regardless of a number of simplified hypotheses) provides the engineer with
much more information for estimating the stress-strain state compared with
design models based on elastic-linear assumptions.

We can suppose that the independent role of design models in linearly elastic
statement will subsequently be rapidly decreasing and they will be given an
auxiliary role to solve nonlinear problems on the basis of linearization methods.

A great contribution to the general theory of numerical analysis methods,
including the creation and development of finite element method, methods of
nonlinear analysis of structure was made by V.A.Bazhenov[l, 3],
Yu.V. Veryuzhsky,  A.S. Gorodetsky, V.L. Gulyaev, V.N. Kislooky [2],
A.V. Perelmuter, A.S. Sakharov [2], V.. Slivker, V.K. Tsykhanovsky and others.

© Barabash M.
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Many works have been devoted to the methods of solving nonlinear problems
in structural mechanics [1-3, 5].

To approximate design models generated at the design stage to the actual
conditions of their maintenance, it is necessary to consider the change in the
stress-strain state at each stage of the life cycle of the building object [6].
Development of methods of computer modelling is of high importance. These
methods are directed to maximize the use of load-bearing capacity of structures
while reducing the material consumption and ensuring structural safety.

Along with the standard approaches for determining the stress-strain state of
the structure (fixed load — design model — stress-strain state), the modelling of
structures’ behaviour becomes more important. Behaviour of structures is
examined in various situations with account of various features and factors.

Let us consider some aspects of modelling behaviour of structures.

1. Concept of the method ‘engineering nonlinearity’. The method makes it
possible to determine the stiffness parameters of the section. These parameters
may be reduced because of the crack propagation, plastic strain in concrete and
reinforcement. Creep, cracks and other specific features of reinforced concrete
cause a change in the stiffness parameters of elements at the early stages of
loading, including the maintenance stage. This causes redistribution of forces,
significant increase in displacements compared with linearly elastic analysis.
Account of these factors is regulated by normative documents. Thus, in the
normative documentation of some countries it is pointed out that in practical
calculations it is possible to take into account lowered stiffness values — for
tensioned elements, use a reduction factor of 0.3, for compressed ones - 0.6.
However, in reality there are no elements only bent or compressed. As a rule, the
elements are eccentrically compressed or eccentrically tensioned. In [4] it is
suggested to take into account the reduced stiffness by the method of integral
moduli of elasticity. The method introduces single modulus of elasticity for the
whole section. Bondarenko indicates that normal stresses vary along the height
of the element. Nonlinearity of the strain of material predetermines the difference
in the moduli of elasticity at points with different stresses.

These features of behaviour of reinforced concrete are taken into account
more precisely by the step-type method [5]. Analysis of structure with account of
physical nonlinearity (that is regulated by normative documents in the strict
mathematical sense of this process when used in general engineering
calculations) has a number of factors that are not acceptable in the case of
general calculations of complex structural systems:

- such analysis may be carried out only for one load and it cannot be used in
DCF or DCL;

- defining input data is time-consuming process;

- excessive resources due to multiple solution of linearized equations, it
causes considerable increase in analysis time for complex structural systems.

These factors cause creation and development of the ‘Engineering
Nonlinearity’ method. On the one hand, this method indirectly takes into account
the reduced stiffness due to physical nonlinearity; on the other hand, it allows the
engineer to use the standard analysis method [5, 6, 7].

The concept of the method is as follows.
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Analysis of structures with account of engineering nonlinearity allows us to
determine how the forces are redistributed in the elements, how displacements
are increased and many other features of the structure’s behavior that cannot be
determined with linear elastic calculation. In fact, the ‘Engineering nonlinearity’
method makes it possible to differentially reduce the stiffness parameters of
sections of reinforced concrete elements [7, 8, 9].

In LIRA-SAPR 2018, two variants of the ‘Engineering nonlinearity’ method
have been developed. In the first variant (‘Engineering nonlinearity 1°), it is
proposed to define reduced stiffnesses on the basis of the iterative method of
analysis with the selection of reinforcement during this process. In the second
variant (‘Engineering nonlinearity 2”), reduced stiffness is determined by the step-
type method with further defining of reinforcement. On the one hand, the
‘Engineering nonlinearity 2’ method allows you to take into account the physically
nonlinear behaviour of the reinforced concrete section, on the other hand - to carry
out analysis according to the standard procedure with account of DCF and DCL.

Analysis by ‘Engineering Nonlinearity’ method consists of two main stages.
At the first stage, the static analysis of structure is carried out in characteristic
load case (or combination of loads) that, by engineer’s opinion, will have a
significant effect on the stiffness of structure: crack development, plastic strain
in concrete [7]. At the second stage, based on the analysis results, the stiffness
values are modified according to the stress-strain state of each section and the
standard analysis is carried out for the structure in which the elements have
stiffness parameters determined at the first stage. Standard analysis includes
linear-elastic analysis for the entire set of loads (dead weight, live load,
earthquake, etc.), composing of DCF or DCL, analysis for sections of RC and
steel elements, and design.

2. Stiffness parameters of bar section. Arbitrary section of bar is presented in
Figure 1. Two moments M, and M, as well as axial force N act on the section.

Moments act relative to principal axes of the section x and y. Axial force is applied
at the point C — intersection between geometric axis of the bar and plane of the
section. It is necessary to determine stiffness parameters of the section that
correspond to secant moduli of elasticity of concrete and reinforcement.

To determine the stress-strain state, it is necessary to find out location of the
neutral axis. This location is described with two values y., B and the curvature

of the section & (see Fig.1): y. — displacement of the neutral axis;  — rotation

angle of the neutral axis; £ — curvature of the section.
The problem is solved by numerical method. In iteration process three

unknowns y,, 3, &, are determined; they are computed from three equations of
equilibrium:

Yz=0,YM,=0, M, =0,
ZZ: iAF/'ﬁ'Gjﬁ(ycﬂﬁﬂé)—i_ifiacia(ycaB7§)+N:Oa
Jj=1 i=1

ZMXZZAFM'G_/H (yc 5B9§)yj (yc 7B9§)+2f1“a6[a (yc 9B7‘t:)y[a (yc ,B,§)+MX+N€X=0,
j=

=l
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zMy:iAFjﬁ '6_/'6 (yc 5B5§)’xj (yc 9B9§)+§:fl“acia (yc 7B9§)'xia (yc ,B,§)+My+N€y=0.
J=1

i=l

Stiffness parameters
EsF, Egzl., E I, are

X2 O\

determined according to
diagrams oc—¢ for concrete
and reinforcement.  For
concrete, only compressed
part of  concrete is
considered  with  secant
modulus of elasticity that is
variable along the section.
For every rebar, appropriate
modulus of elasticity is used

Gj

Fig. 1. Stress-strain state of the bar section

n m
EoﬁF = 2 Ecel{/’ﬁAF/ﬁ + zEceKiafia’
j=1 i=1

n m
— 2 2
Eoﬁlx - 2 ECEI{_/6AFj5yj(7 + zEcekiafiayia’
j=1 i=1

n m
— 2 2
Eoﬁly - 2 Ecek_/ﬁAFjﬁxjﬁ + zEcekiaf;‘axia'
j=1 i=1

Here AFj;, f;,, — elementary zones to which section of concrete and areas of

separate rebars are divided, » — number of zones in concrete, m — number of
rebars, E E secant moduli of elasticity for concrete and

cexjo ° cekia
reinforcement, they are determined according to diagrams c—e (see Fig. 1),
Xigs ¥jg» Xia» Vi — distance from the gravity centre of the j-th zone of concrete

and the i-th zone of rebar up to principal axes; location of principal axes ( y., B)

is determined during iteration analysis.

For concrete, only compressed part of concrete is considered with secant
modulus of elasticity that is variable along the section. For every rebar,
appropriate modulus of elasticity is used.

Stiffness matrix for the bar that has secant stiffness parameters variable along
the length is also generated by numerical method (every bar is considered as a
super-element).

This approach makes it possible to use the ‘Engineering nonlinearity 2’
method for analysis and modelling the erection process, analysis of panel
buildings (platform joints), etc. In modelling the erection process, it is possible to
specify characteristic load cases at stages. In a certain sense, ‘engineering
nonlinearity 2’ transfers ideas of modelling the loading history (step-type
method) to the analysis according to the standard type with account of physical
nonlinearity.
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Table 1 compares the features of the method for both variants.

Table 1

Comparison study for peculiar features of ‘Engineering nonlinearity’ method

Parameters

Engineering nonlinearity

Engineering nonlinearity 2

Characteristic load
case

Arbitrary load cases are inclu-
ded according to the views of
users as to their characteristic
influence on the change (reduc-
tion) in stiffhess of the element

Only long-term loads are
included, further they will be
included in the DCF and DCL

Methods for Iteration Step-type

determining of reduced

stiffhess

Reinforcement Determined during iteration | Defined

analysis on characteristic load

Computing forces Analysis is carried out for all | Analysis is carried out only on

(analysis by standard load cases according to secant | temporary load cases according

type) moduli with further composing | to tangent moduli that corres-

DCF, DCL pond to the last step of the

step-type analysis on characte-
ristic load case. Results of this
analysis as well as analysis
results on characteristic load
case are included into DCF and
DCL

Account of physical Not available Available

nonlinearity during

erection

Account of nonlinear Not available Available

behaviour of platform

joints (large panel

buildings)

3. Test example

Below there are analysis results for the test problem on the basis of engineering
nonlinearity (Fig. 2). The load is ¢ = 8 #rm is accepted as the ‘characteristic load
case’, temporary load is assumed to be 2 #/rm. Table 2 shows the analysis results for
the frame with account of differentiated distribution of stiffnesses by different

methods.
b d C
3.0
) S PR
3,0
3,0
72 7.2 12

q

Beam cross-section
0.4x0.8
%

. Class of concrete B40 %

Column cross-section

0.4x0.4 -
q Class of concrete B40

Fig. 2. Design model of the structure
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Table 2
Analysis results of test example
Static analysis Dynamic analysis
Values for parameters of Moment | Moment Disol
stress-strain state I‘Illoig1cr’detr m b{?r’dir Iﬁiﬁfgf Ferrfcq;l Period
Type of analysis 2 a d’
yp ys node b’, | node ‘d’, nOd;:nd, o, Hz T, sec
tm tm
Linear-elastic analysis with
initial stiffnesses -15.5 34 -3.95 1.56 0.64
Linear-elastic analysis with
stiffhesses that are
recommended in SP 52-103- -20.9 30.8 -9.39 1.09 0.91
2007
Linear-elastic analysis with
stiffhesses obtained in the
mode ‘Engineering -15,7 33,7 -5,02 1.65 0,61
Nonlinearity 1’
Nonlinear analysis with
stiffnesses in the mode -16,5 32,9 -5,99 1,32 0,76
‘Engineering Nonlinearity 2’
Physical nonlinearity -16,5 32,9 -6,07

Conclusions: By analysis results, we can draw the following conclusions:

- there is no significant redistribution of forces, it is explained by a small working
load, though there is a tendency to redistribution - the smaller moment at node b
increases, and the larger one at node d decreases;

- account of physical nonlinearity on displacements is more significant. It is
possible to take the analysis by the step-type method (the ‘physical nonlinearity’ line)
as the standard here.

Displacements at node d are increased 1.5 times in comparison with linear
analysis. The ‘Engineering nonlinearity’ method shows approximately the same
result (difference of 1.3%).
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VK 539.3:004.94: 624.074
bapabaw M.C.
JESKI ACIIEKTA MOJIEJIOBAHHS HEJTHIMHOI POBOTH 3AJII30BETOHY

VY crTarTi po3mISAAKTHCS JIEsKi acleKTH MOJICIIOBAHHS HENiHIWHOI poOOTH 3aii300eTOHHUX
KOHCTPYKIii, a came MeTon «lHkeHepHa HenmiHidHICTEY. Meron «lHXeHepHa HemiHIHHICTE»
JI03BOJISIE PO3TIAnaTH (Bi3MYHO HENiHIMHY ITOBENIHKY 3ali300€TOHHOrO Iepepily iTepariiHuM i
KPOKOBUM METOZOM. MeTo] 103BOJIsI€ BU3HAUUTH I1apaMETPH 3HIDKEHOIO XKOPCTKOCTI Iepepisy, ska
BUHUKA€ dYepe3 YTBOPEHHsS TpIilWH, INIacTH4Hi JAedopmanii B OeroHi Ta apmarypi. Omucana
KOHIICTIIisl MeTOy. 3alpOonOHOBaHui MeTOA «[HXKEHEpHA HENIHIMHICTEY 103BOJISIE IHXKEHepy OLIbII
TOYHO OIiHIOBATH PO3IOJiN kopcTkocTi. Leif MeTox Maiike aHAJIOTIYHHN CTAaHZAPTHHM METOZAAM
JHIHHOTO aHaNi3y, a caMe I03BOJIE IPOBOJHUTH aHAII3 3a BCIMa TUIIAMU HAaBaHTAXEHb, CKJIAJAaTH
PO3PaxXyHKOBI CHOJy9eHHS 3KCHIb Ta PO3PaxXyHKOBI CIONY4eHHS HaBaHTaXEHb, aHAI3yBaTH
3ycmiis. IlpencraBieHi pe3ynbTaTu aHaNi3y TecToBOI 3aadi, SIKi IOKa3ylOTh MEBHHU IEpepO3MOALI
CHJI 1 30DKHICTH pe3yNbTaTiB, OTPHMAaHHX MeTonoM «lHXeHepHa HeNiHIHHICTEY i 3 ypaxyBaHHSIM
¢ismunoi HemiHiiiHOCTI. Meron «lmXKeHepHa HENIHIHHICTBY» MOXIJIHBO BHKOPHCTOBYBAaTH JUIL
OOYHCIICHHS 1 MOJIEIIIOBAHHS IIPOIIeCY 3BEIEHHS, aHATi3y IIIAaTGOPMHHX CTHKIB MaHEIbHUX OYIHUHKIB
i Take iHmIe.

KaiwuoBi cioBa: (isnvHa HENiHIMHICTE, IH)KCHEpHA HENIHIWHICTb, KUTTEBUH LHKI, MOICIb
[IPOCKTYBAHHS, KOMIT'FOTEPHE MOJICITIOBAHHSI.

VK 539.3:004.94: 624.074
bapabaw M.C.
HEKOTOPBIE ACHHEKTBbI MOJAEJIUPOBAHUS HEJJUHEMHOM PABOTHI
KEJE3OBETOHA

B cratke paccMaTpUBAKOTCS HEKOTOPBIE ACHEKThl MOJCIMPOBAHUS HEIMHEWHOH paboThl
KENe300€TOHHBIX KOHCTPYKIMH, a HMMEHHO  Meron «MHXKeHepHas HEeNMHEHHOCTh». MeTon
«VHKeHepHasi HENMHEHHOCTh» MO3BOJSIET pacCMaTpUBaTh (DM3UYECKH HEIMHEHHOE IOBEICHHE
KENe300€TOHHOT0 CEYCHUSI UTEPALIMOHHBIM M LIArOBBIM METOAOM. METOJ HO3BOJSET OIpPEACIUTh
rapaMeTpbl MOHIKEHHOM XECTKOCTH CEYEHHMs, KOTOpas BO3HHKACT M3-3a TPEIIMHOOOPa30BaHMUS,
IUIACTHYECKOM aedopmanuu B OeToHe u apmatype. OnucaHa KoHuenuus merozaa. IIpemiaraeMsrit
METOJ| «MHXCHEPHAs! HEJIMHEHHOCThY MO3BOJISIET HHKEHEPY 00Jiee TOUHO OLICHUBATh PacIipeeicHe
JKECTKOCTH. DTOT METOJ IOYTH aHAJOTMYCH CTAHJApTHBIM METOJaM JIMHEWHOro aHajim3a, T. €.
M03BOJISIET IPOBOANUTH aHAJM3 IO BCEM THIIaM Harpys3ok, cocraBisite PCY n PCH, anamusupoBaTh
yerwnmsi. ITpencraBieHbl pe3ylbTaThl aHalM3a TECTOBOH 3afadd (OCHOBAaHHOW Ha HWHXXEHEPHOU
HENIMHEHHOCTH), KOTOpBIE IOKa3bIBAIOT HEKOTOPOE Mepepaclpe/elieHne CHJI M CXOAUMOCTh
Pe3yJIbTaTOB, MOJYYEHHBIX MeTOnoM «VIH)KeHepHas HEIMHEWHOCTh» U C Y4eToM (U3MUYEcKOn
HenuHelHocTH. Meron «/HXKeHepHasi HeMMHEWHOCTh)» BO3MOXKHO HCIIONIB30BaTh JUISl BEIYUCIICHUS U
MOJIEIMPOBaHHS TIPOLiecca BO3BEACHHS, aHaN3a IMIIaT(HOPMEHHBIX CTHIKOB MAHEIbHBIX 3IaHUH U T.JI.

KaioueBble ciioBa: Gpusnueckas HENMHEHHOCT, MH)KCHEPHAS HEIMHEIHOCT, )KU3HCHHBIH UK,
MOJIEJb TIPOSKTUPOBAHUS, KOMIIBIOTEPHOE MOJICIIMPOBAHHUE.
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bapabaw M.C. Jlesiki acneKTH MoOJe/TIOBAHHSI HeJIiHiliHOI po0oTu 3anizodeToHy //
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New researches connected with execution of calculations taking into account real
properties of a material are presented. To a greater extent, this relates to reinforced
concrete, which already at operational loads due to the development of cracks and plastic
deformations of concrete causes a significant reduction in the stiffness of the elements and
increase displacement compared with the calculation in linear formulation.
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IPYKHOCTI TP BUKOPUCTAHHI MTIPOCTOPOBOT'O
KPUBOJITHIMHOI'O CE

I''M. IBaHY€HKO ,
JI-p TEXH. HayK, npodecop

A.B. Ilikyab

Kuiscokutl HayioHawHutl yHisepcumem 6y0i6HUYmMsa i apximexmypu,
Kuis, Ilogimpoghnomcewruii npocn., 31, m. Kuis. 03680

B naHiii poOoTi HaBeleHO pe3yNbTATH TECTYBaHHS METOAY CKIHYCHHHX €JIEMEHTIB 3
BUKOPHCTaHHSIM KPHBOJIHIHHOTO MIPOCTOPOBOr0 CKIHUSHHOTrO eeMeHTa Ha JABOX THIAX 3aj1ad Teopil
MPY>XHOCTI (piBHOBara TOBCTOCTIHHOTO IMJIIHJpA M Ji€0 30BHIIIHBOI'O Ta BHYTPILIHBOTO THUCKY,
piBHOBara TOBCTHX IUIUT 3 PI3HUMH YMOBAaMH 3aKpilICHHS) 3 PI3HUMH IapaMeTpaMy Ta 3TYIICHHSIM
ciTku jauckperusanii. Pe3yibTaTH JOCIIKEHHS TOPIBHIOIOTHCA 3 BIJIOMHMH aHATITHYHUMHA
pO3B’S3KaMH, a TAaKOX 3 pO3B’SA3KAMH, OTPHMAHUMH IHIINMH CXEMaMH METORY CKiHUEHHHX
enemenTiB B [TIK «JIIPA-CAITP» ta ITK «SCAD Office».

KiarouoBi cioBa: MeTon CKIHYEHHHX €JIEMEHTIB, TOBCTI IUIACTHHH, TOBCTI OOOJIOHKH,
KPHBOJIHIIHUI IPOCTOPOBHUII CKIHUCHHUIA elIeMeHT, 3aaa4a Jlame.

Beryn. [ToOynoBa cniBBigHOmEeHs HAa ocHOBI rinote3 Kipxroga-Jlssa ne nae
MOXJIMBOCTI BpaxyBaTH Iepenany (yHKIii HampyXeHHs 10 TOBLIMHI TUIACTHHH,
IO TNPUBOAWUTH JO BEIUKOI IOXMOKM IIPH PO3paxyHKYy KOHCTPYKIIH 3
KOHLICHTPATOpaMHU HampykeHb. Jlemo Jimmm pe3ysibTaTd J03BOJISE OTPUMATH
3aCTOCYBaHHS €JIEMEHTIB, OOyIOBaHMX Ha OCHOBI Teopii Minmnina-Pelicuepa,
sIKa BpaxoBye AeopMallii IOIepedHoro 3CyBy.

BukopucranHs TpPOCTOPOBHX KPUBOJIHIMHMX CKIHYCHHUX EJIEMEHTIB MNpH
MOJICTTIOBaHHI Ta pO3paxyHKy HETOHKHMX IUIACTUH 1 OOOJOHOK J03BOJISIE
MpaBWIBHIIIE OLIHUTH HANPYXEHO-Ae(OPMOBAHMA CTaH KOHCTPYKLiH, IO
MIPOEKTYIOTHCSL.

301KHICTh METOAYy CKIHUYCHHHX €JIEMEHTIB L€ BaXJIMBA XapaKTepHCTHKA,
OCKIJIbKM BHW3HA4Ya€ MPHUAATHICT CKIHYEHHOI'O €JEMEHTa [0 MOJICIIOBaHHS
KOHCTpYKLiH. OCKUIBKM anpoKCHMallisl, SK HpaBWIO, Ja€ HAaOJWKEHWH Ommc
postoziny nedopmaniii B €I€MEHTI, TO pe3yJabTaTH PO3paxyHKy KOHCTPYKLIi B
3araJbHOMY BHITQ/IKYy TaKOXK € HaOIMKEeHUMH. | TOMy 3aiuiIaeTbesl akTyalbHIM
MMUTAHHS IIMOMO TOYHOCTI, CTilikocTi 1 30DKHOCTI pO3B'SA3KY, OTPUMAHOIO
METOJIOM CKIHYEHHHX EJIEMEHTIB.

B naniif podoTi po3rNISAAETHCS TECTyBaHHS METOAY CKIHUCHHHUX EJIEMEHTIB
Ha IIPOCTOPOBHX 3ajadax Teopil MPYKHOCTi, 3MOJEIHOBAHMUX 32 JIOMOMOTOIO
KPHBOJIIHIHHOIO  CKIHUEHHOTO  €JIEMEHTa,  pealli3oBaHOr0 B MeXax
JcepTamiiHoro jgociipkeHHs [1, 5] 1 BIpoBapKeHOro B PO3paxyHKOBHH
npouecop [IK «JIIPA-CAIIP» mix Homepom 39, Ta NOpIBHSHHS pPE3yJIbTATiB
PO3paxyHKy 3 TEOPETUYHHMHU PO3B’A3KaMH, sIKi MicTsaThes B mpamsix A.l Jlyp’e
[4], JLT. Hommemna [2], B.M. Jlicimuna [3] Ta iH. B sKocTi TecTOBHX
posrnsmaloThes: 3amada Jlame mpo TOBCTMH IWIIIHADP MMiJ 3OBHIMIHIM Ta

© Isanuenxo I'M., ITikymns A.B.



ISSN 2410-2547 173
Omip MatepianiB i Teopist copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

BHYTPIIIHIM THCKOM, TOBCTa c(epa ITiJ] 30BHIIIHIM Ta BHYTPIIIHIM THCKOM, 3THH
TOBCTHX ITACTHH 3 PI3HUMH YMOBaMH OOTIMPAHHSI.
3 NpUHIMIY MOMJINBUX II€PEMIIIECHb
aluvw) -1+ =0, (N
Jie JTificHe TepeMillieHHs U Ta MOJINBE TIEPEMIIIeHHs V BU3HAUeHi Ha obacti Q
1 HaJIeXaTh EHEPreTHYHOMY NPOCTOPY V, BUIUINBAE yMOBA 301KHOCTI:
limll — Ugll, — 0, @
d—=0

ne U — tounnii po3B’s130k, U, — po3B’ 30k, orpumannit MCE, d — kpok po30uBKH
CKIHUCHHUMH €JIEMEHTaMHU.
OriHKa TOXUOKY 32 METPUIHUM KPUTEPIieEM:
v —uglly = kd* Ul A3)

1. ToBcTocTiHHMI WWIIHAP MWiA 30BHIIIHIM Ta BHYTPIIIHIM THCKOM.
Po3risinemMo 3ajauy piBHOBard TOBCTOCTIHHOTO HMJIIHZApa IMiJ PIBHOMIpHUM
30BHIIIHIM Ta BHYTPIIIHIM THCKOM (3a1ada Jlame), 1m0 po3TamIoBaHUi MOMIX
JIBOMa HEPYXOMHMMH >KOPCTKMMH TJIaJKUMM IUIMUTaMH, SKi HE J03BOJSIOTH
TIO3/JOBXHI NMEPEMIIIEHHs Ha TOPLSAX HMIIIHAPA, aJie HE 3aBaKAIOTh PadialbHUM
3MilIEHHAM. BUBeseHHS aHAJIITHYHOrO PO3B’SI3KY 3a7adi B MEpeMilleHHAX Ta B
HaNpYy)XEHHSAX HaBelleHo B npaui Jlyp’e [4].

J1y1 IOpiBHSIHHS MOJICITIOEMO TOBCTOCTIHHUI
WTiHAp 3 30BHIHIM pagiycom 10 cu B TIK
«JIIPA-CAIIP» 3a A0noMoror MpoCTOPOBOTO
kpuoniniiiHoro CE (39 CE) Ta 3a nonomororo
i3onapamerpuunoro 36 CE (puc. 1). Huminmp
po30HMBaeMo 10 repuMerpy Ha 12 cexTopiB Ta
1o pazaiycy Ha 1 i1 2 ememeHTH Juis TOBIIMH 1-9
cm, 1 Ha 4 eneMeHTH IS TOBIUH 7-9 cm. Y
BY3JIaX 3371a€MO JIOKAIbHY CHCTEMY KOOpIHMHAT,
Opi€HTOBaHy BiUEHTPOBO. [ paHWYHI YyMOBH —
B’S31 MO BCIX JIOKAJIBHUX CTENEHAX CBOOOIHN
OKpiM pamianpHUX. Monyns npyxHocti Matepiany E = 200 [ 7Tla, xoediumieHT
ITyaccona v = 0.25. HaBanrakennst — 30BHimHIA Tick 100 x//a Ta BHYTpiIHIHA
500 x/1a.

Pe3ynpraTn po3paxyHKy HaBeieHI B TaOJMILIX: patiaibHE IepeMilleHHS
BHYTPIIIHBOI MOBEpXHi IWiIiHApa HaBeaeHo B Tabm.1-3, Tta panianbHe
repeMilieHHs 30BHIIIHBOI MoBepxHi B Tabiu. 4-6 npu po30uBIi 1O TOBIIKMHI B 1,
2, Ta 4 eIeMEHTH BiIOBITHO.

Puc. 1

Tab6mum 1
hoow | hlor U 10 m | Uso, 10,0 | 8,% | Use, 107, | 8, %
0,09 3,125 0,2225 0,1043 -53,13 -0,0704 -131,6
0,08 2,546 0,4687 0,4210 -10,17 0,2973 -36,58
0,07 2,056 0,7675 0,7386 -3,77 0,5803 -24,39
0,06 1,637 1,1607 1,1541 -0,53 0,9883 -14,86
0,05 1,273 1,7187 1,7396 1,22 1,580 -8,07
0,04 0,955 2,5781 2,6260 1,86 2,497 -3,15
0,03 0,674 4,0533 4,1391 2,12 4,049 -0,11
0,02 0,424 7,0833 7,2380 2,18 7,203 1,69
0,01 0,201 16,3570 16,707 2,14 16,780 2,59
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Tabnuis 2
hoow | hor U 10 m | Uso, 10, | 8,% | Use, 10, | 8, %
0,09 | 3,125 0,2225 0,1925 -13,50 0,1353 -39,20
0,08 | 2,546 0,4687 0,4548 -2,98 0,3707 -20,92
0,07 | 2,056 0,7675 0,7721 0,60 0,6877 -10,40
0,06 | 1,637 1,1607 1,1840 2,01 1,109 -4,46
0,05 | 1,273 1,7187 1,7610 2,46 1,699 -1,15
0,04 | 0,955 2,5781 2,6420 2,48 2,597 0,73
0,03 | 0,674 4,0533 4,1504 2,40 4,126 1,79
0,02 | 0,424 7,0833 7,2440 2,27 7,254 2,41
0,01 | 0,201 16,3570 16,710 2,16 16,808 2,76
Ta6nums 3
hoow | hior [ U0, 0 | Uso, 100, | 8,% | Use, 10, | 8, %
0,09 3,125 0,2225 0,21412 -3,78 0,16987 -23,67
0,08 2,546 0,4687 0,47845 -2,07 0,43158 -7,93
0,07 2,056 0,7675 0,79267 3,28 0,74984 -2,30
Ta6nuns 4
hoow | hlor U 10 m | Uso, 10,0 | 8,% | Use, 107, | 8, %
0,09 | 3,125 -0,2746 -0.2508 -8.67 -0.2804 2,10
0,08 | 2,546 -0,1562 -0.1447 -7,39 -0,2023 29,47
0,07 | 2,056 0,0584 0.0641 9,87 -0.006 | -110,23
0,06 | 1,637 0,4018 0.4066 1,21 0,3296 -17,95
0,05| 1,273 0,9375 0,9499 1,32 0,874 -6,77
0,04 | 0,955 1,7969 1,8240 1,51 1,759 2,11
0,03 | 0,674 3,2904 3,3489 1,78 3,308 0,53
0,02 | 0,424 6,3542 6,4795 1,97 6,481 2,00
0,01 | 0,201 15,674 15,997 2,06 16,10 2,72
Tabnums 5
how | hor U 10 m | Uso, 10, | 8,% | U, 10, | 8, %
0,09 | 3,125 -0,2746 -0.2779 1,19 -0.2973 8,26
0,08 | 2,546 -0,1562 -0.1621 3,72 -0,1875 20,00
0,07 | 2,056 0,0584 0.0531 -8,97 -0.0262 -55,12
0,06 | 1,637 0,4018 0.4019 0,05 0,378 5,92
0,05 | 1,273 0,9375 0,9487 1,19 0,9311 -0,68
0,04 | 0,955 1,7969 1,827 1,68 1,819 1,23
0,03 | 0,674 3,2904 3,353 1,90 3,362 2,17
0,02 | 0424 6,3542 6,4827 2,02 6,522 2,64
0,01 | 0,201 15,674 15,999 2,07 16,12 2,84
Tabnus 6
hoow | hior [ U0, 0 | Uso, 100, | 8,% | Use, 10, | 8, %
0,09 3,125 -0,2746 -0,2860 4,16 -0,2938 6,99
0,08 2,546 -0,1562 -0,1671 6,93 -0,1754 12,26
0,07 2,056 0,05838 0,0509 -12,80 -0,0449 -23,10
B mpormeci nmochmimKeHHS BHSABICHO, IO HaW3pyYHINIE ITOPiBHIOBATH

3aNICKHICTh PO3MIpy MOXHOKH B OOYHCICHHI TEPEMIIICHb y 3aJISKHOCTI Bif
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BiJJHOIICHHS TOBIIMHM IWJIIHApA A0 JIOBXHHU CEPEIUHHOI Oyru cekropa. [lo
pesynbTatax po3paxyHKy MoOymoBaHO Tpadikv 3aleXHOCTI Ui MOIYIIB
MOXNOOK OTPUMAHUX IIPH IEepeMilleHHI BHYTPINIHBOI MOBEpXHi (puc.2) Ta
30BHIIIHBOI OBEpXHi (puc. 3).
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Jis Monened 3 TOBIIMHOIO CTiHKM 7-9 cM BHKOHYeMO po30MBKY B 4
€JIEMEHTH 110 TOBILIWHI, W00 TEPEBIpUTH UM YTOYHIOETHCS PO3B’SI30K MpHU
3TYIIEHHI CITKH B 2 Ta 4 pasu.

Tabnust 7
A BHyTpinims moBepxHs 30BHINIHS TOBEPXHS
d1, % &2, %o d4, %o d1, % &2, %o d4, %o
0.09 53.13 -13.50 -3.78 -8.67 1,19 4,16
0.08 -10.17 -2.98 2.07 -7,39 3,72 6,93
0.07 -3.77 0.60 3.28 9,87 -8,97 -12,80

Jst ToBmmHM 9 ¢m BUIHO, IO TPH 3TYIICHHI CITKH IO TOBIIWHI B 2 pa3u Ha

MepeMilIeHHAX BHYTPINIHEOI MOBEPXHI YTOYHEHHS pO3B’S3KY BigOyBaeThCs
Maibke B 4 1 Bapyre B 3.5 pasm, mo noOpe BiamoBigae HepiBHocTi (3). Jlis
TOBIIUH 7 Ta 8§ cM 3TYIICHHSA CITKH TEPINHN pa3 YTOYHIOE PO3B’SA30K, a JAPYre
3rymieHHs BXe Hi. Takuil pe3yibTaT MOXKHA MOSCHUTH BIUIMBOM OKPYIJICHB Y
IporpaMHOMY 3a0e3nedeHHi abo 301KHICTIO 0 Pe3yabTaTy AEMO BiIMIHHOTO
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Bil OTPUMAHOTO aHANITHYHO. JIJis OLMBIIOCTI 3amad MOXUOKO B Mexkax 3%
MOXxHa 3HexTyBaTd. OnmHaK, HOTPIOHO NMPOBOIUTH JONATKOBI JIOCHIKEHHS Ha
iHmmx 3agadax. [likoBe 3HAUCHHS MOXHUOKH MPH TOBIVMHI 7 cM VIS TIEPEMIIICHb
30BHIIIHBOI TOBEPXHI TOSICHIOETHCS MAICTIO BiJIIOBIHOTO aHAJIITHYHOTO
3HAYEHHS IIePEMIIICHHSI.

3 pe3ynbTaTiB  pO3paxyHKy MOXKHa 3pOOMTH BHCHOBOK, NP0 MEXIi
3acrocyBaHHsA 39 CE — mpu po30uBIi B | elIeMEHT MO TOBIIUHI 3aJ0BITEHUMA
pe3ylbTaT OTPUMAaHMi MPH CIIBBiJAHOIIEHHI TOBIIMHM E€JIEMEHTa 10 JIOBKUHU
cepenuHHOi myru Bix 0.2 no 2.

2. ToBcra mapHipHo omepra mauTa. PosrisHeMo 3amady Npo TOBCTY
KBaJpaTHy INAPHIPHO-ONEPTY IUIMTY IIiA J€I0 MONEpeYHOro piBHOMIPHO

Z4 PO3IIOAINIEHOT0 HaBaHTaXKeHHs (puc. 4),
pPO3B’SI30K AKOI HaBelEHWH y poborax
[2,7]. B mocmimkeHHI pO3TISIAIOTHCS
¥ TpH PO3PAaxXyHKOBI MOJENI IUIHT, 3i
CHiBBIIHOIICHHSAM JIOBXHHHU IIPOJILOTY
“ a h— 8 4 1a 2 Posmi
! < JI0 TOBIIMHH d , 4 Ta 2. Po3mip
nponsoTy a = 16.m, IHTEHCHBHICTH
¥ MONEPEeYHOr0  HaBaHTAXEHHA p =
100 x/1la, momyms mpyxHocti E = 30
I'Mla, xoedinient Ilyaccoma v = 0.2.
Po30uBKYy BHKOHYeMO 3a monomoror 39
CE. 3 citkoro B 1wiani 4x4, 8x8, 16x16,
32x32 Ta 64x64. IlopiBHIOBaTHMEMO 3
AHATITHYHUM MaKCUMajbHE 3HA4YEHHS
BEPTUKAJILHOTO TIepeMileHHS

x  CEPEeIMHHOIL JIiHIi [IUTH.
a PesynbraTn pPO3paxyHKy pu
muckperm3amii - kpokom 0.5 (ciTka
32x32) 3iopano go Tab6um. 8. mis mozmemi
Bukonanoi 39 CE, 36 CE (IIK «JIIPA-CAIIP») ta 144 CE (nmobynoBanuii Ha
ocHoBi Teopii Minmina-Pelicaepa, [IK «SCAD Office»). Moxemo nobdaunty,
IO sl TOHIIMX IUTACTHH IIPOTMHM OTpuMaHi mpu MognemoBanHi 39 CE
obuncieHi TouHime Hix 3a momomororo 36 CE Ta 144 CE. [Ina tumTa

TOBIIMHOIO 8 v 3HaueHHs nporuHiB g 36 ta 39 CE ogHakoBsi.

"
IEEEEREEE RS

<
>

Puc. 4

Tabmuis 8
% Wreop, M W39, M 3, % W36 LIRA, M 3, % Wi44_scaD, M 3, %
8| 0.001369 0.001362 0.5 0.001337 2.4 0.001441 5.3
41 0.000205 0.000201 2.0 0.000200 2.5 0.000241 17.6
21 0.000043 0.000040 7.5 0.000040 7.5 0.000061 41.9

B Tabm. 9 3BexmeHO pe3yabTaTH pO3PaxyHKIB Yy BHIVISAAI BiJHOIICHHS
OTPHUMAaHUX IIPOTHHIB JI0 aHAJITUYHUX 3HAYEHb (Pe3ybTaT i3 3aCTOCyBaHHIM 39
CE y uncensauky i 36 CE y 3HaMeHHHKY). AHaJI3yI0UH pe3yIbTaTH 3TYIIEHHS
citku (Tabn. 9), GaumMo, IO TaKe 3TYIIEHHS AaCUMIITOTUYHO HAOIIKYE
pe3ynbTar A0 aHamiTHYHOro 3HaudeHHs. [Ipm 3rymenHi citku 3 32x32 no 64x64



ISSN 2410-2547
Omip MatepianiB i Teopist copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

177

Take yrouHeHHs Bke BijicyTHE y 39 CE Ta mie BinOyBaeThCsl Ha TOBIIMHAX 2 M Ta

4 my39 CE.
Tabmurs 9
W39/WTe0p
Q -
h Wreop, M W36/ Wreop
4x4 8x8 16x16 | 32x32 | 64x64
0.740 0.931 0.997 0.995 0.995
8 | 0.001369 | 4555 0.820 0.929 0.977 0.990
0.919 0.966 0.976 0.980 0.980
41 0.000205 1 a3 0.909 0.960 0.975 0.979
0.902 0.911 0.922 0.923 0.925
2| 0000043 | (ess 0.898 0.919 0.923 0.925

Crnix 3a3HauWTH, WO TIPH PO3PaXyHKY M€l 3a7adi 3a TEOpI€I0 TOHKUX
mractuH mpu citmi 32x32 moxubka ckmamae 7.12%, 28.13% Tta 115% mns
TOBIMH 2 .M, 4m Ta 8m BIANOBIIHO, MO CBIMYATH MPO HEOOXiTHICTH
BUKOpHCTaHH: Outbr TounHnx cxemM MCE.

3. Toecra 3amemiieHa 10 KOHTYpYy IuTa. Po3risHeMo 3ajgady Ipo
nedopMyBaHHSA TOBCTOI KBaJpaTHOI 3aIEMJICHOI MO KOHTYpY IUIMTH Mif Ii€l0
TIONIEPEYHOr0 PIBHOMIPHO PO3IMOAUICHOTO HAaBAaHTAXKEHHS (pHC. 5), PO3B’SI30K
SIKOI 3a JIOMOMOIOI0 TPOEKIIIHO-CITKOBOrO MeToAy HaBeneHo B [3]. B
JOCTI/DKCHHI ~ PO3TJLINAIOTBCS  JBi Z
MOJEN 31 CIIBBIJHOIIEHHSM IOBXHHU
MIPONLOTY A0 TOBIMHM 2a/h — 5 Ta 2. 1

JosxuHa nponsoty mutd 2a = 20 M, b S
IHTEHCHBHICTh TIOIIEPEYHOTO HaBaH- > A . A
taxkeHHs p = 10 kIla, Momyne mpyx- ht // - /’
Hocti E = 10[1la, xoedimienr p 1] # 8/
[Tyaccona v = 0.25. Po3mip ckiHueHHO- ] P T
efeMeHTHOI ciTku - 0.5.m g mmTH ’Y

ToBIMHOKW 10 m Ta 0.2 m nust mnutu
TOBLIMHOIO 4 M.

Pesynbrat po3paxyHky B IOpOoruHax 1O ILEHTPY IUIMTH Ta B
IHTEpIIOIbOBAHMX 3HAYCHHIX HaIpyXeHb HaBeneHo B Tabm. 10-11 ams ToBmmH

Puc.5

4 m ta 10 M BIiAIOBiAHO.

Tabmums 10
h wE/qa 6,/q
Teop. 39 CE 36 CE Teop. 39 CE 36 CE
1 -5.723 -5.811 -5.808 -0.993 -0.995 -1.012
-5.729 -5.841 -5.838 -0.491 -0.499 -0.500
-1 -5.414 -5.643 -5.640 -0.010 -0.009 -0.011
Tabmums 11
i wE/qa 6,/q
Teop. 39 CE 36 CE Teop. 39 CE 36 CE
1 -1.398 -1.335 -1.334 -1.032 -1.074 -1.021
0 -1.068 -1.045 -1.044 -0.521 -0.526 -0.527
-1 -0.893 -0.893 -0.893 0.041 0.087 -0.012




178 ISSN 2410-2547
Omip MatepianiB i Teopis copyx/Strength of Materials and Theory of Structures. 2018. Ne 100

Crnip 3a3HauWTH, IO TEOPETHYHMM pPE3YNbTaT TEX HaONWKEHHH, 1 Hpu
po3paxyaky sk 39 CE tak i 36 CE moka3amm JOCHTH XOpOIIEe JO HBOTO
HaOmkeHHs. Jlis MOpIBHSAHHS I 3aiada Takox Oyna 3moxmensoBaHa CE Ha
ocHOBI Teopii Minmmina-Peiichepa Ta Teopii TOHKMX IUTacTHH. Benmunna
moxuOKH 1pu oMy ckiana 3.1% i 8.8% ta 61% i 369% Ui mIMT TOBIUHAMMU
4 m110m.

BucnoBku. [lpu po3B’s3aHHI TECTOBHX 3adad TEOpil MPYXKHOCTI Oyio
BH3HAYEHO MEXIi, NPU SIKUX pO3B’S3KM 3 BUKOPHUCTAHHSIM KPHBOJIHIMHUX
npoctopoBux CE natoTh HaOMWKEHHS pe3yNbTaTy 10 aHAJITUYHOTO 3HAYCHHSA 3
MOXHOKOI0 B Mekax 5%, Ta MOKa3aHo 10 B psi 3a7a4d HOro TOYHICT HE Tipiia,
a iHoxl BuWIa HiIX NpH BuKopucTaHHi i3omapamerpuunux CE. Ilpwm 3rymienni
CITKH PO3B’SI30K YTOUHIOETHCS, IO CBiAUMTH 1po 30ixkHicTh MCE.
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Ivanchenko G.M., Pikul A.V.
FINITE ELEMENTS CONVERGING TESTING ON THE BASYS OF THEORY OF
ELASTICITY PROBLEMS WITH USING CURVILINEAR SOLID FINITE ELEMENT

This paper cosiders the testing of the finite element method based on three-dimensional problems
in the theory of elasticity using the curvilinear solid finite elements. These elements implemented in
the scope of the thesis research [1, 5] and realized within Solver of the software package "LIRA-
SAPR" with the number 39. The test based on comparison between the obtained results and precise
analytical solution and another finite elements models which exist on the software.

The theory of thin plates and shells created based on the correspondence creation, which follows
the Kirchhoff-Love hypothesis. This theory does not allow taking into account the difference of the
stress function over the thickness of the plate. The thickness increasing of such elements leads to an
increase of inaccuracy when calculating the structures with stress concentrators. We can also get
somewhat better results using the elements based on the Mindlin-Reissner plate theory, which takes
into account the deformation of the transverse shear.

It is possible to evaluate more correctly the stress-strain state of projected structures using
curvilinear solid finite elements in the simulation and calculation of non-thin plates and shells.

Convergence of the finite element method is an important characteristic, since it determines the
suitability of a finite element for constructing simulations. Since the approximation, as a rule, gives
an approximate description of the deformation distribution within an element, hence the results of the
calculation of the construction generally are also approximate. That is why the question about the
accuracy, stability and convergence of the solution obtained by the method of finite elements remains
important.

As a test, it is considered the following tasks. The Lame problem of the stress-strain situation of
the thick-walled cylinder under the external and internal pressure. The bend of the hinged and fixed
along the contour thick square plates under the action of a transverse uniformly distributed load. The
results of the calculation are compared with the theoretical solutions contained in the works of Lurie
A. [4], Donnell L. [2], Lisitsyn B. [3] and others. To compare the accuracy, the problems also was
modeled using the isoparametric finite elements from SP "LIRA-SAPR" and the SP "SCAD Office".

In the study of convergence of FEM while modeling the thick cylinder, it was defined the limits
of applicability of the curvilinear finite element.

Key words: finite element method, thick plates, thick shells, curvilinear solid finite element,
Lame problem.

Hsanuenxo I'.M., ITuxynv A.B.
TECTUPOBAHUE CXOAUMOCTHU MK HA 3AJAYAX TEOPUHU YIIPYT'OCTHU ITPU
HCOOJIb30BAHUH MTPOCTPAHCTBEHHOI'O KPUBOJIMHEMHOI'O KD

B naHHO# paboTe mpHBeNEHBI PE3yNbTaThl TECTHPOBAHUS METOJA KOHEUYHBIX JJICMEHTOB C
HCIIOJIb30BAHUEM KPHBOJIMHEIHOTO MPOCTPAHCTBEHHOIO KOHEYHOTO 3JIEMEHTAa Ha JBYX THIAX 3a]a4
TEOPUH YIPYrocTH (PaBHOBECHE TOJICTOCTCHHOrO LWJIMHIpA IO JACHCTBUEM BHELIHETO0 U
BHYTPEHHETO JIABJICHUS, PABHOBECHE TOJICTHIX IUTUT C Pa3HBIMH yCIOBHUSMHU 3aKPEIUICHHS) C Pa3HBIMU
rnapaMeTpaMHi M CrYIICHHEM CETKH IHCKPETH3allid. Pe3ylbTaThl MCCIIENOBAHUS CPaBHHBAIOTCS C
W3BECTHBIMH aHAJIMTHYECKUMH PEIICHUSMH, a TaKKe C PELHICHHSIMH IOJIYYeHHBIMH JPYTUMHU
cxeMaMH MeToza KoHedHBIX 31eMeHTOB B ITK «JIMPA-CAIIP» u ITK «SCAD Office».

KiioueBble €JI0Ba: METOJ KOHEYHBIX 3JIEMEHTOB, TOJICThIE IUIACTHHBI, TOJCThIE OOOJIOYKH,
KPUBOJIMHEHHBIH IPOCTPAaHCTBEHHBIH KOHEUHBIH dJ1eMeHT, 3a1a4a Jlame.
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YK 539.3
lsanuenxo I'M., Ilikyno A.B. TectyBannsa 30ixkHocti MCE Ha 3agayax Teopil
NPYKHOCTi MPH BUKOPUCTaHHI MpocTopoBoro kpusodiniiiHoro CE // Onip martepiamnis
1 Teopis ciopyn: Hayk.-Tex. 30ipauK. — K.: KHYBA, 2018. — Bum. 100. — C. 172-180.
Hagedeno  pesynemamu  mecmysannsa — memoody — CKiHUEHHUX — eleMenmis 3
BUKOPUCTNAHHAM KPUBONIHILIHO20 NPOCMOPOBO2O CKIHUEHHO2O eleMenma HA 080X Munax
3a0ay meopii npysicnocmi (PigHOBA2a MOBCMOCMIHHO20 YUIIHOPA Ni0 OI€I0 306HIUHBLO2O
ma eHympiuHb020 MUCKY, PIBHO8A2A MOBCMUX NIUM 3 PIZHUMU YMOBAMU 3AKPINAEHHS) 3
PI3HUMU RApaMempamu ma 32yujeHHam cimxu ouckpemusayii. Pesynemamu docniocenns
NOpigHIOIOMbCA 3 GIOOMUMU  AHATIMUYHUMY  PO38 SI3KAMU, d MAKONC 3 PO38 AKAMU
OMPUMAHUMU THUUMU cXeMamu Memooy ckinvennux enemenmise 8 11K «JIIPA-CAIIP» ma
TIK «SCAD Office».
Tabn. 11. In. 5. bi6miorp. 7 Ha3B.

UDC 539.3

Ivanchenko G.M., Pikul A.V. Finite elements converging testing on the basys of theory
of elasticity problems with using curvilinear solid finite element // Strength of
Materials and Theory of Structures: Scientific-and-technical collected articles — Kyiv:
KNUBA, 2018. —Issue 100. — P. 172-180.

In this paper, we present the results of the finite elements method testing using a
curvilinear three-dimensional finite element based on the two types of elastic theory
problems. The equilibrium of a thick-walled cylinder under the influence of external and
internal pressure and the equilibrium of thick plates with different fixing conditions with
different parameters and condensation of the sampling grid. The results of the study are
compared with the known analytical solutions, as well as with the solutions obtained by
other schemes of the method of finite elements on the SP "LIRA-SAPR" and the SP "SCAD
Office".

Tabl. 11. 1. 5. Ref. 7.

Usanuenxo I'M., ITuxyne A.B. TecrupoBanue cxoqumoctu MKD Ha 3apavax Teopuu
YIPYrocTH NPH MCHOJb30BAHUM TNPOCTPAHCTBEHHOT0 KpHBoOIHHeiiHoro KJ //
Comporusnenue MatepuanoB u teopust coopyxernit. — K.: KHYBA, 2018. — Berm. 100. —
C. 172-180.

Tlpusedenvr  pesynomamuvl  mecmuposanus Memood KOHEYHbIX IINeMEHMO8 C
UCNONB30BAHUEM KPUBOTUHEUHO20 NPOCMPAHCMEEHHO20 KOHEUHO20 dNeMeHma Ha O08YX
munax 3a0ay meopuu ynpyeocmu (pasHogecue MOICIMOCMEHHO20 YUIUHOPA NOO
delicmeuem HewHe20 U 6HYMPeHHe20 0aslieHus, pagHogecue MoaCmblx NAUM ¢ pasHulmu
VCI0BUAMU — 3aKpenienus) ¢ pasublMu  napavempamu - u - ccyujeHuem — Cemxu
ouckpemuszayuu.  Pesynomamer  uccnedosanus — cpasHu8aromcs € - U3BECHIHbIMU
AHATUMUYECKUMU PeUeHUAMU, d MaKdice C PeueHUsMU NOTYYEHHbIMU OPY2UMU CXeMaMU
Memooa koHeuHwvix snemenmos 6 [IK «/IUPA-CAIIPy» u IIK «SCAD Office».

Tab6un. 11. Un. 5. bubmuorp. 7 Ha3B.
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V]1K[624.074.43:624.012.35](088.87)

PAIIIOHAJII3ALIA TAPAMETPIB 3A/II3OBETOHHUX
AHI3OTPOIIHUX OBOJIOHOK

JL.B. lanonosa',
KaH/I. TEXH. HayK, JTOLCHT, JIOLECHT Kadeapu OyaiBeIbHUX KOHCTPYKIIH

0.0. Kanmukos',
KaH/I. TEXH. HayK, TOLUEHT Kadenpu OyIiBeIbHUX KOHCTPYKIIiH

C.C. I'peGenuyx’,
TOJIOBHUI 1H)KEHEP

1 . o . o . . . . .
Xapxiscokuil hayionansHutl ynieepcumem micoko2o eocnooapcmea imeni O.M. bexemosa, Xapxise
2 . .
TOB «byoisenvHuxy, Xapkie

IpescraBiieHO MOCTAHOBKY Il peanizaiifo 3aBaHHs IOJO palioOHAMi3alli KOHCTPYKTHBHHX
mapaMeTpiB 3ali300€TOHHHX KOHCTPYKTUBHO-aHI30TPOITHHX OOONOHOK. 3a KpHTepill At naHol
3a/1a4i 00paHO CHEPreTUYHUH IIPHHINII, 3T1IHO 3 SKUM i3 yCbOrO PSIY MOXKJIMBHX 3HAQYCHB ITYKAHUX
rapaMeTpiB CUCTEMH 3 IOCTIfHHM 00’€MOM MaTepialy, YMCIIOM 30BHIIIHIX 1 BHYTPIIIHIX 3B’S3KiB
noreHiiiHa eneprisi gedopmanii  (ITEJ]) micis mepeOynoBH [OCATHE HIDKHBOI Mexi Ha
PpaLiOHAIBHOMY [TOEAHAHH] BEJIMYNH T€OMETPUYHUX ITapaMeTpiB.

KarwuoBi ciaoBa: parioHamizaiis, mnoTeHuiiiHa eHeprisi aedopmarii. KOHCTPYKTHBHHX
napameTpiB, 3a1i300eTOHHA aHI30TPOITHA 000JIOHKA.

ITocranoBka mnpodaemu. /[lyamizM CBiTy 3yMOBIIOE TPSIMHH IONIYK
KOHCTPYKTHUBHHX PillIeHh MEXaHIYHUX CHCTEM, IO PO3BHBAIOTHCS B HAIPSIMKaX
nHaykoBux npanp B.C. IlImyxnepa [1].

- CTBOPEHHS eJIEMEHTIB (KOHCTPYKIIiH) 3 MAKCHMaJIbHOIO HECYUOIO 31aTHICTIO
1/ab0 XKOPCTKICTIO MTpH 3aaHiil BUTpaTi MaTepiais;

- CTBOPEHHS €IEMEHTIB (KOHCTPYKIIii) 3 MiHIMaJIbHOIO BUTPATOIO MaTepialliB
TIpH 33TAHOMY PECypci.

B 060x Bumazakax rnpo0iema 3BOJUTHCS 710 IOCTAHOBOK 1 illleHb HEeNHIMHIX
3amad  pamioHanmizamii  (onrmmizamii). Sk BiZOMO, CTYIiHb CKJIQJHOCTI
3aCTOCOBYBAaHMX METOJIB 1 allTOPUTMIB pealtizalii, B bOMY BHIIAJKy, iCTOTHO
BHIIIE, HIX TPH NepeBipHOMY (TpaguuiiiHomy) miaxoai. KpiM toro, pimenss, mo
¢dopMmyroTecst,  Oe3mocepelHHO  IMOB'SA3aHI 3 KOHKPETHHUMH  YMOBaMH
HaBaHTa)XEHHS 1 CHOMpaHHS KOHCTPYKTHBa, MI0 JIOKamizye cdepy ix
3aCTOCYBaHHSI.

AHaji3 ocTaHHIX JocaizkeHb Ta myOdikamiii. OpuriHaTEHUME
METOJlaMH, 10 CKJIQJAl0Th OCHOBY CYYacHOI Teopii ympaBiliHHS IapaMerpaMu
KOHCTPYKIIif 3aimanucs TaKi BUCHI, SIK H.I1. AGoBchkwii [2],
A.C.Toponeupkmii [3], A.B.Ilepememyrep [4], A.JL. lompnenenseiizep [5],
C.II. Tumommenko [6], Chien Wei-Zang [7], Reissner E. [8], Shanley F. [9] i
6araro iHIINX aBTOPIB.

[MoHsTTS «parioHasbHa KOHCTPYKILIS» BJIAJIOCH MEII0 KOHKPETH3YBaTH 1
TparchopMyBaTH 3a JOIMIOMOTOI0 MiKaBUX ifei 1 qocmimpkens ['.B. Bacuibpkosa i
B.C. IlImyknepa. Takoxk BOPOBAIKEHHIO y MPAaKTUKY MPOEKTYBAHHSA HPAMUX
METOJIB CHPHSUTH, 3 OXHOro OOKy, CIIOCOOM TPAaKTyBaHHS BJIACHOTO IOHSTTS
«palioHaNbHEe pIilIeHHs», a 3 IHIIOr0 — MIMPOKE BHUKOPUCTAHHS METORY

© Tanonosa JLB., Kamvukos O.0., I'pe6eruyx C.C.
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ckinuenHux enemenTiB (MCE). He3Bakaroun Ha 4HCIIEHHI HAyKOBI Iparli 3a UM
HaNpsIMKOM, CHOTOJIHI, Ha >KaJlb, BIJICYTHI POOOTH 3 HETIHIHHOIO YHCEIHHOTO
JIOCIII/DKEHHSI JTBOIOSICHUX AHI30TPONTHUX OOOJIOHOK 13 pedpaMu B pi3HHX
HanpsiMax. 3BaXkalouy Ha JaHUi (akT, a TAKOXK 3 METOI0 PO3IIMPEHHS HasBHOI
iHpopmamii Ha ©0a3i IpoBeAEHOrO aHalizy 3po0JIEHO BHCHOBKM Ta
copMyIpOBaHa 33a4a IbOT0O JOCIIHKEHHS.

BuknaneHHs: o0cHOBHOTo MaTtepiany. Ineosoris mocTaHOBOK 3a7a4 MpsIMOTO
MIPOEKTYBAHHS, PO IO WTUMEThCs Aaji, rependadae (Hexaill i HaOIMKEHO)
BiT0OOpaXCHHS IBOX OOCTABHH:

- BBEJICHHS B SIKOCTI KPHUTEPito €anHOI QYyHKIIT MeTH;

- BBEJCHHS B OOMEXEHHS yYMOBHM, IOB'S3aHOI 3 YNPABIIHHIM HAIPYXEHO-
nedopmoBanum cranom (HZIC).

VY npoMy BUIAJKY, SK BiZOMO, MOXXE€ OYyTH JIOCATHYTE 3HA4YHE CIIPOIIECHHS
MIOCTAHOBOK  3a7iad  pamioHaji3amii  mapamMerpiB  KOHCTPYKTHUBY. TyT
nepe0avYaeThCs, MO OJHAKOBHN 3amic (QyHKIIT MeTH BigoOpa)kae MOXXJIHMBICTH
HaOMKEHOI €KBIBAJICHTHOI 3aMiHM TpaJulLiiHMX KpUTepiiB (BapTicTh, Bara,
00CsT 1 T.[.) OOHNM, TIOB'SI3aHNM, TIPH LOMY, 3 XapaKTEPOM i OCOOIMBOCTSIMHU
HJIC. Amnanoriyna BHMOra BHCYBAa€Tbcs 1 1O OOMEXEHb, IO 3aJal0Th
ynpasninas HIC.

[Tpu oMy, Oy0 BU3HAHO 3a IOULIBHE ISl TOOYIOBH €TATIOHHOTO PiIICHHS
BHKOPHCTOBYBAaTH HOBi ITOJIOKEHHSI, 3aCHOBaHI Ha EHEPreTHYHUX IPHHIIMIIAX
[1], a came:

- TBEp/DKEHHS IIPO Te, IO JUIS PETYIbOBAHUX CHCTEM 3 ITOCTIHHHM 00'eéMOM
MaTepiaiy, YMCIOM 30BHIIIHIX i BHYTPIIIHIX 3B'3KiB (30BHIIIHI TapaMeTpH) mix
JUEI0 CTATMYHOI'O 30BHIIIHHOTO HAaBAaHTAXXCHHS - BIJIACHOI BarW, IOTEHLINHHA
erepris ngedopmanii ([TEJ]) micias mepeOynoBH mocsrae HIDKHBOI MEXi Ha
palioHATEHOMY ITO€JHAHHI BEIMYNH F€OMETPUYHHX ITapaMeTpiB:

U=infU@), k=12,..00, (1)
o

ne U - IIEJT; k - HOMep BapiaHTa MOPIBHSHHS, O € M ; M — 0e31mid JOmyCTHMHX
3HA4Y€Hb 30BHIMIHIX TEOMETPHYHHX ITApPaMETPIB.

IMonoxenns (1) Mmoxxe OyTH MoIIMpeHe Ha BUIA/I0K MPUCYTHOCTI Ha Oe3mivi
BIpTyaJlbHUX 3aBaHT&KEHb JIOMIHYIOYOro. 30KpeMa, IIpd KOMIIOHYBaHHI
TOHKOCTIHHOTO €JIEMEHTY, IIO0 3a3Ha€ aedopMallilo BUTMHY Kpy4YEeHHS, MOXKHA
MiHIMI3yBaTd KpyTHHH MOMEHT 3a pPaxyHOK TIIPOXO/DKEHHS BEKTOpa
HaBaHTa)KEHHS Yepe3 IIEHTp BUTHHY, 110 Oyze BiAmoBigaT BUKOHAHHIO (1).

- BUMOT'H 130€HEpPT€THYHOCTI CTaHy CHCTEMH (KOHCTPYKii), TOOTO Takoro, 3a
SIKAM:

e[{)_c}] = const, 2)

Jie e - IUIBHICTH MoTeHmiiHoI eneprii nedopmaniii (LIITEMT); {x } — BexTop
BHYTPIIIHIX apaMeTpiB.

Po3B’s130K mpakTHUHUX 33124 3 kpuTepieM (1), 10 meBHOI MipH, MiATBEPIKYE
eeKTUBHICTh HOr0 3aCTOCYBAHHS, a TAKOXX MOXIIUBICTh PETYITIOBAHHS HE TUIBKU
TEOMETPUYHNMHU, ane (Pi3MKo-MeXaHIYHUMH XapaKTepucThHkaMu cuctemd [1, 10,
11].

[puiimemo, B ctwoti [1], mo mig 30BHIMIHIMUA €KCTCHCHBHUMH MapaMeTpaMu
PO3YMIIOTBCS TapaMeTpH, sKi BH3HAYaIOTh OIPHICTE CHCTEMH 0€3 3MiHH
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3arajJbHOr0 00cATy Martepiaixy (rabapuTé eleMeHTIB CHUCTEMH, KOOpIMHATH
OIOPHMX 3B'SA3KIB 1 MicIb MPUKIAIAHHS HaBaHTAXKEHb 1 T.I.), BHYTPIIIHI
IHTEHCHBHI NapaMeTpy BW3HAYAIOTh TOMOJIOTIIO, 00CAT, a TAaKOX BIACTHBOCTI
MaTepiaiis.

Cri TakoX 3a3HAYNTH, IO HACHIJKOM IIEpIIOro ITOJIOXKEHHS, KPiM ITOJaHHS
(1), € Hacrynne:

- IpW JIABHHONOAIOHOMY YCYHEHHI B's3€H, BHACHIJOK IIOSIBH IUIACTHYHHX
LIApHIPiB, aX IO MOSBU I'PAHUYHOIO CTaHy, KOJIHM CHCTEMa NEPETBOPIOETHCS B
Mexani3m, [TE]] 3pocTae i mocsrae BEpXHbOI MEXKi:

U, =supU, 3)
ne U, - rpannuHa Bennunna I[TE].

YmoBa (3) Moxke Oyrm BHKOpPHCTaHa IIpM BHU3HAUCHHI HAWOUIBII
HEeOEe3MEYHOro IO€JHAHHS HaBAaHTAXXEHb, B pa3i PI3HOMAHITTS 3aBaHTAXKEHb.
OueBUHO, 10 HAWOIIBII HEOE3MEYHOMY 3aBaHTAXKEHHIO (Y BHIAJKY IPYKHOTO
nedopmyBanss) Oyzae Bianosigaty 6inbina BeananHa [1E/];

Hacnigxom kpurepito (2) € Te, mo mpu e = e, y BCIX TOYKAX KOHCTPYKIii
JocsiraeThes TiIo0anbHui MiHiMyM BuTpaT MartepiaiiB (1). Tyt dynnamenrtansHa
CTPYKTYPOYTBOPIOIOYA BEJIMUMHA €,~ PECYPC, CYTh - Mipa B'A3KOCTi MaTepiany abo
rpaHnYHa IIUIBHICTE eHeprii nedopmyBanus [1]. BoHa Bu3HauaeTbesi poboTOIO,
10 BUTPaYa€eThCs Ha JepopmMaltito 3paska ax 10 Horo pyiHyBaHHs, 10 IIPHIIAJIAE,
Ha OJIMHHUIKO 00'eMy 1 BHMIPIOBAaHOI IUIONICIO IHAWKATOPHOI Iiarpamu
neOopMyBaHHS MaTepiany. 3 BEIHYWHOK Pecypcy IMOB's3aHa Ay)KE IliHHA SKICTh
KOHCTPYKILIi - PE3UIbsIHC, KU BU3HAYAETHCS KUIBKICTIO TPYXHOI €Heprii, Ky
MOXXHA 3aracTi B Hill. Y CBOIO 4epry, i30€HepreTUYHICTh, TOPOKyBaHa (2), 5K
pauioHanbHa (opMa ICHyBaHHS INTYYHHX CJIEMCHTIB, 3abe3neuye HaHOUIBII
MIPUHHATHI PO3MOLT MaTepiay, a TAKOXK Horo eekTHBHY poO0Ty B KOHCTPYKIIi.
3acrocoByroun 110 (2) iTepamidiHuA MiIXi/, SKuid 0a3yeThCsl Ha METO/II aIalTHBHOL
esoirorii (MAE), mist Oymp-KOro TeoMeTpudHOro abo (i3MKo-MeXaHIIHOTO
rapaMmeTpa KOHCTPYKIii Mo)kHa 3armcat [ 10]:

by = hi[eiei_ul]Y > 4)
ne h — reoMerpuuHui ((i3MKO-MEXaHIYHHWH) HapaMeTp CHUCTEMH; [ — HOMEp
itepanii; y€(0,1) - XapakTepuCTHKa aJaNTHBHOI EBONIOLIl, IO BigoOpakae
MIBUAKICTH 301)KHOCTI.

BBezieni nonoXeHHS 103BOJISIIOTH HE TUIBKM TIO3HAYWTH €TAIOHHE DilICHHS,
aje i, o € Iy)Xe BAXINBUM, MTOOYIyBaTH €HEPreTUYHHUIN MOPTPET KOHCTPYKIII.
Ilix eHepreTMyHMM TOPTPETOM KOHCTPYKIii po3ymieTsest 3D-moOymoBa i
BiTOOpaKeHHS TIONIS MILUTBHOCTI eHeprii Aedopmariii 3 OJHOYaCHUM BH3HAYCHHSIM
IMEA. [ana oOcraBuHa, MOpsi 3 BU3HAYCHHSM palliOHAJIBHOI TOMOJIOTIi CHCTEMH
(ue Tinpku Qopma, a i 3MicT), 3yMOBIIIOE BCTAHOBJICHHSI TPAHIMYHOTO CTaHy SIK /IS
CTPYKTYPHHX €JIEMEHTIB KOHCTPYKLii (HAalpHKJIaj, CKIHYCHHNX €JIEMEHTIB) TaK i
JuIs cucTteMH B IioMmy. Kpim Toro, 3a ymoBum 30bkHOCTI mpouenypu (4),
BiZIOyBa€eThCsl BiJICIB HEHABAaHTAKCHWX (TApa3WTYIOUMX) EJIEMEHTIB CHCTEMHU.
Bimznaunmo, mo kpiM MiHiMi3anii Butpat marepianiB kpurepii (1), (2) MOXyTb
OyTH BHKOpHCTaHI s HAONMKEHOI OMIHKK JIESKHX BAKIMBHAX MEXaHITHUX
XapaKTepHUCTHK.

Peanizanist migxony nependavae moOymoBy B3a€MO3B'SI3KY MK BEINYHMHOIO
eHeprii gedopmanii cucreMu 1 OHI€I0 a00 IPyNO0 TEOMETPUYHHUX NapaMeTpiB.
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[MocranoBka momiOHOI 3amadi B  YHCENBHOMY BHUTJSAI  MOXJIMBA IIPU
3aCTOCYBaHHI OOYMCIIIOBAIBHUX MPOIPAaMHHX KOMIUIEKCIB, OJHAK, OIepais
mepenbadae TOOYAOBY 3HAYHOI KINBKOCTI MOAENeW, M0 A0 TEBHOI Mipu
YCKJIa/IHIOE TIPOIIEC.

[IpencraBnena  mocraHOBKa 1 peawmizamist  3ajadi  pallioHaTi3amii
KOHCTPYKTHUBHHMX MapaMeTpiB 3alpONOHOBAaHMX 3aji300€TOHHHMX 00OJIOHOK. B
SIKOCTI KPHTEpilo JUIs JaHoi 3ajadi NpUAMAeTbcs CHEPreTHYHHH MPHHIMII,
3TiHO 3 SIKUM Iepe0adaeThes, o 3 yeiel Oe3midi MOKINBUX 3HAUCHD ITYKaHUX
rapameTpiB CHCTEMH 3 TOCTIHHMM 00'eMOM Martepiaiy, YUCIOM 30BHILIHIX 1
BHYTpiIIHIX B's3elf, mnoreHmianbHa eHepris nedopmamii (ITEJ) micns
nepe0y0BH JIOCSTHE HIKHBOI MEXi Ha paliOHAIFHOMY ITO€JAHAHHI BEIUYUH
TEOMETPUYHHX [TapaMETPiB, 110 ONHUCYIOTh CUCTEMY.

Peamizamiss mimxomy, y [aHOMY BHIIQJKY, Iiepemdadae ImoOyIoBY
B3a€MO3B'I3Ky MDK BEJIMYMHOIO eHeprii medopmarii cucreMu i ogHMM abo
TPYIOIO TEOMETPUYHUX MapameTpis (5).

B pobori peanizoBaHi yMcenbHI METOIM PO3B’S3KY IOCTABJICHOI 3aadi Ha
NpUKIal OWIHAPUYHOI OOOJIOHKM, IO MAa€ BHYTPIIIHI [OPOXKHUHU
MIPSIMOKYTHOI B TU1aHi ¢opmu (puc. 1).

A Tlinomomictupon Beron

BHyTpimHs
TOTIOJIOTiSt 1-1

=

o
=1

Puc. 1. PosrisayTa 060110HKA

v PO3IJIga BBOAUTHCS BEKTOP KEPYHOUUX napaMeTpiB JIAaHOI CUCTEMM:

" ={H.BV.RLLg8AR, 5)
ne H — crpina nigiiomy; B — noBxuHa 000JIOHKH; V — 00’eM Marepiaiy; R —
paniyc KpuBHM3HHM; L — mpomit o0onoHKH; / — KpoK pebep; ¢ — 3OBHIIIHE
HAaBaHTAXKEHHSA;, O — TOBIIMHA OOMMWBOK, A — TOBImMHA pebep; 7 — BUCOTA
riepepizy 000JIOHKH.

IMpn upomy mapamerpu H, B, R, L, ¢ — NO3ULIOHYIOThCS SK 30BHIIHI, a
mapameTpu [, 6, A, h — K BHYTpIIIHI.

3a  iHcTpyMeHTapid Ui BHpIMIEHHS  IOCTABJICHOIO  3aBJAHHS
BHKOPHCTOBYBAJach 3B’A3Ka IIPOrpaMHHUX NpOAYKTiB Kommanii Autodesk.
OCHOBOIIOJIOXKHAM TYT € CKPHUNT, PO3POOJICHWI y CEpemoBHIIl Bi3yaJIbHOIO
nporpamyBaHHs Dynamo, sikuii 03BOJIsIE aBTOMAaTHYHO (OPMYBAaTH T'€OMETPiio
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00OJIOHKM INUIAXOM 3aJaBaHHS BCIX HEOOXIAHMX MapamerpiB i3 uucia {X}.
3arpornoHoBaHa MpoLeaAypa JA03BOJISIE€ B aBTOMAaTHYHOMY PEKHUMi BUOYIOBYBaTH
B3aeM03B’ 5130k MixK [1E]] cuctemu i Oyb-SIKHM T€OMETPUIHUM TaApaMETPOM, IO
il ommcye. [lng imocrpamii po3IISIHYTO NPUKIAOM TOIIYKY 30BHIIIHIX 1
BHYTPIIIHIX palliOHaJIbHUX IapamMeTpiB o0onoHKH. [Ipm anamizi 30BHIMIHIX
napameTpiB SIK 3MIHHMH OpuiHATO cTpiny mimiiomy H € (H [0; L/2]), inmi
rapameTpy, [0 ONHCYIOTh TEOMETPII0 CHUCTEeMHM, NpHHHATO Taki: B=9000 aum;
L=18000 mm; h=300 mm, A=100mm; [=1000 vm. B sKoCTI HaBaHTa)KEHHS
NPUIHATO BJIACHY Bary, OONMpaHHS IPHU3HAYEHO NIAPHIPHO HEPYXOMHM 3a
JBOMa TO3IOBXHIMH peOpamu, Martepian — Oeron C25/30. Y 3aranbHOMY
Burisini mpouenypa BusHaueHHs HJ/IC oOonmoHKM mpercraBieHa airopuTMOM

(puc. 2.).

Cmeopenns 3adannoi
; : ; hopan
VAN ) . A7 2 -
Houamxosi dani Tpusnavenns eapiiiosanx) _—"
”‘ﬁ"['ﬁﬂfﬂlfﬁ FHAYEND _— ’?Llpﬂ,"(’ﬂlpi’ﬁ’ 3 YU .'X,!
ROCIITIHILY 2e0MEMPUIHUX /
e
napamempis 3 wucia {x} P
- 3vina sapitiosanozo |
o napamempy 3 uucaa {x/ l
Busnawenns napavempis 3asdanna gyizuxo-mexaniunux
e Dopmyvearna CE -
Ji ' » Uy napamempie
HIC oboronxu (5, ¢, U v AT L I P
] F

Puc. 2. brok-cxema anroput™y oduncmosanus HJIC cucremu

IToxpokoBe 3MmiHIOIOYM THapamerp H, BU3HA4eHO MHOro B3a€MO3B’S30K i3
BenmmunHoto ITEJ] cucremu, mpu 1poMy B yCix Bumagkax o0'eM Mmarepiaiy
000110HKM Jtoci OyB HEe3MiHHMI — #oro crajicte 3abe3mnedyBajach LUITXOM
i100py BiANOBIAHOIO 3HAUYEHHS TOBLIMHY OOMMBKH . Pe3ynpraTn po3paxyHKy
HaBeneHi B Tadummi 1.

Tabmmms 1
Pe3ynberaTtn po3paxyHky
C.T?ma 06 M Panyc Tosupra Hosxuna | IIEJ] cuctemu
migiioMy | Marepiany | KpMBW3HH | OOIIMBOK U. ¢ion. 00
H, m v, m R A, Mm AYTH, M » 6101 00,
0 22,89 o0 50,60 18,00 5,75E+06
1 22,89 41,00 50,00 18,14 4,87E+05
2 22,89 21,25 47,30 18,58 1,30E+05
3 22,89 15,00 45,0 19,30 7,57E+04
4 22,89 12,12 40,70 20,28 6,93E+04
5 22,89 10,60 35,70 21,50 9,38E+04
6 22,89 9,75 31,50 22,93 1,55E+05
7 22,89 9,28 27,10 24,55 2,83E+05
8 22,89 9,06 22,40 26,34 5,77E+05
9 22,89 9,00 18,70 28,27 1,12E+06
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Ha mixcraBi orpumanmx maHux moOymoBaHo rpadik 3amnexsocti [TEN Big
crpium migiiomy H (puc. 3), sikuii ysiBiIsie co00l0 YHIMOTANBHY (yHKMIIIO.
BusnaueHo, mo st 3agaaux ymoB ipu H = 3,8 m [ME]] nocsirae HIDKHBOT MEXi.
OtpumMaHni pe3ynbTaTd BepU(]IKOBaHI MUIAXOM aHali3y dYacTOT BJIACHHX
KOJIMBaHb CHCTEMH ISl BCiX 3HaueHb H Ta OIiHKM MakCHMaJbHOI Hecydoi
3IATHOCTI (Gumax) OOOMOHKHM. 3 rpadikiB (puc. 4.), BugHO, mo 7 i3 10 TOHIB
BJIACHMX KOJIMBaHb INPUHMAIOTh MaKCUMaJbHE 3HAa4YeHHS Mpu 3Ha4deHHi H
OIM3BKOMY /10 PalliOHAIBHOTO. 3 YMOBH JOCATHEHHS €KBIBAJICHTHUX HAIpYKEHb
cucrteMr (0G,) MeXi MIIHOCTI MaTepialy BH3HAUYEHA (uux A ONTUMAILHOIO
3HaueHHs H i 3Ha4YeHb Ha | v Oinbmie i MeHmie Bix parionadsHoro (4,8 i 2,8 m
Bi/OBiHO) (puc.5, 6, 7). Tak npu H = 3,8 M Guax = 38,45 kH/m*; ipu H=4,8 u
Gmax= 35,15 kH/m*; iprt H = 2,8 M@ma= 30,26 kH/n’.

1,20E+06
1,00E+06 /
§8,00E+DS
5 /
::' 6,00E+05
k= /
=
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=
B prd
= R e 1 \ T .o I
0,00E+00
o 1 2 3 4 7 6 7 8 ] 10
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!
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Crpina nigiiomy (H), m

Puc. 4. B3aemo3B's30k crpimi migiomy H i 9acToT BIacHUX KOIHMBaHb
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Puc. 5. IlinbHiCTS NOTEHLIHHOI eHeprii 000I0HKH
nporonoM 9000 w3 BucoToro ctpinu 2800 My BiJ MAaKCUMaJIbHOTO HAaBAHTaKEHHS

Puc. 6. IlinbHicTS NOTEHLIHHOI eHeprii 000I0HKH
nporonoM 9000 aum 3 Bucotoro ctpinu 3800 »mm BiJ MAaKCUMaJIbHOTO HAaBAaHTAKEHHS

Puc. 7. lllinbHiCTH NOTEHLIHHOI eHeprii 000I0HKH
nporonoM 9000 aum 3 BucoToro ctpinu 4800 My BiJ MAKCUMaJIbHOTO HAaBAaHTaKEHHS
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BucnoBkun. OOrpyHroBaHo, IO IpU 3aCTOCYBaHHI B SIKOCTI KpHTEpiio
pamioHamizanii MiHIMaJbHOTO 3HAUYCHHS IIOTEHIIAJIbHOI eHeprii aedopmarii,
30BHIIIHI ITapaMeTpu OOOJIOHKM (CTpiia migioMy, Kpok pebep, TOIIO), IO
BH3HA4YCHI, 3a0e3NeuyloTh MaKCHUMaJbHYy HECydy 3JaTHICTh KOHCTPYKIIi,
MaKCHMI3allil0 YacTOTH OCHOBHOTO TOHY BJACHMX KOJIMBaHb Ta MiHIMaJIbHI
MIPOTHHHU CUCTEMH.

Busnaueno, 1mo a1 po3TIISIHYTHX KOHKPETHHMX YMOB IIPHM 3HAuY€HHI CTpin
nigiiomy H = 3,8 m noreHmiansHa eHeprist aedopmanii gocsrae HIPKHBOT MEXI.
OtpumMani pe3ynbTaTd BepU(]IKOBaHI NUIAXOM aHaNi3y YacTOT BJACHHUX
KOJIMBaHb CHCTEMH ISl BCiX 3HaueHb H Ta OIIIHKM MaKCHMAJbHOI Hecy4oi
3IATHOCTI ¢,;,x OOOJIOHKH.
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Cmamms naoiiwna 21.03.2018

Gaponova L., Kalmykov O., Grebenchuk S.
RATIONALIZATION OF THE PARAMETERS OF REINFORCED-CONCRETE
ANISOTROPICSHELLS

The formulation and realization of the task of rationalization of the structural parameters of the
proposed reinforced concrete shells is presented. As a criterion for this task, an energy principle is adopted,
according to which it is assumed that from the whole set of possible values of the desired parameters of the
system with a constant volume of material, the number of external and internal connections, the potential
energy of deformation after the reorganization will reach the lower limit on the rational combination of the
valuesof the geometric parameters describing the system.

The proposed procedure allows, in the automatic mode, to construct the relationship between the DED
system and any geometric parameter that describes it. For illustration, examples of searching for external
and internal rational shell parameters are considered. In the analysis of external parameters as an alternating
one, the lifting arm (H [0; L/2]), other parameters describing the geometry of the system, are taken: B =
9000 mm; L = 18000 mm; ~ = 300 mm, A = 100 mm; /= 1000 mm. As the load is taken its own weight, the
bolt is designed to be hingedly fixed for two longitudinal ribs, the material is concrete C25 / 30.

Implementation of the approach, in this case, involves the construction of the relationship between the
magnitude of the deformation energy of the system and one or group of geometric parameters. The energy
principle is taken as a criterion for this task, according to which it is believed that out of numerous possible
values of the searched parameters of the system with the constant amount of material, number of external
and internal connections, the strain potential energy (SPE) after the reconstruction will reach the lower limit
on the rational connection of the geometrical parameters describing the system. In this case, the approach
realization presupposes the construction of interconnection between the system energy deformation value
and one or group of the geometrical parameters. The suggested procedure allows automatic establishment of
the connection between the system SPE and any geometrical parameters which describes it. The obtained
results of the external parameters are verified through the analysis of the frequencies of the systems natural
vibration frequencies for all values of rise H and maximum shell bearing capacity (¢may). It was determined
that for the conditions at the camber of arch H ~ 3,8 m SPE reaches the lower limit.

Key words: rationalization, potential energy of deformation. structural parameters, reinforced
concrete anisotropic membrane.

Tanonosa JI.B., Kaimuxosg O.0., I'pebenyyx C.C.
PAIIMOHAJIN3AIUA MTAPAMETPOB )KEJIE3OBETOHHBIX AHU30TPOITHBIX
OBOJIOYEK

IIpencTaBieHb! HOCTAHOBKA M PeasIM3allisl 331a4H 10 PAlMOHAIM3AINY KOHCTPYKTUBHEIX TapaMeTPOB
MKEIe300€TOHHBIX KOHCTPYKTHBHO-aHU30TPOIHBIX oOonouek. Kpurepuem mmst JaHHON 3amadd H30paH
SHEPreTUYeCKHi IPUHINI, COrJACHO KOTOPOMY CO BCErO psila BO3MOKHBIX 3HAUCHHMH HCKOMBIX
[1apaMeTpoB CHCTEMBI C MOCTOSHHBIM OOBEMOM MaTepHaa, YHCIOM BHEIHHX M BHYTPCHHHX CBS3CH
noteHruanbHas dHeprus jnedopmanmu (I13/]) mocne mepecTpodKM JOCTHTHET HIDKHEH TIPaHHIBI Ha
PaLOHATIEHOM COYETaHHH BEIIYUH I'eOMETPHIECKUX TapaMeTPOB.

KiioueBble c10Ba: palnoHaIN3alys, OTEHIHAIbHAS SHEPrus JeopManiy, KOHCTPYKTUBHEIE
IIapaMeTpEl, XKeIe300eTOHHAs aHU30TPOIIHAsL 000JI0UKA.
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Y ]1K[624.074.43:624.012.35](088.87)
TI'anonosa JI.B., Kanmuxos O.O., I'pebenyyx C.C. Panionanizanis napameTpiB
3a71i300e TOHHUX aHi30TPONMHHUX 00010HOK // Omip MarepiamiB i Teopis cHopynd: HayK.-
tex. 30ipH. — K.: KHYBA, 2018. — Bum. 100. — C. 181-190.

Ilpeocmasneno nocmanosky i peanizayito 3a0avi 3 payioHanizayii KOHCIMPYKMUBHUX
napamempis 3ani300emoHHUX KOHCIPYKMUBHO-AHI30MPONHUX 0OO0IOHOK.
Tabmn. 1. In. 7. Bibmiorp. 12 Ha3s.

Gaponova L.V., Kalmykov O.A., Grebenchuk S.S. Rationalization of the parameters
of reinforced concrete anisotropic membranes // Strength of Materials and Theory of
Structures: Scientific-and-technical collected articles — Kyiv: KNUBA, 2018. — Issue 100.
—P. 181-190. — Ukr.

The formulation and realization of the problem of rationalization of structural
parameters of reinforced concrete structural anisotropic membranes is presented.
Tables 1. Fig. 7. Ref. 12.

T'anonosa JI.B., Kanmvixose O.A., Ipebenyyx C.C.  PanuMoHanu3anus  napaMeTpoB
JKeJ1e300eTOHHBIX AHU30TPONHBIX 000J104ek // «ConpoTHBICHIEMAaTEPUAIOB 1 TEOPHSIC
oopyxkeHuit». - 2018. - Bum. 100. - C. 181-190.

Ilpedcmasnena nocmanoska u  peanusayus — 3a0a¥u N0 PAYUOHATUAYUU
KOHCHPYKMUBHBIX ~ NAPAMEMPO8  HCENE300EMOHHbIX  KOHCMPYKMUBHO-AHUZOMPONHBIX
00010Yex.

Tabn. 1. Un. 7. bubnuorp. 12 Ha3s.
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VK 539.3

PO OAUH BAPIAHT OJTHOBUMIPHHUX PO3PAXYHKOBHUX
PIBHSIHb UIS1 JOCI?KEHHS HAC HETOHKUX IVIACTHH
3MIHHOI TOBIIIUHU

O.A. Ilopin,
acnipaHT Kadeapu ornopy Marepiaiis

Kuiscokutl HayioHanwHutl yHisepcumem 6yoieHuymea i apximexmypu, Kuig
Tlosimpogpnomcewruii npocn., 31, m. Kuis. 03680

B crarri po3risgaeThCs y3aralbHEHHsT METOAY MPSIMHX Ha JIOCHIKCHHS HAlpyKCHO-
e(OpMOBAHOrO CTaHy IUIACTHH JOCHTH CKJIaaHO! (popMH, B IIOCTAHOBII IUIOCKOI 3amadi Teopii
npyXHoCTi (mtocka Jedopmariiss abo MIOCKUN HANpYXEHHWH CTaH), sKi paHille HEe PO3riIsaaiucs
KJIACHYHHUM BapiaHTOM METOAY IpsMuX. I106y10BaHO CHCTEMY pO3PaXyHKOBHX PiBHSHB, IOCTABJICHO
rpaHMYHI 3a/adi, sKi IepeadadaeTbest Po3B’sA3yBaTH ehEKTHUBHUM YHCEIBHUM METO/{OM JMCKPETHOI
optoronanizauii C.K. 'onyHoBa.

Kiw4oBi cioBa: Teopis NpyXHOCTI, METOX MNpPSAMHX, YHCEIbHO-aHANITUYHUH METOM,
MPOCKI[IMHMKM METOJ, OJHOBHMIpHI TpaHWuHI 3ajadi, IUIOCKa Jedopmaiis, HampyKeHO-
nedopMOBaHUii CTaH, peIyKOBaHI PiBHSHHS, METOJ AMCKPETHOI OPTOrOHaNi3alil, MIacTHHA 3MiHHOT
TOBILIMHH.

Beryn. Meron mpsimux [1]-[3], [5]-[6] € omHuUM i3 e(dEeKTHBHUX METOIIB
OyniBeNbHOI MEXaHIKH, 3TiAHO SKOTO PO3PaXyHOK HPOCTOPOBHX 3agad Teopii
MIPY>XHOCTI BUKOHYETHCS TTOETAITHO — Ha MEPIIOMY €Talli 3HIKYETHCSI BUMIiPHICT
BUXIJHUX PpIBHSHb, a Ha JpPYroMy pEAYKOBaHi pIBHAHHS pPO3B’SI3YIOTHCS
aHATITHYHO a00 YncensHo. Tpa uiiiHO B METO/I MIPSIMUX 3HIDKECHHS BUMIPHOCTI
3a OAHIEI0 YW 3a JBOMa MPOCTOPOBHMHM KOOpAWHATAMH BHKOHYBAJIOCH 3a
JIOIIOMOT'OI0 METO/a CKIHUCHHUX PIi3HUIIb, 110 3HAYHO 3MEHIIYBaJIO MOXIIUBOCTI
3aCTOCYBAaHHS Ha JIPYrOMY €Talli Cy4acHUX YUCEIbHUX METO/IIB.

B Hmsmi myOmikamiii [7]-[10] Oymo 3ampormoHOBaHO [UIS  3HIDKCHHS
BHMIPHOCTI BUXiHUX PiBHSHb BUKOPHCTOBYBATH NpOEKUiiHMi MeTox byOHoBa-
lanpopkina-IlerpoBa 3 JOKaNbHO 30CepeKEHUMH Oa3MCHUMH  (YHKISIMH.
Ockinpku 11 QyHKOii HE € OPTOrOHaJIbHHUMHM, TO JJIsI 3aCTOCYBAaHHS TaKOTO
MAXOMy BUKOPHCTOBYETHCS TEH30pHA CHMBOJIKa Ta BiJMOBiAHI IpaBmiIa
orepaniii 3 iHAEKCHUMH BEIMYMHAMM. 3T1THO TEH30PHOI CUMBOJIKH OYIb-SIKHI
BHXIiJHINA (YHKIIT IBOX IPOCTOPOBHX 3MIHHUX [ (X,)) BIIIOBiJa€ JBa BapiaHTa
Koe(illieHTIB B po3KJaai 3a 0a3MCOM — KOHTpaBapiaHTHI KOMIIOHEHTH, SIKI €
Koe(ilieHTaMH BiZJHOCHO OCHOBHOTO 0a3Hcy Ta KOBapiaHTHI, IO € MOMEHTaMH
BiJIHOCHO €JIEMEHTIB OCHOBHOT'O 0a3mcy.

B mammx poborax [10]-[11] 3ampomoHOBaHO HOBHH MiIXiX IO MOOYIOBH
PO3paxyHKOBUX OJHOBHMIPHHUX PIBHSHB JJIsl 00’ €KTIB OLIBII CKIIAAHOI GopMH —
HETOHKMX IUTACTHH 3MIHHOI TOBIIMHM. SIK IMOKa3ajaW MOMANbLIl JOCITIUKEHHS
YIOCKOHAJIEHHS 3alpONOHOBAHOI METOIMKH ITOJISTae B MOOYJOBI peIyKOBaHUX
PIBHSHB BiZIHOCHO HEBiIOMHX (YHKIIH, sIKI MAlOTh OINIBII MPOCTHH (i3NUHUHA
3MiCT, aHDK Ti, O BuKopucToByBasmch B [10]-[11]. B mamiii pobori
BHUKOHYETHCSI TAKE yIOCKOHAJICHHSI.

AHai3 ocTaHHiX JochilkeHb Ta myOJikauniil. ABTOpH Cy4YacHUX
MyOITiKamid JOTPUMYIOTECS TPATUIIIMHUX METOIIB MOOYIOBH PEIYKOBAHUX

© Ilopiu O.A.
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mudepeHiiHIX PiBHAHb, BUKOPHUCTOBYIOUHM CKIHYEHHO-PI3HHULIEBHHA METOA Ha
MIepIIOMY eTarli, aHATITUYHI a00 YMCENbHI METOAM Uil PO3B’S3aHHS CHCTEMH
3BUYAWHUX JU(epeHIiHHUX PIBHIHD HA APYTOMY eTari.

Meta Ta 3aBaanns. [loOynoBa po3paxyHKOBHX piBHSHb HOBOTO THITY i3
Opi€HTAIli€l0 Ha TOAAJIbIE 3aCTOCYBAHHS METOAY IMCKPETHOI OpTOroHami3arlii
C.K. T'ogysosa [4] ms mocnmimkeras HIC HETOHKUX IUTaCTHH 3MiHHOI TOBIIIUHH.

OcHoBHa yacTtuHa. [Ipy 3HWKEHI BUMIPHOCTI piBHSHb TEOpii NMPYKHOCTI
[10] pemykoBani piBHSAHHS MOXKHAa OTpHMaTH B KoedimieHTax (BOHM TaKOX €
MOMEHTaMH BiJTHOCHO €JIEMEHTIB B3aeMHOro 0Oasucy), abo B MOMEHTax, fKi
BINMOBITHO € KoedillieHTaMH BIiOHOCHO B3aeMHOro Oasmcy. Ili cucremu
pPEeIyKOBaHMX PIBHSHb [AlOTh OJHAKOBI PO3B’SI3KM, OCKUIBKM CIIBIANAIOTH 3
TOYHICTIO J10 JIIHIHHOTO IIEPETBOPEHHS. AJe JJIsl 3aCTOCYBaHHS B OJTHHX 3a/1a4ax
OiNbII 3PYYHO KOPHCTYBATHCS PEIYKOBAaHMMH pPIBHSHHSAMH B MOMEHTaX, B
IHIINX pIBHSHHAMHU B Koedimientax. KpiMm Toro, ciin BpaxoByBaTH, IIO SIKIIO
(GyHKIIT OCHOBHOI'O 0a3WCy € JIOKAIBHO 30CEPEIKCHUMH, TO B3aEMHHUHA 0a3mc
BH3HAYCHMI HA BCHOMY BiIpi3Ky BU3HAYCHHS HEBiIOMUX (YHKIIIH.

B nammx poborax [10]-[11] mobynoBaHi pexykoBaHi piBHSIHHS B MOMEHTax
JUTS TUTACTHH 3MiHHOI TOBIIMHH.

OCKIJIBKY BiIIOBiAHI piBHSHHS B Koe(ilieHTax OyayloThcsl HETpUBIaIBHO, TO
B JIaHii poOOTi JAETaJbHO OIHCYETHCS IPOIeC MOOYA0BH PEAYKOBAHUX PiBHSIHD B
KoedimienTax.

B sixocTi BUXiZJHOT pO3IIIsIIa€Thes TUIOCKA 33/1a9a Teopii MpyKHOCTI, BU3HAYEHA
B obuacti D, sika BiTHECEHA JIO IEKapTOBOI CHCTEMH KOoopauHaT (puc. 1).

B sixocTi BUXiIHMX piBHSHB IUIOCKOI 3a7adi Teopii MpyKHOCTI pO3TIILAaEMO
cHcTeMY piBHSHB B MilIaHii (hopMi — BIIHOCHO ITEpEMillIeHb Ta HaIIPY>XEHb:

3 U A ov
y _:—G’C _—_5
ox A+2u * A+2udy
o_, _oi
pREETI) o
; ao-x _ aT_W X,
S ox dy
g ot teled
y y=h(x) x e
ox dy
0 x L -
Tyr no3HaueHo  u = uu;
Puc. 1. Po3paxynkoBa obnacts D ~
V= uv.

Jlo 1i€i cucreMu NpUEIHYETHCS PIBHSIHHS:
AA+u) ov
B L) R L 2)
A+2u dy A+2u

Sxe JA03BOJISIE B PCAYKOBAHHUX piBHﬂHHHX BUKIIOYUTHU Gy3 OCTaHHBbOI'O

piBustHES cuctemu (1). Cmig 3a3Hauwtn, mo piBHsHHA (1) - (2) oTpuMmani 3
OCHOBHOI CHCTEMH PIBHSHB IUIOCKOI 33/1a4i Teopii NPYKHOCTI BUKIIIOUECHHAM 13
HHUX KOMITOHEHTIB TeH30pa Jedopmallii uepe3 KOMIIOHEHTH TEeH30pa HalpyXeHb
3a JOTIOMOTOI0 CITiBBiJHOIIECHB 3aKOHY | yKa.

[ependauaeTbes, 1o TiIO, epepi3 IKoro 3aiiMae o0macTb D, 3HAXOJUTHCS Y
piBHOBa3i MmiJ Mi€f0 BHYTPIIIHIX 00’eMHUX cwa X Ta Y Ta 30BHINIHIX CHI 1
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KiHEMaTHUYHUX BIUIMBIB Ha TpaHWI TiUTAa. BiAmoBimHO Ha IiNAHKAX TPAHUIHOL
MIOBEPXHI Tijla 3aJaHO TPaHWYHI YMOBH, SKi BUIUIMBAIOTH 3 YMOB DPIiBHOBaru
MIPUTPAHUYHUX TUITHOK (pHC. 2) i MalOTh BUTIIS;

- Ha TopueBiH ronmHI x=0:

ke u(0,9) =0 (0, ) =k AL (1) + % (»),

3)
kg, -v(0,y)=7,,(0,y) =k, - A} (») +4,,(»);
- Ha TOpUEBiH ronmHI x = L :
ki u(L,y)+ 0, (L, y) =k AL (D) +4q, (), @

kg, V(L y)+ 7T, (L,y) =k - AL, () + 45, ().
Ha 60koBHX HOBEPXHSIX T'PAHMYHI YMOBH 3aIUIIEMO Y BUTIISII:

ay(x,h*)=ax(x,h*)dh;(’“) KB (el g ()BT (BT (DA, (),
X

o, (x,h")=1, (x,h" )——=~k; B" (x)v(x,h" )+q; (x)B" (x)+k; B" (x)A], (x),
®)
+k_ B~ (x)u(x,h”)—q.(x)B™ (x)—k. B~ (x)A,(x),

dh™ (x)
dx

()

(xh)G(h)
dh(x)

o,(x,h")=1,(x,h") +k, B™ (x)v(x,h")—q, (x)B™ (x)—k, B~ (x)A}(x).

(®) ()

Puc. 2. I'pannyHi yMOBY Ha GOKOBHUX MOBEPXHsIX: (a) niBopyd; (0) npaBopyy; (B) HUXKHS rpaHuls; (T)
BepxHs rpaHuns. I'panmyni ymoBH (3) - (4) € IPUPOAHIMU I'PaHHYHIMHI YMOBAMH 3arajbHOrO
BUTIIAY, 1[0 HEOOXiIHO JJI 3acTocyBaHHS MeTona byOHoBa-I"anpopkina-IlerpoBa npu 3HIDKEHHI
BUMIpHOCTI BUXifHUX piBHsHB (1) [9]
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Koken BeprukanpHuMi mepepi3 obsacti D, IO BiANOBiZa€ KOHKPETHOMY
3naveHHIo x € (0, D), ninmMo Ha N-/ piBHUX YacCTHH:
h(x)—h (x)

N-1
Otpumani N TOYOK AJIsI KOXKHOTO X YTBOPIOIOTH N TE€OMETPHUYHHX Miclb

TOYOK, IO € B 3araJIkHOMY BHUITQJIKy KPUBUMH JIiHIsIMH (pHC. 1), pIBHSHHS SKUX
Ma€ BUTIISI;

A(x) =

¢ (y)=h () +Ax)- (@ =1),@=1LN). (6)

B uactuHHOMY BUMaiKy NpsSMOKYTHOI oOmacti D mnoOymoBani JiHIT €
NPSMUMH, 3 SKAMH IIOB’S3YIOTh Ha3By Meroja INpsMuX. B maniii pobori me
KpHBi, 1 camMe 13 UMM JIiHISIMU TIOB’SDKEMO CHCTEMY JIOKAJIBHO 30CEPEeKECHUX

dynxuiit @,(x,y) (puc. 3).

AY
- LW VNV sy
By i=4
- ! =2
L i=1

‘ WX 0150)) 9:(503) 9:503) AX0Y) Ps(X,Y)

Puc. 3. JlokanbHO 30cepekeHi 6a3ucHi GyHKIii

KokHy po3paxyHKOBY GYHKIIIIO BUXiZHUX PiBHSAHB (1) mrykaemo HaOiImxeHO
SIK €JIEMEHT /N-BUMIpHOTO JIiHIHHOTO IPOCTOPY 13 CKAISIPHUM JJOOYTKOM:
()
(f(x,),8(x, ) = j S (%, 9)-g(x, y)dy, ()
7 (x)
BBYKAIOUM 3AJICKHICTB YCiX QYHKLIN BiA X 5K BiX mapamerpa.

VY BiANOBiIHOMY €BKJIIJIOBOMY HpocTOpi cucteMa OasucHux QyHKLii (6) €
JHIAHO-HE3aJIC)KHOI0, alie He OpPTOrOHANBHOK. B 3B’s3ky 3 1M OymeMo
KOpPHCTYBaTHCS pO3pOOJICHMM B TEH30PHOMY UHWCIEHHI O3HAYCHHSIMH,
CHMBOJIaMH Ta OIEpallisiMi 3 IHAEKCHUMH BenmunmHamu. [lo-mepme, Oymemo
BBAXATH cHCTeMy Oa3ucHHMX (YHKLIH 3a OCHOBHHMH Oasuc, SIKMHA BH3HAYae
OCHOBHHMH 3aKOH NEpPETBOPEHHsI 0a3ncy (KOBapiaHTHH, a BiAIOBIIHI 1HIEKCH
po3TamoBaHi YHH3Y). ByayroTecsi MaTpuIsi KOMIIOHEHTIB JBiYi KOBapiaHTHOTO
METPUYHOTO TEH30pa!

() 1
{gU} = (go[(x,y),go/(x,y)) = j go[(x,y)-goj(x,y)dy = _{g[/}a (8)
A AR

JAC MaTpuls:
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S i
Koo mon
6426 0 0 0
O S B0 0o

: S
000---%??
00 0 0 o M

Jani  Oynyerbes B3aemumii  Oasuc  {@'}(i=1,N), eneMeHTH SKOTO

g} = )

(=
o

TIepETBOPIOIOTHCS 38 KOHTPBApiaHTHUM 3aKOHOM (iHIEKC Bropi), i BU3HaYaeThCs
3a CITiBB1THOILICHHSIM:

g;(x)-g"(x)=67, (10)
ne 6," - cumBon Kponekepa, abo MilaHuit MeTpHIHAH TEH30D,
1, ko i = o
{0, SIKIIO 1 # Q.

o«
57 =

[IpakTHyHO TpH JOCTaTHHLO BHUCOKOMY N cCIOYaTKy Tpeda 3HaXOIUTH
MaTpHUIIO KOMIIOHEHTIB JBiYi KOHTPBAapiaHTHOIO METPUYHOIO TEH30pa, SK
o0epHeHy 0 MaTpUIli KOMITIOHEHTIB J[Bi4i KOBapiaHTHOTO METPUYHOTO TEH30pa!

g’} =1g, (0} = ﬁ{gﬂ,}l. (11)

Jami 3HaxogMMO eNeMEHTH B3a€EMHOTO 0a3ucy SK JIHIHHY KOMOiHAII0
€JIEMEHTIB OCHOBHOT'O, BUKOPHCTOBYIOUH OIIEpallifo MiAiiMaHHs IHACKCY:
9'(x,y)=g" (x)-9;(x). (12)
Tyr 1 pmami 3a iHAeKkcaMy, IO TOBTOPIOIOTBCS, IlependadaeThes
MJICYMOBYBaHHS B MeXKaxX o0nacTi BH3HAUYCHHS iHACKCY (Y3TOMKCHHS
Eitamreiina).
[I1o6 oTpuMaTH pemyKoBaHiI PiBHAHHS B Koe(illieHTaX, KOJKHE 3 BHXIJIHHX
piBasiHp (1) MHOXUTBCS Ha OasucHy (QyHKUil0o B3aemMHOro Oasucy Ta
IHTErpyeThCs 3a ¥ B Mexax Bixm A (x) mo A'(x). Jmsa mepmioro piBmsaHs (1)

Ju u . A oy .
) = ¢s )= ) ' . 13
(ax "’j A+2/J(G-* ?) ,1+2u(ax ‘p) (13)

MaeMo:

Tyr:
H (x)
(0.0')= [ 0.(c0)0'(x,y)dy =0l(x)
I (x)
- MOMEHT BiZJHOCHO B3aeMHOro 6aszucy, abo Koe(illieHT BiJHOCHO OCHOBHOTO
6asucy.



196 ISSN 2410-2547
Omip MatepianiB i Teopist copyn/Strength of Materials and Theory of Structures. 2018. Ne 100

iy ) h*(x) ) )
[Z—ij - hL)aﬁ(% () 0,(5, ) g () @, (5, )dy =

I (x) ( ) (14)
=g () V() [ g, (o)L (”f Py = g (x)b,, V().

W (x)
TyT no3HaueHo:
h*(x) d
@,(x,»)
by= | o=y
W (x) Y

s uncioBa MaTpuils HaBeaeHa B podori [7].

Juis obumcnennst mepmoi ckianoBoi piBHsAHHA (13) HeoOXimHO 3HaWTH
MOXiJHY 3a X BiJl iHTerpaja 31 3MiHHUMH 32 X MEXaMH IHTErpyBaHHS Ta TaKoro,
igiHTerpanpHa (QyHKIIS SKOT0 3aJI€XKUTh BiJl TapamMeTpa X.

PR
— | u(»)-¢'(x,y)dy -2 f u(x, ) g"(x)-,(x, y)dy =
CPA® )

I (x)

- d”;x) el ()-8 ()9, (x. " ()~

- dh;x) (e (@) g (), (o k(X)) +

K (x) W)
+ J‘ ﬁu(x,y) Q)(x y)dy+ J‘ u(x y) g ( ) CD (x J’)dy+

h™(x) h™(x)

i 9,(x,7)
[ uxy)-"(x )— ,
() ox
3 AKOI'O BUIIJIMBA€ OCHOBHEC CHlBBlI[HOHIeHHS[I

K (x) au(x’ y) . _ du[(x) 1 dA()C) i _
o YT e e Y (15)

(0, () () - T g (0 () + L o) ),

h™(x)

Tyt MaTpuus
0p,(xy) 1 dAR) _

4 =] Con) = YA

Jja

HaBezeHa B podori [9].
BuxopucroBytoun orpumani criBBigHomenus (13), (14), (15), orpumyemo

epIIIe PENYKOBAHE PIBHAHHS:
dﬁ;x) - A(l : ARG+ g (), 00+
+@ g[N (x) 'MN(X)—M' g[l(x).ul(x)_
/x dx
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—A+2/J'g”(X)' o (%) u (x)+)b 2 -0, (). (16)

AHaJIOTIYHO OTPUMYEMO JIpYTe pelyKOBaHE PiBHSIHHS:

) iip it L X
o - 8 )b it (- A dr 8" (x)d o (x) V(%) +
" dhd)gx) LN( ) ~N( ) dh” ()C) il ()C) . {}«1 ()C) + Tiy' (17)

3HWKEHHSI BUMIPHOCTI TPETHOTO plBHSIHHS[ Mae oxHy ocoOmuBictb. [licms
MHOEHHSI CKaJIAPHO Ha ' (X, ) B TPETHOMY BUXiHOMY PiBHSIHHI € CKJIa0Ba

I (x)
aTxy (xﬂ y) i|_ ' aT,xy (xﬂ y)
Ty 7)) T
y K (x) y
SIky He MOXHa Oe3IocepeaHbO IHTErPYBaTH, BHKOPHUCTOBYIOUM PO3KIIaj
HanpyXeHHs 3a 6azucoMm [12], OCKIIBKM CHOYATKy HEOOXiJHO «IOM’SKIIHUTID

IHTerpyBaHHs, TIEPEHOCSYN MOXITHY BiJ HampyXeHHS Ha 0a3ucHy (QYHKIIO 3a
JIOIIOMOT'OI0 1HTETpyBaHHS YaCTHHAMU:

@' (x,»)dy.

" oT, (%)) o' "Wor (x,y)
[ == oy = [ 2 g (), () =
I (x) Y h(x)

;o o (x,)
=g'(0) [ 220 (xy)dy =

h™(x) ay

) ht(x) " 0. (x,y)
=g’ 7t (x,)0.(x, - | ., (x,y)———-dy |=
g(){ ()0, y)h,(x) [) wo ==y

R v L co( )
=g" ()| 7,(x)-67 —7,,(x)-6]. - I 75(0)- 9, (x,y)————dy | =
h™(x)
=¢" (0 Ty () -g" (1) 7, ()~ g" (x) b, 75,(%).
Penyxytoun nepury ckiaioBy TpeTboro piBHsHHs cuctemH (1) aHaimorigao 1o
peIyKyBaHHs IIEpIIOrO PIBHSHHS OCTaTOYHO OTPUMYEMO TpPETE DEAYKOBAHE
PiBHSHHS:

do,(x) 1 dA(x)
ox A(x) dx
dn* .
+ 0D ()67 () - L) g (). 61 () (18)
dx

—g[N(X)'Tﬁvy(X)+g‘l(x)'T.W(x)+g”(x)'ba/(x)'T,Q(X)—XX[()C)
CkiazioBi 4yerBeproro piBHAHHS cucteMu (1) pemyKyloThCS aHAJIOTIdYHO
BIMOBITHAM CKJIaJIOBUM TPETHOI'O PIBHSIHHA, alie¢ TCIsA pPEAyKyBaHHA 3

10, (x) +g" (%) d () 07 () +

dh” (x)

OTPUMAHOrO pIBHSAHHSA HEOOXiHO BHKIIOYMTH Gi,(x) , CKOPHUCTABILUCH

CHiBBIIHOIIEHHSM (2), sIKE TIONEPEIHBO PEAYKY€EThCS:
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oA A
0= € BT+

OCTaToYHO OTPUMYEMO YETBEPTE PEIAYKOBAHE PiBHAHHSL:
dx
g" (0)b, (21 8™ (1), (0)7 ()

-0, (x). (19)

g™ (x) B (x)k; vV (x)+g" (x)B™ (x)-k, ' (x)+

LA+
A+2u

l+2u'g”(x)'b,x,-(x)-0 (%)=

S T (0487 () () 7 () =YY () (20)

HpaBi YaCTHUHU TPETHOIrO0 Ta 4YCTBCPTOro0 PCEAYKOBAHUX piBHS[HL MarThb
BUTJIAL:

XX'(x)= X' +¢" (x):[ B*(x)-q; (x)+ B* (x)- k! - AL (x) |+
+q" (x)-[ B~ (x)-q; (x)+ B (x)-k; -AL(x) ],
YY'(x)=Y'+¢" (x)[ B"(x) ¢} (x)+ B"(x) -k - AL (x) |+
+q" ()| B~ (x) ¢, (x)+ B~ (x)-k, - A, (x) ].

Bonu BpaxoByIOTh yCi MOXKJIMBI 30BHIIHI BIUIMBHU (KpiM TeMIlepaTypH) Bif
30BHIIIHBOIO CEpeAoBHIIa — 00’eéMHI cwioBi BmmBH X(x,y) Ta Y(x,)),

21

IIOBEPXHEBI BIUIMBH - CHIOBI ¢, (X,)), ¢,(x), Ta KiHemMaTuuHi A (x), A (x) Ha
GokoBI OBepxHi y =A™ (x), y = k" (x).

3 rpaHMYHMX YMOB 3arajbHOr0 BUMNIAAY Ha Topusx x=0 Ta x=1L
OTPUMYEMO TPaHWUYHI YMOBH Ul PEIYKOBAaHUX PIBHAHB TaKOX 3a JOIOMOTOIO

npoekuUiitHoro Meroay. OCKUIBKY ITPpY BUOPAHOMY BHTJISIAI BUXITHUX PIBHSHB I
YMOBH € anreOpaidyHUMH PIBHSHHSMH, TO BOHH JYXKE NPOCTO TEPEXOIATH 10

PENyKOBAHHUX, AKIIO KOKHE 13 HUX MOMHOKHTH Ha ¢'(X,)) Ta IPOIHTErpyBaTH

3ay:
-mpu x=0
K ou'(0)=0'(0)=£k° - A% + g%
O SR @)
kxy v (0) - T,xy (0) - kxy : A.xy + q,xy >
-opu x=1L
ki -u' (L) + 0 (L) = ki - AL +q.
- ’ ’ - ’ (23)

kg, V(L) =T (L) =k, A +q,".

PenykoBani TpaHWYHI YMOBH O3BOJISIOTH CTABHTH TPaHWYHI 3amadvi JUIs
pEIyKOBaHUX PiBHSHB.

BucnoBok. 3a 1011oMOroro NpoeKIiifHOro Merosa Ta po3kiany 3a 6asucoM B
JiHiiiHOMY N - BUMIpHOMY €BKJIIOBOMY IIPOCTOpi 3 BUKOPUCTaHHSIM TEH30pPHOI
CHUMBOJIIKM Ha OCHOBI BHXIJHMX pIBHAHb Teopil MpPYXHOCTI IOOYIOBaHO
pelnyKoBaHi piBHSHHS B Koe(illieHTax, SIKi MPOIOHYEThCS BUKOPHCTOBYBATH JUIS
HAONMMKEHOTO PO3B’SI3KYy JIOCHTh CKJIQJHUX 3a7a4 Teopii NpYKHOCTI 3a
JIONIOMOT 010 MeToay auckperHoi oproronaiizanii C.K. 'omyHoBa.
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Cmamms naoitiwna 21.05.2018

Shorin A.A.
ABOUT ONE VERSION OF ONE-DIMENSIONS EQUATIONS FOR RESEARCH
STRESS-STRAIN STATE OF NON THIN PLATE WITH VARIABLE THICKNESS

The Method of lines is one of the oldest combined approaches to the solutions of tasks in the
structural mechanic. This method was founded at the beginning of 1930 by academician L.V.
Kantorovich, the method has kept all the main features in our time — assumed function a continuous
by one variable and a discrete by another variable.

At the first stage in the classic method of lines, the dimension of the space coordinates assumed
equations has reduced with the help of finite-difference method. At the second stage, reduced
equations are solving by an analytic or numerical method.

In works of V.K. Chybiryakov and A.M. Stankevich is offered at the first stage in the method of
lines for reduction equations apply a projective method of Bubnov-Galerkin-Petrov, which ability is
wider in particular for more effective use at the second stage of modern numerical methods.

This version of reduced dimensions in our work allows generalizing the method of lines for
objects more irregular shape instead of a classic version. In this work, more convenient version of
reduction one dimension equations (equations in coefficients) is constructed. Corresponding
boundary conditions include power and kinematic impact from an environment. The boundary task is
set, which we suggest solving by the method of discrete orthogonalization of S.K. Godunov.

In this article are considered the version of use generalized method of lines for the solution of
tasks of the theory of elasticity in a flat region which have an irregular shape. The area is limited to
two straight lines parallel to one of the coordinate axes, and two curves which are a function graph of
other coordinate.

Keywords: theory of elasticity, method of line, numerical-analytic method, method of projections,
one-dimension boundary task, flat deformation, tension-deformation state, reduction equations,
method of discrete orthogonalization, the plate of variable thickness.
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Llopun A.A.
PO OJINH BAPHAHT OJTHOMEPHBIX PACYUETHBIX YPABHEHUM IS
HCCJEJTOBAHMA HJIC HETOHKAX IJIACTHAH IMMEPEMEHHOM TOJIIUHBI

B cratee paccmartpuBaercs 00OOOIIEHHE METOAA IpPSAMBIX Ha HCCICJOBAHHE HAIPSDKEHHO-
JeOPMHUPOBAHHOTO COCTOSIHUS IUIACTUH JOCTaTOYHO CIIOXKHOH (DOPMBI B IOCTaHOBKE ILIOCKOU
3a/1a9¥ TEOPUH YIPYrocTH (IUIocKas gedopMalys MU IIIOCKOe HAIPSHKEHHOE COCTOSHHUE), KOTOPhIe
paHee He pAacCMATPHBAIMCh KIACCHYECKHM BapHaHTOM MeTofa HpsMbix. [loctpoeHa cucrema
pPAacUeTHBIX ypaBHEHMIl, IIOCTAaBJICHBl TpaHUYHbIC 3a/ady, KOTOpbIE MpEANaraeTcs peIaTh
3¢ (heKTHBHBIM YHCICHHBIM METOIOM JHCKpeTHOU opToronamsanuu C.K. I'ogynosa.

KiioueBble ciIoBa: Teopus YIPYTOCTH, METOA HPSIMBIX, UHCICHHO-aHAIUTHYECKUI MeETO,
IIPOEKI[HOHHBIH METO/, OJHOpa3MepHbIe I'paHHYHBIC 3a[add, IUIOCKas AedopManus, HalpsKEHHO-
neOpMHEPOBAHHOE COCTOSHUE, PEAYLUPOBAHHEIEC YPaBHEHHS, METOA IUCKPETHOU OpTOTOHAIIM3AIHY,
IUIACTHHA IIePEMEHHON TONIIHHBL.

YK 539.3
Hlopin O.A. TIpo oauH BapiaHT OJHOBMMIPHHMX pPO3PAXYHKOBHMX PpiBHSIHb ISt
npocaigpxennss HAC HeTOHKHX MuiacTHH 3MiHHOI ToBIMHM // Omip MaTepiaiiB i Teopis
cnopyn: Hayk.-TeX. 30ipH. — K.: KHYBA, 2018. — Bum. 100. — C. 191-201.
Posensdaemoves  y3acanvHenHs Memooy NpAMUX HA  OOCTHIONCEHHS  HANPYIHCEHO-
degpopmosaroeo cmary niacmur 00CUmMyb CKAAOHOL popmu, 8 NoCMano8yi niocKkoi 3a0adi
meopii npysicHocmi, AKi paHiule He po32NA0AnUCs KIACUYHUM BAPIAHMOM Memooy
npamux. Tlo6ydosano cucmemy po3paxyHKoBux pieHaHb, NOCMAGIEHO 2PAHUYHI 3a0ai,
AKI nepeddauacmvcsa po36’A3yeamu  epeKmusHUM HUCETbHUM Memoo0OM OUCKPEmHOT
opmozonanizayii C.K. I'ooynosa.
Ta6u. 0. In. 3. Bibmiorp. 12 Ha3s.

Shorin A.A. About one version of one-dimensions equations for research stress-strain
state of non thin plate with variable thickness // Strength of Materials and Theory of
Structures: Scientific-and-technical collected articles — Kyiv: KNUBA, 2018. — Issue 100.
—P. 191-201. — Ukr.

The generalization of the method of straight lines to the study of the stress-strain state
of plates of a rather complex shape in the formulation of a plane problem of the theory of
elasticity, which was not previously considered by the classical version of the method of
straight lines, is considered. A system of computational equations is constructed,
boundary problems are posed, which are proposed to be solved by an effective numerical
method of discrete orthogonalization of Godunov.

Tables 0. Fig. 3. Ref. 12.

Hlopun O.4. O0 ogHOM BapHAHTE OJHOMEPHLIX PpPACYETHBIX YpPaBHEHUH JIs
ucciaenopanuss HJAC HeTOHKHX IUIACTHH MepeMeHHOW ToammHbI // CompoTHBICHNE
MaTepuaoB U TEOpHs CoopykeHuil: Hayd.-Tex. coopH. — K.: KHYCA, 2018. - Bsim. 100. -
C. 191-201.

Paccmampusaemca 0600wenue memooa npamulX HA UCCIe008aHUE HANPAICEHHO-
0epopMupo8anno2o0 cocmoaHUs N1ACmut O0OCMAMOYHO CLOJICHOU POpMbL 8 NOCAHOBKe
NIOCKOU  3a0ayu  meopuu  YHNpy2oCmu, Komopvle panee He paccMampuganiicCo
KAaccuveckum 8apuanmom memooa npamelx. Ilocmpoena cucmema pacuemuvix
VPasHeHull, NOCMABNeHbl 2PAHUYHble 3A0auu, KOMopble Npeoldasaemcs peuwams
s pexmusHbiM wucienHvimM memooom ouckpemmuou opmoeonanusayuu C.K. I'odynosa.
Tabn. 0. Un. 3. bubnuorp. 12 Ha3s.
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VK 539.3

BU3HAYEHHS TPINIMHOCTIMKOCTI BICECUMETPUYHUX TLI 3
YPAXYBAHHAM ®OPMO3MIHEHHA

10.B. Makcum’ 10K,
KaH/I. TEXH. HayK, IOLEHT

Kuiscokutl HayioHanbHutl yHisepcumem 0yOieHUymsa i apximexmypu
Togimpogpnomcwxuii npocn., 31, m. Kuis, Yxpaina. 03680

B naniit po0OTi MPOBEEHO y3arajlbHEHHS MOAU(DIKOBAHOTO METONY peakiiil Uil 00YHCICHHS
JHIAHKX 1 HETIHIHUX HapaMeTpiB MeXaHIKU pYHHYBaHHS B 3MIlIAHUX 3aja4ax IPH PO3BHUTKY Mil
JII€I0 30BHIIIHIX HaBaHTaXeHb BEIMKHX zAedopMaliii ruiacTuyHOCTi. JIOCTOBIpHICTH pe3yJbTaTiB
OOrpyHTOBaHA LUISIXOM pO3B’S3aHHS TECTOBHX INPHUKIAAIB 1 HaBEICHI pe3ylNbTaTH PO3PaxXyHKY
KOHKPETHHX 00’ €KTiB.

Kaio4oBi cjoBa: TpilMHOCTIHKICTh, (HOPMO3MIHEHHS, BiCECMMETpPUYHI Tina, MOIU(iKoBaHUI
METOJ| peakliliii, JiHiifHI 1 HeNmiHIiHI MapaMeTpu MeXaHiKU PyHHYBaHHSI, CTOIOPHHUN KJianaH HapoBoi
TypOiHH, KOMIAKTHUI 3pa3oK.

Beryn. BuximHi criBBigHOIICHHS, TPUHAHATI B JaHiid poOOTi BiIIOBITAarOTH
BHMOraM iHIU(EpEeHTHOCTI, EHEPreTUIHOI CYMICHOCTI 1 00’ €KTHBHOCTI IMOX1IHIX
IpYM BHW3HAYEHHI iX npuponieHs [7]. CkiHUeHHOeNEeMeHTHa 0a3a BKIIOYAE
mpoctopoBi [5], obomonkoBi [1] i ymiBepcampHi CE [8], mo 3abe3meuye
MOXIIUBICTh TTOOYJIOBM ONTHUMAJIBHUX IMCKPETHUX MOJETCH BiCECUMETPUYHHUX
T CKJIAZHOI CTPYKTypH. Kpim TOro, mpoMy CyTTEBO CIIpHsi€ BHUKOPHUCTaHHS
Garato (hparMeHTHOro miaxoxy (OpMyBaHHsS CITKOBHX obOisacteil [2]. 3B'A30k
MIDX HalpYKEHHAMH 1 1eopMalisiMi 3iCHIOETbCS B MEXaX Teopil IIIaCTUIHOT
tedii [6]. B sikocti kpuTepiiB MexaHIKM pyHHYBaHHS NPHHHATI KoedilieHT
iHTeHCHBHOCTI HanpyeHs K, J-iHTerpai i npupomeHHs eneprii aedopMyBaHHs
TIOB’sI3aHOT 3 MPUPOLICHHSM JOBKUHHU TpimuH G.

Busnauennss K 0a3yerbcst Ha ycepeOHEHHI 3HA4eHb HANpyKeHb 1
nepeMinieHb Mo AesKid mix obmacti, mapamMeTrpu sKOi TO3BOJNAIOTh YHUKHYTH
cyrTeBoro 3MeHmeHnHs po3mipis CE B npu BepmmHHiM obsacti Tpinmau [10].
O6uncnenas G BinOyBaeThCs MIISIXOM IHTEIPYBaHHS NPUPOILEHb EHEpTii , K 3a
MepelioHAJIbHUM  IIepeTeHOM Tila o0epTaHHA, TaKk 1 3a [apaMeTpoM
HaBaHTa)KEHHS IIPH PO3B’S3KY 3a/1a4 IIACTUYHOCTI KPOKOBUM MeTofoM [11].

OCKIUIBKM JIOCHTHh IIMPOKE PO3MOBCIOUKEHHS B HAyKOBiHM JitTepaTypi i B
JIEH3IHHAX NpPOrpaMHHUX KOMIUIEKCaX Ha0yllo BHKOPHCTaHHS B SIKOCTI
KpuUTepito J-iHTerpan, ioro OOYHMCICHHS MPH PO3POOI MAHOTO MiaXomy Oyio
NPUAITIEHO JOCHTh 3Ha4yHa yBara. Ha mnepmomy erami Oyna pearizoBaHa
3arajJbHO TpHUHHATA NpoLeAypa OOYMCICHHS J-iHTerpama dyepe3 3HAUYCHHS
HampyXeHb i nedopmariii [3]. TIpoBeneHi DOCTiHKEHHS MOKa3ald, IO TaKUi
miaxin He 3aBxau 3a0e3nedye Horo iHmedepeHTHicTs. ToMy Ha Ipyromy eTari
po3pobieHo BapiaHT peanizalii Ha OCHOBI 3HAa4Y€Hb BY3JIOBHX pEaKIii i
nepeMinieHs [4], Ui SIKOrO TEOPEeTHYHO JOBEJCHO HOTO 1HBApiaHTHICTH JUIS
muckpetnux  mozened MCE. Ha wnactynmHoMy erami  3amponoHOBaHa i
oOrpyHTOBaHa eQeKTUBHICTH MoaudikoBaHoro wmeroma peakmid [12], 1mo
JIO3BOJISIE CYTTEBO CIIPOCTUTH MPOLIEAYPY IPOrPaMHOI peatizariii.

© Makcum 1ok 10.B.
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Mera pobotn moisirae B ampoOamii 3raJaHuX BHUINE TPHOX BapiaHTIB
obuucnenHst J-iHTerpana mpu po3B’s3aHHI (I3WYHOI 1 reomMeTpuyHOi 3amad i
PO3paxyHKy TPIMIMHOCTIHKOCTI BICECHMETPUYHUX 1 IDIOCKO-IS(POPMOBAHHUX TiJ
KOHKPETHHX 00’ €KTIB.

1. EdexTuBHicTh i 0cTOBipHicTHL MoAn(pikoBaHOrO MeToAy peakmiii. 3
METOI0  OOIpyHTYBaHHS  e(eKTHBHOCTI 1
JIOCTOBIPHOCTI BHKOPHCTAHHS MOIU(IKOBAHOTO o AN RRRR R RRRAANR
METOAY peaKIlii 1 o0urciIeHHs J-iHTerpana, B
yYMOBax IUIOCKOI JaedopMamii 3 ypaxyBaHHSIM
TEOMETPUYHOI HEeITiHIHHOCTI, OyJI0 pPO3IISIHYTO
TECTOBHH NPHUKIAL TPO PO3TAr HECKIHYEHOI
IUIACTUHHA 3 TPIIIMHOIO CKIHYEHHO! IOBXXHUHHU
2[=2 cm (puc. 1(a)), IUCKpeTHa MOAETH SKOL
HaBegeHa Ha  puc. 1(0). Buximmi  nami:
posraryoue 3ycwmis  g=100 ke/cm’; Momyh LLLLL L
upyxkuocti  E=10"ke/cm’  3MiHIOETBCH B (a)
iHTEpBaJi 3Ha4YeHb ITOKA3HWKA CTYIEHS # Bim 3
1o 4, xoedimient ITyaccona v=0.333.

HaBeneni na puc. 2 rpadikd J03BOJISIOTH
3poOUTH BUCHOBOK, 1110 MOAN(IKOBAHUHA BapiaHT b
J(1/2uR) i ocHOBHMIT BapiaHT MeTOJa peaKIii
J(ITuR) mpakTUYHO CITIBIIAAAIOTE.

Jlnis  noBeneHHS BUCOKOI  €(EKTUBHOCTI
MOM(DIKOBAHOTO BapiaHTy METOAY pEakLii mpu
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PO3B’A3aHHI 37124 3 yPaXyBaHHAM ¢bizuyHOrO TA b ‘
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Po3Burok pmedopmaiiii IUIACTHYHOCTI Ta 3ajJeXHOCTI J-iHTerpana mpwu
301IbIIIEHHI HAaBaHTaXEHHs MTOKa3aHi Ha puc. 4(a) i 5(a) w1 mockoi aedopmarii
Ta Ha puc. 4(0) i 5(6) I MIOCKO HANPYKEHOT'O CTaHY BiJIIOBIIHO.
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HaBeneHi pe3ynbraTy MoKa3yoTh, IO SK U TJIOCKO Ae()OpMOBAHOIO TaK i
JUId TUIOCKO HAalpy)KEHOTro CTaHIB PO3B’S3KM 3a3/a4 B IPYKHO-TUIACTHYHIH
MOCTAHOBIII OTpUMaHi MOIU(IKOBAaHMM METOJOM pEakliii, Ha pPHCYHKY
no3zHadeHi J(1/2uR) 1 OCHOBHMM MeETONOM peakiliii, Ha PHCYHKY ITO3HAa4YeHi
J(ITuR) mpakTuuHO 36iratoThest MiXk CO00I0. AHAIOTIYHUNA PE3yNIbTaTH OTPUMaHI
1y BUIIAJIKy ypaxyBaHHS T€OMETPUIHOI HENIHIHHOCTI.

Takum uuHOM, TmIpoBeZeHE B JaHIH pPOOOTI TOPIBHSAHHS IMIAXOMIB JI0
obuucienHs J-iHTerpasa B CKiHYEHHOGIEMEHTHHMX 3aJadax IOKa3ajo, IO IpH
BUKOPDHUCTAHHI ~ OIHAKOBUX JUCKPETHHX MoOJeJed IOXWOKM  OOYMCIICHHS
KOHTYpPHOTO J-iHTerpajiia 3a BEJTMYMHAMH HAIPYKCHb 1 TPafi€HTIB MEpeMileHb €
MEHIIMMH, HDK TIpH BHKOPHCTaHHI METOIIB EKBIBAJIEHTHOrO 00 ’€MHOro
iHTerpyBaHHs 1 MeToxmy moximHoi Bix >kopcrkocti. Ilomanus koHTypHOTO J-
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iHTerpasia yepe3 By3JI0Bi peakuii i nepemimeHHs (MoaudikoBaHNIT METO peaKiiii)
JI03BOJISIE 3MEHILHTH 11l TIOXMOKHM e B JiBa pasu. Takox Moan¢ikoBaHUI METO.
peakiiif Moke OyTH 3aCTOCOBaHM Ul pPO3paxyHKY Till OOEpTaHHS Ta IUIOCKO-
JiepopMOBaHUX TiJT B TEOMETPUYHO 1 (Pi3NIHO HENMHIHHKX 3a/1a4yax.

2. BusHa4eHHsl BEJIMYHUHHM pecypcy KOpPIyca CTONOPHOr0 KJIamaHa 3
YPAXyBaHHSIM IeOMeTPHUYHOI HEJIHIHHOCTI IPH AUCKPETHOMY PYiHYBAHHI.
Po3pobnena Mmeroxguka Oyna BHKOpPHCTaHa TP PO3PAaxyHKY —Kopiryca
CTOMOPHOTO KJIanaHy MapoBoi TypOiHu Ha puc. 6(a). Januii 00’€KT npencrasisie
c00010 MacHBHE TiJI0 0OepTaHHS CKIaJHOI POpMHU.
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B BepxHiit yacTuHI — 1€ IUTIHAP, MTOBXUHOW 2R, ToBmmHOKW 0,375R, B
HIWKHIA dacTuHi — miBcepa, ToBmmHOK 0,32R, i pamiycom 0,85R, me R —
BHYTpilIHiH paniyc nnmiaapa. Po3paxyHkoBa cxema 3 po30MBKOIO Ha (hparMeHTH
npuBeeHa Ha pHc. 6(a), ne BCi PO3MIPH MPEACTABIEHI BIJHOCHO 10
BHYTPIIIHBOTO pajiycy nwimiHapa R. B BepxHiii yacTHHI HMIIIHApA KPiNHUTHCS
KpHIIKa 32 JOMOMOror0 OONTiB, piBHOMIpHO po3MimieHux no komy. [lepeximgna
YacTHHA BiJl HWIIIHAPA 10 cepr Mae BUCTYII JUIS 3al0py CTOIIOPHOTO KJlaraHa.
Marepian  KOHCTPYKIII  XapaKTepH3Ye€TbCS  HACTYITHUMH  MEXaHIYHUMH
mapamerpamu:  koedimienr  Ilyaccoma  v=0.3, Momynp  mpyXHOCTI
E=205800 MIla. B mnampsiMKy oci oOepTaHHS TEOMETpHYHI 1 MexaHiuHi
XapaKTEPUCTUKN HE 3MIHIOETHCS. JIMCKpeTHa MoJeNlb BHKOHaHa 0e3 KPHIIOK
CTONOPHOTO KJlanaHa, sIKi 3aMiHEHI Ha 30CEpeIKeHi CWIM, Ha BUCTYII BiA
KJarnaHa, 1 BEepXHIM YacTHMHI LWIIHApa BiX 3akiankd Kpumkd (puc. 6(0)).
HaBaHTaskeHHsT mpencraBisie cOOOI0 PIBHOMIPHO pPO3MOAUICHUH THUCK O
BHYTPIIIHIN MOBEPXHI HMJIIHAPUYHOI YaCTHHU KOpOOKH. CKIHUEHO elleMEeHTHa
MOJICTTb BUKOHaHAa TAaKMM YHHOM, 100 MOXHaA Oyino 3TyIIyBaTd CIiTKy B
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MIPOTHO30BAHOMY MicCIi HOSBY TPIlMHH, BUKOPHCTOBYIOThCSI CEM 3 KiNbKicTIO
HeBiomux 1712 1 6894.

Pe3ynpraTi  OCHIJDKEHHS HANpyXeHO-Ie(OPMOBAHOTO CTaHy KOPOOKH
CTOIOPHOrO KIIaMaHy Bijl BHYTpimHb0ro THcKy ¢=0,1 MH/M” noxasasi y Burysi
rpagikiB 0e3po3MipHOI IHTEHCHBHOCTI HAaIpyXXEHb, IO PO3MOJUISIOTHCSA II0
ranTeni 3amnopy kiamasa (puc. 7(a)), Ta B3AOBXK pamiycy muiinapa (puc. 7(0)).

L

D E

Puc. 7

OTpuMaHi pe3yabTaTH IIOKa3ylOTh HENOraHy 30DKHICTh pe3ynbTaTiB Ha
pizaux CEM. Ockinbky Ha 3aropi KiarnaHa Hanpy)KeHHsS MakCHMajbHi, TO came
e Micue SBISETHCS HAHOUIBII BipOTIAHWUM U1 BUHUKHEHHS 1 PO3BUTKY
TPiLMHH.

Jns pyiinyBaHHs 3Mianoro tumy, npu K; #0, K;; #0 ymoBa pyliHyBaHHS

mae Bursan K = K;. ne K= lef +1,78K,2, . I3 rpadika 3anexHocTi I?/I(k,
Bil MOBXWHU Tpimmuau ¢ (puc. 8) BUAHO, IO B iHTEpBaJi JOBXUH TPINIHHA
(0.2...0.6)h Bemmunna K /K . 3MIHIOETBCSL HECYTTEBO, 1 JIMILE IPU HAOIMIKEHHI
BEPIIUHMA TPINIMHA JO 30BHINIHBOI TOBEPXHI KIAIaHa CIIOCTEPITaeThcs HOTro
MOCTYTIOBE TIPUCKOpPEHE 30UIbImIcHHsA. TakoX Ha JaHOMY Tpadiky BHIHO, IO

pe3yapTaTH  OTpuMaHi MOAM(MIKOBAHMM METOAOM peakiii HiYUM He
MOCTYNAlOThC  OTpuMaHuX B podori [4]. Karactpodiune pyiHyBaHHS

BinOyJeTbCsl NpH BUKOHaHHI yMOBH K =K;. 1O JOCATHEHHI TPILIMHOIO

noxuan 0,834

OOTpyHTYBaHHSAM MOXIIMBOCTI 3aCTOCYBaHHS CITiBBIAHOMICHb JIiHIAHOI
MEXaHIKH pyHHYBaHHS JI0 PO3B’SI3aHHA JIaHOI 3a7adi CIY)KHTh MaJla BEINYMHA
IUIACTUYHOI 30HM Yy BEpIIMHI TpPIIIMHH, pO3MIp sKOi OOUYMCIIOBaBCS 3a
dhopmyoro:

r,=—m—| =
P 2n or

1-2v)*( g V
(1-2v) K)' )

Binnomenns 7, /l B miama3oHi g0 [ <0,8% wHe mepepuiryBano 1/500, mo

CBIIYHMTH NMPO KBa3iKPUXKHUH XapaKkTep pyiHyBaHHS KOHCTpYKUii. Takum 4nHOM,
TpinuHa 10BXHHOIO [ < 0,6/ € NPUITYCTUMOIO.
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BpaxyBanHs (QOpMO3MiHEHHS IIOKa3ajo, IO 3MEHIIEHHS Koe(illieHTiB
iHTeHCHBHOCTI Ha 2-3% B MeXaxX KPUTHYHOI JIOBXKMHH TPIIIWHY NPU3BOAUTH J10
30i1bIIeHHS pecypcy Oipnt Hixk Ha 12%.

3. JlocnifzkeHHs1 BIUIMBY IreOMETPHYHOI HelliHiiiHOCTI Ha nedopMyBaHHS
Ta BU3HAYEHHs J-iHTerpaja KOMNakTHOro 3pasky. /s 1ociipKeHHs BIUIMBY
TEOMETPUYHOI HENIHIHOCTI Ha MapaMeTpy HalpyXeHO-1e()OPMOBAHOIO CTAHY
Ta BENUYMHY J-iHTerpaja poO3MISTHYTO KOMHIAKTHHHA 3pa3ok (puc. 9(a))
pe3ylbTaTh PO3paxyHKy SIKOro 0e3 ypaxyBaHHS T'€OMETPHUYHO HENiHIHHOTO
nedopmyBanHa HaBeneHi B MoHorpagii E.M. Mopozosa, I'.Il. Hikinkxosa [9].
Po3paxynkoBa cxema 3 ypaxyBaHHSIM cuMeTpii 00’ekTa momana Ha (puc. 9(0))
(W=100 mm, W1 =1,25 W, H= 0,6W, H1 = 0,325W, D=0.25W, L — noBxunHa
Tpimmun, L/W =0,5).

P

(@)
Puc. 9

Po3paxyHOK BUKOHAaHWI TIPH PO3IMOIUICHHI NpPUKIaJCHOrO 3ycwuisi P 3a
CHHYCOIJAIbHUM 3aKOHOM, SIKE 3MIHIOETHCS MPH TUTOCKO Me(hOPMOBAHOMY CTaHi
Bix 0 mo 9000 xe, a mpu tIocko Hanpyx)eHoMmy ctaHi Bix 0 mo 7000 xe. Marepian

3paska — ctanb 12X2M®A. [Tnactnune nedopMyBaHHS MaTepiaiy i3 JOCTaTHIM
CTYIEHEM TOYHOCTI alipOKCUMYETHCS 3aJICKHICTIO

G, =0, (1+ 6.4583388) , 3)
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HampyxeHHs TexydocTi, NpH SKOMY TOSBHJIMCH NepIl IUIACTHYHI
nedopmalii, fopiBHIOWOT G, = 637 MIla [9].

JluckpeTHa CKiHUEHOEJIeMEHTHa MOJIeNb KOMITAKTHOTO 3pa3Ky OyayBaiacs 3
BHUKOPHCTaHHSIM KBa3iperyJsipHOi CXEMH 3a JOMOMOrol0 sKoi citka Oyma
3rylieHa B MICIIX BHHUKHEHHS HAHOUIBIIMX HANpyXeHb 1 CTPYKTypa CITKH
aHaJIOTIYHA HaBeNeHi B poOoTi [9] i mokaszana Ha puc. 10.
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Puc. 10

Ha puc. 11 naBeneHa 3anexHICTh J-iHTerpana BiJl BEIMYMHU HaBaHTa)KCHHS
IIPU TIPYXHO-IUTACTHYHOMY JAe(OpMYBaHHI, sika 30Iira€Tbcs i3 HABENEHOIO B
poborti [9], sx ans miaocko aedopmoBaHoro crany (puc. 11(a)) tak i mrocko
HanpyxeHoro crany (puc. 11(0)).

J(Hq07) J(ta0)
—— [Mopos3oB, Hikiwkoe] J /
P —— [Moposos, Hikiwkog] /’
300 / 300 p
- -—- PospobneHa MeToaNKa Y
- -—- Pospo6neHa MeToanka /I
200 // 200 ,/
vd ’
4
Vi
100 /// 100 Z
LT — —
P 0 L
1) 4 (kr-10°) 2 4 6 (kr-10°)
(@) (©)
Puc. 11

HacrynHuii eran po3paxyHKy MOJIsITaB B JIOCIiIKEHH] BIUTMBY T€OMETPHYHOT
HEJIHIMHOCTI HAa MapaMeTpu HarpyKeHO-Ie(OpMOBAHOTO CTaHy KOMIIAKTHOTO
3pa3ka. 3aJeXKHICTh PO3BHUTKY JeopMamiii IIacTHYHOCTI NpH 30iJIbIIEHHI
HaBaHTa)KEHHS U1 000X ITOCTAHOBOK 300pakeHa Ha (puc. 12(a)) 3 ypaxyBaHHAM
1 6e3 ypaxyBaHHs (OpMO3MiHEHHS. POSKPUTTS TPIIIMHN B KOMITAKTHOMY 3pa3Ky
i gac gedopmyBanus npu P=9000 k2 300pakeHe Ha (puc. 12(0)) npu ¢izuaaO
HEJIiHIHHOMY pO3B’s3Ky 0€3 Ta 3 ypaxyBaHHSIM I'€OMETPHYHOI HENIHIHHOCTI 11
wrockoi nedopmanii (PD) ta mnocko nHanpyxeHoro crany (PNS).
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Ha puc. 13 naBezneni rpadixu nepemimens s mwiockoi nedopmarii (PD) ta
Iocko HampyxeHoro ctany (PNS) 3 ypaxyBamnsm 1 0e3 ypaxyBaHHS
(hopMO3MiHEHHS B BY3JIaX JUCKPETHOI MOJENI, SKi HAXOIAThCSA HAUOIMKYE 0
BEPIUIMHY TPIIMHM (MEpIINi By30J1 BiJ 3aKpilUIEHHS) Ta HalBimmaneHime (Kpan
KOMIIAKTHOTO 3Pa3Ky).
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Puc. 13

Amnani3z HaBeneHnX rpagikiB J103BOJIsIE 3pOOUTH BHCHOBOK, IO BpaxyBaHHS
TEOMETPUYHOI HEJIHIMHOCTI 3MEHIIye 3HA4YeHHS BeIWYMH jAedopmaniii Ta
nepeminieHs. Lle ToBHICTIO cITiBITafae 3 BUCHOBKaMH, SKi HaBEICHI B TIOMEPEIHIX
poboTax ISt TECTOBUX HMPHUKIIAIIB.

Ha puc. 14 300paxeni rpadiku 3HaueHb J-iHTerpana B 3aJIeKHOCTI BiX
IHTEHCHBHOCTI HaBaHTaXeHHS P 3 ypaxyBaHHAM 1 ©0e3 ypaxyBaHHS
¢dbopMo3MiHeHHsT y BUNAnKy Imiockoi aedopmanii (PD) (puc. 14(a)) i miocko
HanpyxeHoro crany (PNS) (puc. 14(6)) cmocrepiraerscst po30iKHICTH
MaKCHMaJIbHUX 3Ha4YeHb J-iHTerpana B Mexax 9% Ui IIOCKO 1e(OpPMOBAHOTO
CTaHy, Ta B MiBTOPa pa3y JUIsl INIOCKO-HANPYXXEHOTO CTaHy.
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Ile cBiguuTH NPO CYTTEBHH BIUIMB I'€OMETPHUYHOI HENiHIMHOCTI, AK 1 Ha
3arajbHy KapTHHY HaNpyXeHO-Ie(OPMOBAHOI'O CTaHy TaK 1 Ha MaKCHMAaJIbHI
3Ha4eHHs J - IHTerpaa.

TakuM YMHOM, MOXHa 3pOOMTH BUCHOBOK, IO KOPEKTHE BHM3HAYEHHA J-
iHTerpaja KOMIIAKTHOTO 3pa3ka HEOOXiZHO BHUKOHYBAaTH B (Qi3UYHO i
TCOMETPUYHO HEIIHIIHI’ MOCTAHOBIII.

BucnoBok. B nanoMy po3aini oTpuMaHi pO3B’S3KM HOBHMX HPHKIJIAJIHUX
3a1a4 OyiBebHOI MEXaHIKM PO BIUIMB ()OPMO3MIHEHHS HA BEINYMHH PECYPCY
1 TpIMHOCTIHKOCTI ~ KOHCTPYKTHMBHHX  €JIEMEHTIB  MAIIMHOOYIiBHOL
MIPOMUCIIOBOCTI B EKCHEPUMEHTAJIBHUX 3pa3Kax JUIs BU3HAYECHHS NapaMeTpiB
TPIIMHOCTIHKOCTI.

BusiBneno, mo He3Bakaroud Ha BIHOCHO HE3HA4HI 3MIHM IapaMeTpiB
MIPY>XHO-1e()OPMOBAHOTO CTaHy B Mexax 3% BennunHa pecypcy 30iibIaumacs
Ha 12% 19 CTONOpPHOrO KJIamaHa MOPIBHSHO 3 T'€OMETPUYHO JiHIHHUM
PO3paxyHKOM, 10 Ma€ CyTTE€BE 3HAYCHHS [UIs BUSHAYCHHS TEPMiHy €KCIUTyaTawii
JTaHOTo 00’€KTY. PO3paxyHOK KOMITAKTHOTO 3pa3Ka MpH IUIOCKO 1eOpPMOBAHOMY
Ta IUIOCKO HAaNpyXEHOMY CTaHaxX II0Ka3aB HEOOXiTHICTh ypaxyBaHHA
TEOMETPUYHOI  HENIHIHHOCTI A1  KOPEKTHOrO  OTPHUMaHHS  3HAYEHb
XapaKTEPUCTUK PyHHYBaHHSI.
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Maksymiuk Yu.
DETERMINATION OF THE FRACTURE RESISTANCE OF AXISYMMETRIC BODIES,
TAKING INTO ACCOUNT THE CHANGE OF THE SHAPE

In this paper, a generalization of the modified reaction method for calculating linear and
nonlinear parameters of fracture mechanics in mixed problems with development under the influence
of external loads of large deformations of plasticity has been carried out. The reliability of the results
is substantiated by solving test cases and the results of the calculation of specific objects are given.

Possibilities of the methodology for investigating the processes of destruction of this class of
objects are largely due to the efficiency of the finite element scheme for obtaining the calculated
relations, the method of calculating the parameters of the destruction mechanics.

The spatial nature of the problems of the destruction mechanics leads to the necessity of using
CEs, which are based on the relations of the theory of elasticity, even in the evaluation of the
cracking strength of thin-walled shell objects, not to mention the bodies of a complex structure. It is
in these cases that the use of universal CEs developed on the basis of MCCE in the formation of a
general discrete design model is particularly evident

In the works [3, 4, 12] devoted to the development of effective energy approaches to the
determination of the parameters of linear and nonlinear destruction mechanics, the advantage of the
reaction method has been convincingly proved with the existing ones. Therefore, further
generalization and development of the modified method of reactions to new classes of problems of
destructive mechanics, related to the development of methods for mathematical modeling of the
development of trunk cracks in the thermosensitive load and form-modification, are sufficiently
substantiated and promising.

Determining the parameters of local fracture destruction is an important, but partial, problem of
fracture mechanics. In practice, there are cases where a small initial small fracture is known and it is
necessary to determine the conditions for the destruction of the structure, that is, the critical length of
the crack at a given load. At the same time, the correctness of calculating the trajectory of the crack
development depends to a large extent on the reliability of the entire calculation, since calculating the
parameters of destruction along the trajectory, which does not coincide with the real one, can lead to
an incorrect assessment of the bearing capacity of the structure as a whole.

It should be noted that a small amount of work is devoted to the simulation of crack development
with the help of ITU [2]. Therefore, the development of effective algorithms in this direction is an
actual problem of the mechanics of cracks.

In this paper, the focus is on the use of universal CEs [8], which allows to optimize discrete
models of ITE when calculating the bodies of a complex structure. Determination of the parameters
of destructive mechanics is realized by the modified reaction method, whose effectiveness in the case
of mixed destruction is demonstrated in [3, 4].

Key words: physical and geometric nonlinearity, thin-walled massive and combined
axisymmetric bodies, indifference, condition of energy connectivity, initial reckoning, intermediate
variable reckoning and actual configuration.
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Maxcumiox O.B
OMNPEJEJEHUE TPELIUTHOCTOMKOCTH OCECUMMETPAYHBIX TEJI C YYETOM
O®OPMOU3SBMEHEHUSA

B naHHOW paboTe mpoBeleHO 0000mIeHHEe MOAU(UIMPOBAHHOIO METO/Aa PpEaKIHid IS
BBIYHCIICHUS JIMHEWHBIX U HEJIMHEHHBIX TapaMeTPOB MEXaHHWKU Pa3pyLICHHUS B CMEIIAHHBIX 3a/1a4ax
NPU  Pa3BUTHU TIOJ JCHCTBMEM BHELIHUX HAarpy30k OonbpmmMX JgedopManuii IIACTUYHOCTH.
JIOCTOBEPHOCTh pe3yJIbTaTOB OOOCHOBAaHAa IIyTEM pPEUICHHS TECTOBBIX INPUMEPOB U IIPHUBEICHBI
Pe3yJIbTaThl pacueTa KOHKPETHBIX 00bEKTOB.

KaoueBble cioBa: ¢u3ndeckas M TEOMETPUYECKas HEIMHUMHUIHUCTD, TOHKOCTCHHBIC
MacCHBHBIE M KOMOWHHPOBAaHHBIC OCECHMMETpHYHbIE Tena, WHIU((EPEHTHOCTh, YCIOBHE
9HEPreTHYECKOW CONMpPSHKEHHOCTH, HadallbHasl OTIIETHOW, IPOMEKYTOUHAs TIEPEMEHHAsI OTIIETHOU U
aKTyaJibHasi KOHOUTypaIHsl.
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nracmuynocmi. Jlocmosipuicms  pe3ynvmamié 0OIPYHMOBAHA WIAXOM PO36 SA3AHHS
mecmogux npuxknacie i HageoeHi pe3yIbmamu po3paxyHKy KOHKpenHux oo’ ckmis.
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Maximyuk Yu.V. Determination of the fracture resistance of axisymmetric bodies
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—P.202-213.

In this paper, a generalization of the modified reaction method for calculating linear
and nonlinear parameters of fracture mechanics in mixed problems with development
under the influence of external loads of large deformations of plasticity has been carried
out. The reliability of the results is substantiated by solving test cases and the results of
the calculation of specific objects are given.
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